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MODIFIED THREE-POINT DIFFERENCE SCHEMES OF
HIGH ACCURACY ORDER FOR SECOND ORDER
MONOTONE ORDINARY DIFFERENTIAL EQUATIONS
WITH DERIVATIVE IN THE RIGHT-HAND SIDE

UDC 519.62

L. B. GNATIV AND M. V., KUTNIV

ABSTRACT. For nonlinear monotone boundary value problems, the new algorith-
mic implementation exact three-point difference schemes on irregular grid in term
three-point difference schemes of rank /m = 2{{(m + 1)/2] ([] is the integer part) is
proposed. To construct a three-point difference schemes has riith order of accurate
that approximate the function u{z} and its flux kdu/dz at the nodes of grid.

1 Introduction

Consider a nonlinear boundary value problem of the form

: :
é k(z)% :-—f<:z;,u(x),g§>, r € (0,1}, u (0) = u, u(l) = po.
) (1)
Three-point difference schemes (TPDS) of any accuracy on the uniform grid for prob-
lem (1), where the right-hand side of the differential equation does not depend from
du/dz are constructed in [2)-[4]. In this paper for boundary value problem (1) with a
monotone operator on a non-uniform grid the exact three-point difference scheme (ET-
PDS) is constructed. The existence and unique solution for weaker conditions than in (3]
is proved, new more effective implementation of ETPDS in terms TPDS order of accu-
racy 7 = 2 [(m + 1) /2] ([] is the integer part) is developed and analysed. To construct
an rath order accurate TPDS at each point z; of the grid &p, it is necessary to solve two
nonlinear initial value problems on the intervals [z,._1, z;] (forward) and [z;, ;41] (back-
ward). Each initial value problem is solved in one step by a one-step method {Taylor
series expansion or Runge-Kutta method). The efficiency of a six-order accurate TPDS

is illustrated by a numerical example.
Since the problem is nonlinear, our analysis is based on the method of monotone

operators (see, e.g. [1]).

Theorem 1. Let conditions

0<c <k(z)<cp,Vz€[0,1], k(z) € Q10,1], (2)
fug@ =1 @w Q01 VuieR, (3)
fo(u,&) = f(z,u, &) e C(R?), Vvzel0,1]

1f (z,u,8)] < g () +c(ul +€) vz € [0,1),u,§ € R, (4)

[f (mi u, &) — f (x, v, 77)] ('U. - U) < c3 (lu m 'Ulz + IE - 77[2) ’ (5)

Vi € [0: 1]&:5:‘”:’? € er

Key words and phrases. Nonlinear monotone boundary value problems, exact three-point difference
schemes, irregular grid.
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2

n
Cg < 71‘§ + 161 (6)

be fulfilled. That problem (1) has a unique solution u (x).

Here g{(z) € L2{0,1) and c is a nonnegative constant, QP [0,1] is the class of func-
tions with piesewise continuous derivative up to the pth order inclusive with a finite of

descontinuity points of the first kind.

d .
Proof. By virtue of (3), (4) the function f (:x: u -3) satisfies the Caratheodory condi-

" do
tions [1], and belongs to L (0,1). In view of this, the operator A (z,u) is defined by the

relation

(A(x,u),v) = ]k(a:) au :1:) dv(”c)da: /f(a: ufz), m)t}(x)da,,

0
which holds for Vu € Wi (0,1),vv € W1(0,1) = {v{z)|v(z) € Wy (0,1),v(0) = =
v (1) = 0}.

u (z) is said to be a weak solution to problem (1) if

(A@u),0) =0, Volz) € WA(0,1).

Let us show that the operator A (z,u) is bounded. Using the Cauchy-Schwarz in-
equality and taking into account (2) and (4), we obtain

e d 72 12 L M d 12 12
1(A(m,u),v)}§{/ k (z) *;Sf?. dx} {/ ?df;;m)” da;} +
_ _ J | o

- "1/2 |"1 -«1;’2

1
| 4 |
+- */f2 (:v,u,j) dz ‘/2;2 (z) dx <
dx
0

d .0 -

{62 Hunz,z,(a,i) +If 10,2,({3,1)] U?ﬂl,z,{a,z} =

<
< [ (e + ) fully a0,y + I9llo,2. 00y | 1912, 000

If u, — ug in W3 (0, 1), then

f (Gz,un, %ij) — f (33 g, cf;;(}) k (z) dﬂ;ﬁfﬂ:) — k() du;gfzz:)

0
n Ly (0,1) (see [1]). Thus, Vv € W3(0,1)

!
ﬁzzﬁ (A(z,un),v) = lim / k{x) - dgfm) 2;:(::) dx
0

F R g0 W
l

e

E

ij (:z:, un {Z), dn (m)) v (z) dmt = jk (z) dﬁ;gfm) d?;gﬁ)m__

_jf(m,ug (z), du;m(m))y(x) dz = (A (z, 1) ,v),
0
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ie. A(x,u) is a demicontinuous operator.
Let us show the operator A (z, u) 13 strongly monotone. Then, using (2), (5) and

| for Vv € W2 (0, 1), we ‘obtain

o] 2k
0,2,(0,1) = dx 0,2,(0,1)

7T

1 12
(A(:v,u)_A(a:,v),u-—v)m/k(ﬂ:) dt;;m) dt;im) dz—

0

m/lif (“’“(fﬂ) jz) f(a: v(m),jv)[ () —v(z)]dz >
0

2 1 i
2 Cy @“éﬁf -~c3/|u(m)mv(m)|2dm—-c3/ du (2) dv(:z) dz =
dr dx 0,2(0,1)
0 0
du dv 2 2 2
= (1 — c3) dr &;: 0.2.01) —cg flu - ””0,2,(0,1) 2> c4q flu — v”l,?,(o,l) r
w2+ 1
where by virtue of (6) ¢4 = ¢; — c3——— > 0. From strong monotonicity, it follows that

3
s
A(z,u) i8 a coercive operator.
Consequently, by the Browder theorem (see [1]) problem (1) has unique solution.

2 Existense of an exact three-point difference scheme

Define the non-uniform grid

=1

N
on = {mj €(0,1),j=12.,N-1, hj=z; —z; >0,Zh5=1}.

du

The discontinuity points of functions k(z) and f | z, u, T coincide with nodes z; of

the grid &,. Denote by p set of all points of discontinuity and we shall assume, that
N such that p C &,. Moreover, at the discontinuity points, usual agreement conditions

must be satisfied

du du
u(lx; —0)=u(z; +0), k(z) — = k(z) — , Vz; € p.
ax Txg g0 dx Tz 40 '
Define the function
. . VI .
Y (2,u) = 4 () + wl, (2, 8) — 2ol (z5,u),
Va (z5)
T € [mjw2+aimj—l+a] 3 Q == 1! 2: J = 1! 2! Py N — 11

where

i (2) = [u(z) V (@) +u(e;-1) i @) [V (&9)] T zelzinm),

r dt 7 ia dt
We= [y 0= [ 5w
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the functions w?, (z,u) and I (z,u) with @ = 1,2 that are the solutions to the initial
value problems

dw-; (m} ’U.) — l'gt (.‘Sl}', u’) dp (SIJ‘ u’) b dY&? (.’B, 't.&)

de  k(z) ’ dx —fmYalzu), —— )
Tj9ta KT < Tj-1+as

U)‘g; ($j+(__1)ﬂ,U) e l'; (".Ej.}.(_..]_)ﬂ,U) = 0, o = 1, 2, j - ]., 2, jj\e’v - 1.

(7)

Lemma 1. Let conditions (3)-(6) be fulfilled. Then problems (7) have an unique solution
wl (z,u), ] (z,u),a = 1,2. Moreover, the solution to problem (1) can be represented as

u(z) =Y (z,u) = i(z) +wl (z,u) v (@) wl, (x5, u),
Vd (z5) (8)
T ¢ [ﬂ}'j._g_;.a,ﬂlj_l_}_a], a=1,2, 7=12,...,.N —1,

Proof. Since

dYg (3"? ?f‘) — 1 h’,? 1Halz j-1+a +( 1) a(‘,“?}}”) lj (:2": %)

dﬁﬂ k (:I}') ] VJ (xj) )
e 4vg ()] _ dl (a,u) aY? (z,u)
d Y (z, u T, U , Iz, u
g k(:z:) - | = = —f (.’L’, Y (x,u), 7 ) ,

we conclude tha,t the functions Y7 {z,u), a = 1,2 are a solutions to the boundary value
problems

d dY? (z, u dYJ (z,u
Em— (k (:B) ad(a: )) (m YJ (CC) ( )> Ej—24a < T < Tj-14a)
. 9
Y7 (252000 0) = u(2j-24a) , ¥ o s1) = (a5 140). ®)
a=1,2, g=12,..N—1.
d
By virtue of (3) and (4) the function f (:1: u, ﬁ) satisfies the Caratheodory con-

ditions and is element of Lz (0,1) (see (1]). In view of this, the nonlinear operator
Al (z,Y] (z,u)) is defined by the relation

which holds for
0
VY; (.’,{?, ’il.) - W21 (63) VYV € Wg (8&) oy = (.’L‘jﬂ_z_;.az $j~—1+a) ,
O
W:zl (Ba) - {'U (.’.E) I’U (.’.E) & ng (Ea) ; U (:rj__2+a) — 0,’0 (wj—-1+a) — 0, a = 1} 2} .

YJ (z,u) is said to be a weak solution to problem (9) if

0
(A (2,Y] @)),0) =0, Vo (c) € W} (ea).
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Let us show that the operator A, (z, Y7 (z, u)) is bounded. Using the Cauchy-Schwarz
inequality and taking into account (2) and (4), we obtain

Ti—14a YJ( ) s 1/2_ Tj-14a 2 ( )
Lj—~2+4 ) T Db
1/2
A Y7 (z,u) m’ e
o[ (e, TR e v (@) d
Tj_2 o :::j,...g.,.ﬂ

= €2 “chl 1.2,eq “2’“1 2eq T ”f“a 2,60 ol 2.6a
ol g.e + (I9log,co + ¥l 200 ) Wl 2e0 =

= [(CQ + c)”Yéz”l,E,eﬂ + ”9"0,2,55‘} ”U”Lz*en .

The fact that A% (z,Y7 (z,u)) is demicontinuous follows from (2) and (3). Indeed (see
1), if Y2, (z,u) — Yl’o (z,u) in Wy (en), then

7 (=¥ ), P ) g (m,vg (z,), Yea '“"),

do

' (z,u I (z
k(m)dYg,,;ii )w_}k(m)d}’{:ﬁ(v , 1)

0
in Ly (eq). Thus, for Vv (z) € W] (ea)

- , dYJ . (z, u) dv (z)
g 9 . an —
lim (4 (@Y, (m0) o) = im { [ k(o) TR R
Lrj~Bupar
ERCRD TP Y (mu) dv (2)
j aYan \T, U _ / oo (T u) dv(z) ,
[ f (¥ (o), =2 )v(e)do k(o) Dao{2 W) 28] 4,
L 5o Qb Tj—2ta
dY3, (@,u)
_ 3 ap \%, U Y J
f f (a:, Y, (z,u), T ) v(z)dx (Aa (:z:, Y, (2, u)) ,v) ,
Ljw22ta _
Let us show the operator A7, (z, Y7 (z,u)) is strongly monotone. Then, taking into
1ild
account conditions (3) and (5), the inequality {|vflp, . < — d:: , we have
0,2,ea

(41 (2, Y (5,0)) — 44 (2,7 @,w)  Yd (@) - ¥ (zw)) =

T (aYi(zu) P (z,u))
T, U T, U
m/k()( = e )da:-—-

Lj—24a

z:’mi.‘.n —

Ti—2+a -
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1 _ ~ 112
- ~ 1 dYJ dY
X{Yﬂf(w,u)w}’g(a:,u)}dxzcl | —= — —= —
dx dx
0,2,
Ti-14a ” Lj~14ox rde ( ) d}*}j ( )-— 2
, g T, U T. U
~c Y-?a:u—-Yga:u} dr—c —t L L de =
3 / [ 4 4 ( ! ) cx( L ) 3 | d.’l'} dx
L j Pt e Tj—24a . B
. - .||
dYé dYg : o 112 , Y

= {1 —C — ~ g |1Y? - Y7 >y 1Y ~Y! .

( 2 dz dx 05 e T2 log e, * %2

I 3 ,E,;;;

Strong monotonocity implies that AY (z, Y7 (z,u)) is a coercive operator.
Consequently, by the Browder theorem [1], problems (9) have a unique solution.
Using the lemma, one can prove the next result.

Theorem 2. Suppose that the condilions of Lemma 1 are fulfilled. Then, for pmblem
(1)-(6), there exists an ETPDS

o du -
(auf)a‘ﬁ = —T" (f (6:“’ (E) 1 dgg))> 3 T € Wh, w (0) = M1, u (1) = 12,
(10)
which has a unique solution u (x) that is the projection of the solution to problem (1)
onto the grid wy. Here

s — U1 Uiyl — U h +h'+1
Ug ;= J hj.? , Upg = jkﬁg J, ﬁ,jm -?,,.*53 1
- 1 ) 4 -1
a(z;) = N Vi (z5)| . (11)
J )
T3 Tl
- . —1 * . —1 y
P (@) = [V )] [ W Ouw©de+ Y @) [ W ©Ouwede
Tj-1 x5

and the function u (x) on the right-hand side of (10) is defined by (8) and depends only
onu(mj), J mO,l,...,N.

Proof. Applyinge the operator T=i to (1) gives

= (g (r0 %)) =1 (s (0. 52))

where
s (2 (k0 2] = [V )] [ w02 ko9
+ [V )] / Vi = r© =] a

Integrating the integrals by parts yields (see, e.g., [5])

(G (0557 ) =

which, in view of (8), proves the existence of the ETPDS given by (10) and (11).
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To prove the uniqueness of the solution to the ETPDS given by (10) and (11), we
consider the operator

Ah (331 u) - (auf)ﬁ - Tw ( (57 (E) dé-g) ))
which is defined in the finite-dimensional Hilbert space Lg (&p)which the scalar products
(), = ¥ A(Qu(@v(€),  (u,v)y Z h(€)u(€) (6)

ECwy f;'Ewh

and with the norms |jully,,, = \/(zz, u)wh, Hullaﬁ ot = \/(u u),, +. By virtue of (2)

and (3), the operator Ay (z,u) is continuous. Let us show that Ah (z,u) is strongly
monotone. Indeed, in view of the equation

1

Zn(e)ﬂ(w(n))g(a-—-z/g(n)w () d = fﬁ('f?)w(n)dm
#)

Eewh 3"""'}$J 1
Vi (n) Vi~ (n)
ﬂ”?)zg(ﬂ?') = “Eg(a:j._,l)‘ : —=, Tj-1 Sﬂﬁiﬂj:
"V (z5) V (z;)

we have

(i‘"“’ (f (n,u(n) , dz;?)) (’7""(’7) = ?))) T v)&h )

= zﬁ(é)’f‘ﬁ( (mu(n) duf;')) ( v (), dv(ﬂ)))[ﬂ({)—v({)]m

EEW
7 (nutn, 22— g (o), 52 )

1

= [t -o |1
0
where the functions u (z) and v (z) are defined by (8). Then, using (5), we obtain

(o e 252) -1 0 258)) 4]

= 0/1 [u (1) — v (n)] f (n,u(n) , dz*;ff)—) — f (mu(n), du (”)-): dn+

dn

+

du 5:;') )

() — () —u(m) +o(m) |/ (n,u(n)

O

1 (v, 22 an < - ] )~ 9 () { (n) 3 [ (o) (1} dn+

1

+ [ -v i

d
/ &Lk & ) =0 ) dn+ esu = vl a0 =

“Z] 6() — 0 (] 2 { () - [u ) = w ] -

Jg;J
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12
d
k () a‘"‘ [u(n) —v (77)] dn + c3 jju — U“?,Z,(O,l) <

"/
5

/ k(n di(n) dio(n)] [du(n) dv(ng) -
prl) - dn dn || dn an
du d'U 2 2
A d:l: dﬂ: 0,2‘(0,1) T cs “u o U“1121(011) =
du dvl
= (a(ug —vs) uz —vz)pt — 1 || 7= — o . +csflu—vll{ 201 -
Hence,
- du dv (n
(Tx (f (77;'”:(7?): d(n))—f(??a'”(ﬂ)a d )))1'“'“"'”) S
7 n &,
B (12
< (a(ug —vg),Uzs — Vg)at —C = _ 2 +63"'u.-*-1)”2 .
_._.( ( X el BEURE X &) 1 da: d.T ( 1) 1,2,0,1
0,2,(0,
In view of (3), we obtain
(An (z,u) — Ap (z,v) ,u - ), = (a (uz — vz),ug — Ug)&:— —
: du (n)) ( dv (n))) )
— | T" y U ) _—f 7?1'”(”: y U — U 2
( (f (n (m) an ) an N
du dv 2 9
2 — - >
= ¢l dfﬂ' d:l‘; 0’2,(0:1) C3 ”U: v”l,z,(o,l) —
du dvll® " 5 o || 2 dv||”
> (c1—¢ — — 3 fjlu — v Cq || - |
> (e =) dr 4z ig 9 0,1) 3 030D = dz  dz iy (0,1)
2
where ¢4 = ¢; — C3 ! -:;;r > (. By virtue of
1 ] )
2
/k(n){ [u(n)*v(n)—-u()ﬂ(n)} Zha(mg (ug,; — vz,5) +
o TI j=1
1 J 0
[k { )~ o1} dn= (alur = ve) ua = v +
0
du dv\ du dv
0
(k (=) (da: m) dz d:c)
we have -
du dv 1
> "“( (uz — vz), Uz — Vz)g
dz  dxilg90,1) C2 h
Consequently
C
(An (z,u) — Ap (z,2) ,u —v),, 2 é (a(uz — vz) uz — va)y+ 2
(13)
C4C
> A% Yy — vgl)s 2 8= ||u = vllg 2,6,
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ie., A (z,u) is strongly monotone. It follows (see [7]) that the equation Ap(z,u) =0
has a unique solution.

Lemama 2. Let the conditions of Lemma 1 be fulfilled, and
F (@ wg) — f (@ v,m) < L{lu—vl+€ -1}, Yz € (0,1),u,9,§,n € R

Then the iterative method

(n) _ ,(n—1)
B, L - —" + A, (w u(nﬂ-n) =0, €, (14)

with

—~9
- _64( L(1+2\/—)( )( L(7r2+1)))
T = Tp = 14 — P
C3 4(21 Ciy e C4

converges in the energy space Hp, , and the error satisfies the estsmate

(n) _ < at
[u™ —u | <q lu N (15)
: 2
q-"w”:\/l"“gi?-ﬁt 04“tcl-c31+27r'>0)
Ca iy
where |jullg, = (Bru,w)y, -
Proof. It follows from (13) that
€4 2
(An (@, 4) = An (@,0) ,u =), 2 = Ju—olfp, - (16)
Using the Cauchy-Schwarz inequality, we sequentially find
(Ap (z,u) — Ap (z,v), 2)5, = (Bru — By, 2)a, —
du dv
-5 n@1e(f (nuem, 22 < s (nom, B2 ) ) 2 =
dn an
I
1
] du dv 1.
- (Bhu"“Bh‘U Z)wh f (’71"-"(77)1 d?(;])) “f(ﬂ:‘”(ﬂ)a ds;?))r z("?)dﬂs

] 1/2
< u—vlp, Izlp, + {/lrf(n,u(n),d?‘;;”)) ( o). dvgn) ﬂdn} .
0 -

Al

1/2
z (7?) } < flu - ””Bh Nzllm + Lfju - 1’“1,%(0,1) ”2"0,2,(0,1) -

c;:g,\‘_
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Since V{ (z) < V{ (z;) and vy (2) < V! (z4), Vz € [zj1, 2], we conclude that

N %
s 00 =2 |

j=1

|

Let us show that

g
dr |

j=1

41

o | V7
1

lw—vm&mns(

2

u (33;}—2-}-,-:1) — Uj—2+a;

is reduced to the form

d K () du

dz

da

puiin

Vlj (z)

Zj

W (z;)

2
+ 251

: =~/ (nuta),

12

+ Z

79—1

Vi (z)

-V (=)

L (7r2 + 1)

7!‘2(:4

- 2
Vg, 1 (m)} dr <
VY (z;) -

2
} dr < 4 ||z“§,2,¢,, .

) fu — U||1,2,a,h '

By the substitution u (z) = @ (z) + 4 (z), z;-1 <2 £ z;41, the problems

du (z)

dx ) , T E (mj—2+a:$j—-1+a),

u (mjwl—I—a) = Uj 14, X = 1, 2.

=/ (8@ + i@

du

du

'de = dz
7} (mj-—2+a) — O, U (.’L'j_.1+a) — 0, x == 1,2.

(17

(18

| ) , T & (ﬂ‘f'j—2+a=$j~—1+a) y

0
Then, by virtue of (2),(5) and the Lipschitz condition Vi (z), ¥ (z) € W3 (e), we have

o N o 12 Li-14c - -
T .9 di dv di dv
_ — < < k it
Li-24a
Ti—li+4a d d("’ ,...) Li~l4a _ d"'
4 —7T " . . QU
= — / a—;(k(m) o )(u—v)dm-- / _f(a:,u-’r-u,-dm
Tj—2+a Zj—2+a
5 db\’ R di
—-f(:z:,ﬁ—l—i}, d:: | d;) i (x) — 0 (z)] dz = / _f( u+u—z—
Li—24c
di do\
flzmo+0,2 + Z VM [a@) +a) - a(z) - 5 ()] do+
dr dx /|
Ti-l14a _
. f _,+Adi'3+dﬂ fa:ﬁ-{-“d”—i-dv
BT e T dz TG T dr
Lj—2+4a )
Lj—1+ea _
" .2 .. 3 di
<cgllt— D)) 5., + flz, 0+, fracdvd:z;-g—a —
Lyj—2+o )
R I e By /2
~f (a;',v+v, d:: | d::)A dm} / [ﬁ(a:)-—{}(g;)]zdm
Li-24a

< Llfa—9| 5.,

~ = . =2
G — By 9, T3l — 912, -
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It follows that

L L(n?2+1) .
o=l g, S — g 12—l

Consequently,

"u o 9”1,2,(0}1) < ||ﬁ' o 5"1,2!(0,1) + ”'ﬁ’ - 77’”1,2,(0,1) <
L(';r2+1) L (:2‘ L(?l’2+1)
< (1 + -y ) | — 'U”1,2,(0,1) < (2 + a) (1 | T2 Ca fu — "*’H1,2,£bh *

In view of (17) and (18), we obtain

(An (2, 1) - An (@), 2)y, < lu—vllp, I2l5, +

Co | L (71‘2 4 1)
et (2 i a) (1 S ) lu = vlh2.0, 1zlo2a, < lu —vllg, lzllp, +
L+ 2v/2) C2 L (7% 4 1)
: T (2 -+ Z}_) (1 + sy luz — "*’i‘-"og@; “ZQIIDQ?&: <

Co i
< (1 + L(l Icfﬁ) (2 + E-l-) (1 + = (W%—: 1))) Hu —vlip, lizlls, -

Setting z = By ' (A (z,u) — An (z,v)) yields

1B (An (2,u) ~ An (z,0))]| 5, <

(19)
L(1+ 2v/2) Co L (n*+1)
< (1 + Ic, (2 +- -5;) (1 + - . llu — vl g,
It follows from (19) and (16) that
(Ah (z, u) — Ap (z,v), B;l (A, (z,u) — Ap (z, 'IJ)));:;.J‘#1 <
2
L(1 +2V2) Co L (n? +1) 9
<|1+- - 2 - <
B (1 4ey (2+ 6‘1) (1 * méey Iu = 2ll, <
c L(1 + 2v/2) c L(n*+1) :
<214+ 202 (24 =) {1+ )] (An(zu) — An(z,2),u ~v),, -
C4 4cy a) ey h

Then (see [6]) the iterative method (14) converges in Hp, , end the error is estimated by

(15).
0
Note that the space Hp, coincides with W1(&y) and we have the norm equivalence

relations
"N "u“1,2,¢‘ah < ”'“’“Bh < 72 ”uul,ﬁ,éh ’

where

. \ 1/2
ull g = (Nl g + luslBags )



54 L. B. GNATIV AND M. V. KUTNIV

Lemma 3. Let the conditions of Lemma 2 be fulfilled. Then the iterative method (14)
converges, its error satisfies (15), and the estimate
du(™ du |

k k
az dz 10,2,0p

S

1,2,@n

holds.

Proof. In view of (7), we obtain

" , 1/2
(Bl -t =

N1 . 1/2
+ { Z h; [l{ (:z:, u(“)) — U (x, u)} } .

Using the Cauchy-Schwarz inequality and the Lipschitz condition, we estimate the quan-
tities

xr

. . 2 i du(™ du \ |
J (n)) 7 — (n) - bkl
[ll (a:,u ) I (z, u)] / _f (t,u T ) f (t,u, dt)_‘ dt
< I dtj -f t, ul™ dut™ fltu du) . dt <
Lj-1

Lol

IN

L

gh_,,-Lﬂf ™ () - u(t)] + | = — | dt <

< 2h, L2 / ) (1)~ u(0)] dt + / () _du®)] ),
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_ ’ | -9
_, | 2 ¥: [l{ (z,ul™) = 8 (z,u)| |
Fi-1 d
X d Lq 0
L J (n) J
. / k2 (z) [ll (‘”’“’ ) 4 (m’”’)] 4z <
232 | [ 2 f [du™  dul®
< c% f [u(") (t) - u(t)] dt + / " 7 dt
Tj—1 Zj-—1 ] ) _

N-1 \ 1/
S Nt ) st | < AN

2
< Va2 (2+2) (HP(“ “1) [ -

w2y 1,2,0m

1/2
N -1 .
J (n}) — I (n) _ “ <
{jzl [ll (:v,u ) I (a:,u)] } V2 k| L ||u u .-
L(m*+1
s\/EL(Hf?-) (1+ (“2 ))l (“)-—-u“
C1 ™4 1,2 wh
Consequently,
du(“) d'u. ('n)
I M < \")
g dr kdm 02,0 = C2 s,y ~ Ha 0,2.a.~j+
L (7% +1
wvin (102D (2452 4 2) Jum —uf <
Te C1 C% 1,2,0n
L{nr*+1
Smam{crz,ﬁL(l-f-— (ﬂ-2+ ))(2+362 | %)}1:»‘")—:1,” —
T™C iy € 1,2,0n
e, <
1,2,wn .

Lemma, is proved.
3 Algorithmic implementation of the ETPDS

First, we take into account that, because of

L j

o [ v (£)f<€ u,‘;) 4E = (~1)*VJ (x;) B, (a5, 5) + i, (55,1).
Tit(=1®
we have | 2 (6)
W(mjvu) = T% (f <£:u(§): 3& )) -

7 (20)

R

Il

r
-
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Therefore, to construct the ETDS defined (10), (11), and (20) Vz; € Wa, 1t 18 necessary
to solve two initial value problems of (7): one (a = 1) in the forward direction on the
closed interval [z, 1, z;], and the other (a = 2) in the backward direction on [z, Z;41];
both problems have the smoth coefficients. To solve them numerically, we apply a one
step method Teylor series expansion of mth order of accuracy.

Let’s notice, the functions w (z,u), I (z,u),a = 1,2, which are the solutions to
the initial value problems (7) depend on parameters b, = bl (u) = wl (z;,u), ie
w (z,u) = wl (@, u,ba), I (z,v) =¥ (z,4,be), 0 =1,2.

The algorithm for the solution of problems (7) works as follows.

1. By successive differentiation (7) we find derivatives

dpiwfl (z, u, ba) dPl! (z, u,ba)
dz? dxP

2. Evaluate the approximate values of parameters by, a = 1,2 from formulas

b =0, bV =l (u) = WV (z5,u) =

!p=2131"-1m: ,p=2,3,...,m.

3—2)) (21)

P .
5! [(___1)0:-{-1 hj-~1+a] dPw, (333'+(“1)“=“*ng

p - g ., 8§=23,4,..,m.

3. Calculate now the approximate solutions of problems (7)

p . _
; m [(_1)"-’3‘5"}'1 hzj-l-{-a dp?ﬂ‘& $j+(_1)n,u,bgm“1)
wgﬁ)j (:Ej, ‘u,) = Z - p' ] :l ( - ) | (22)
p=2 |
p :
m (..-*1)a+1 hj——l-i-a:\ dPll, ($j+(-—1)“=‘i£, b&m-—g)
lgxm)j T w) == { . | 99
( 7 ) z; P! Top ( )

Lemma 4. Let
0<ci <k(z), Vz€[0,1], k(z) € Q™ [0,1],

fz,u,§) € j:_@l C™ ([zj-1,2;] x R?)

Then
P
m (=) hyrie| [apt 1]
Vi () = (=1)* [ =
) = ()™ 2 7 TFTE@ sy e 2D
= VI () + O (h7L.)
wl, (xj,u) = w7 (z;,u) + (1 — M+ m) X
- (25)
o+1
X [(“1) -1+ “] d™* wh (254 (-1, U) + O (A2 )
(m + 1) dom+) j=ital
li, (z5,u) = lgzm)j (zj,u) +
— j—1+o dm+ th Tig( 1) U m
1 1) +0 (hjjiﬁ-a)'

| (m + 1)! dzmt+1
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Proof. To prove (24), we expand the functions on the left-hand side of (24) into Teylor
series at points x4 (1)« representing the residual term in the integral form:

o P .
m [(-1) +1 h:,-__1+a] * dPV 3 ($j+(_1)a)

p=1
:L‘j +1 (
1 dmH1Vi (t)
+— f (2 = O™ 3t gh:-—v(”"")J (z;) + O (A5 a) -
Lj4(—1)

Since
dPVi (254(-1)°) oty [ AP 1
dzP =(=1) dzP~1 k (2T |
Zjp(-1)
we arrive at (24).
Let as prove by induction the equalities
bgrshl) = ba -+ O (h;-—-l-}-a) ; S = 2, 3,, ...,ﬁl. (27)

Let s = 2 then we have
bo = b5 + O (h]_14a)-

Assume that relations (27) are valid for s = ¢ — 1 and prove them for s = q. Since

_1)*H p, P Puwd (2o ya,u, b8
b0 = @ (2 0) = 3 [( 1) p?3”1+a] dPw, (a:3+(;;)p,u,b )

p=2

+1 P *
q I:(-----l)&E hj-—l+a] dpwfx ($j+(—-11)“1u! bce + O (hgﬂ1+a))‘ _
p! daF )

p=2
we obtain
g ~1 Cl!-l—l P :
( ) .? 1+a dpng ($j+(~l)°‘ , U, ba)
=) L +
drP
p=2
1] d ) (tu) o ' e+l —
+&T / (m:}' _... t)q dtatl wc(:rq” (:Bj‘lu) + 0 (hg 1+a) —
Lj4(—1)

41
= b +0 (At 1a)
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Moreover,
+1 [(—1YH R ]ppj(. o ()
wlmt1)J (%, u) zmz [( 1) hJ—-1+a dPwl $?+(*‘“1) , U, box ) _
“ 7 p! daP
p=12
P
sy [ ~1)*" hyas ] dPwl, (z
- oY F+(—1) u, ba) 43
T :E:; ] Iﬂ ' dx? -F'()ich;ﬁ-l+{x)1
o—
p
m —1 a+l h. a} ' —
1™ (2g,u) =Y (D e Pl (g e, u b2) =
@ — p! dzP
_29:1 p! dzP Jitel”
Therefore,
7
ey [("1)a+1 hj—1+ ] dPwl, (z b
. _ « Y i+ (—1 a, U, C!)
w:é!(a’jau)""z !“ JdCL‘p) -
p=—2 P
2w (t, )
1 ma1 G T4wl (T, u 1)
!'(ni+1)! / (25 — )" T2 dt = w7 (z;,u) + O (hfh%a)
Tit+(-1)<
y i [(___1)&'{-1 h’.’f*“'l'l'ﬂ]P dplgx ($j+(m1)ﬂ,u, ba)
it}: (zj: U’) — Z p' o AP +
p=1
z 5
AN LL a \") — 1 (M)F (.
+(m+ 1)! / (25 =) dim+2 dt = 1" (z5,u) +
Ljg(—1)=
[(-1)a+1 hj-1 ]mH dm+1yJ b
+ -1+« o ($j+(_1)n,'llv? r.:z) + 0 (hm+2 )
(m + 1)! dim+1 F-14a/

Let’s prove relations (25). If m is odd, then /= = m + 1 and it follows from (27) that
wé (z;,u) = wgﬂ)j (z;,u)+ O (hﬁ_ﬁia) :

If m = m is even, we have

m-+1 [(—-1) +1 hj-—-l-l—cz] @Pwﬂ (-‘Iﬁj.i.(ml)“ru)

J (. — _ |
Wa (:]23, T.L) — Z_; P‘ dx? |
p—-
g 49 i )
! rr ™20 (4 N
Li+(-1)=
41 | P .
| [(_1) h3"1+a} fim_l_l_ng (mj-I-(—l)“‘P‘) FO (K742 )
| (m + 1)! dzm+1 | Joital

The lemma is proved.
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Instead of the ETPDS given by (10), (11) and (20), we can use an TPDS of rank m

of the form
(a™yf™) = —ptm (2,4™) 2 € on,
1) 1 1 ' -
v () = pry ¥ (1) = 2, 0™ (25) = | V™ ()]
L7 -
() ~1 - ar' T o WS )j(a:,'u.)-
" (zj,u) = R; Z(—l) 1™ (25, u) + (~1) r /
=1 - Va (Z‘J) J

(28)

We need the following lemma to prove the existence and uniqueness of a solution to

TPDS (28) and to establish its accuracy.

Lemma 5. Let the conditions of Lemma 4 be fulfilled. Then

o™ (25) ~ a(a;)| < MW",

P™ (z5,u) — @ (z;,u) =

Ryt (2, )
(m +1)! dx™+1

if m is odd, and

o™ (24, u) — o (z5,u) =

(m+ 1)t dazm™ k(z)

{ hk (z; —0) g™

if m 1s even.

1 (g, u)}

} o
ix; —0 %

+2 m-+-2
o (255)
hy

+1 -+1
hi*™" + A7y
Ry !

Proof. Inequality (29) follows from (11). Prove (30) and (31). Note that

2
o™ (25,u) = o (a5,u) = B D0 (=1 {187 (5, u) — B, (25, u) +
a=1

- ()
+(=1)* |22

(ﬁﬁ,U)

By Lemma 4, we have

V™ (2)

12 (zj,u) = 1™ (z;,u) =

m—1

d™ T (T4 (-1)=, u)

(m + 1)1

(7)J

Vd ()

(mj ) u‘)
Va™7 (z5)

X

==(1-fﬁ-+7n)

d™ ), (@4 (-y=,u) 1

dxﬂbFl

[(‘“‘1)a+1 hj—14a

wg; (mjr u)j' } |
Ve ()

+0 (R7H2 ),

31—+

]nb+l

Vd (z;)

(m+1)!

X

+ 0 (hH.)

(29)

(30)

(31)

(32)

(33)
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h;

h
kg.,..., w9 (hz) and VJ (%) = = +O (hﬁ.l) we obtain

1 | o @ (21, 4)
() | _ | .t m4-1 J+1;
P (@) — e lew) = oy (e T gt

o

Combining (32), (33), V¥ (z;) =

(34)

1 -|-2 m4-2
hm+1 dm+1 lj (3:3‘""11 'U) + O h;" h)+1
dgmt1 R

if m is odd, and for m is even, we come to the relation

3 1 ™ dm+1wg (-'L'j+1 ) u)
90(” ) ("E.'iﬂ U) - ¢ (x.’iﬂ ‘L&) = (E-l— l)iﬁj j+1kj+1 T dmm-{-l T

(35)

KMk dmw{ (z,j_h,&)“ O h;n+l T h?}f:lil
1T e me T hj |

From (8) we have
sz (z)

— ’UJJ g =
1/1_7 (xj) 1(3:3 u’)

u(z) = 4 (z) + w! (z, v)

Vit z -
2 ( ) _wg l(a:j,u), T € [:I:j_1,ﬂ:j].

— ﬁ'(x) + wgﬂl (:B, u‘) N 1 |
Vi (z5-1)

This reasoning yields the relation

; VY (z) > Vi l(z) 4
'UJ'{ (m’ u') (33 u) + ——3 (mj) 1 (a:.?’u) ‘/2331 (37}__511)% : (mj*liu)a

T C [Qth},:I?j} .

Differentiating last equality and multiplying it on k (x), we obtain

] (23, ) + 0 (25-3,)
Vi? (z;)

l{ (a:,u) = l%hl (.’B, U) -+ , T & [3}'3',_1,33:}*] .

Since under conditions of Lemma
gm+i Zf (z,u) dm'*'llg"l (x, u)

i M Pt
b |

dmm—!—l d$m+l
d"wl (z, u) dm“wg (z,u) " 1 | wy (z),u) +_w%h1 (zj-1,u) —

iyl

g

T dpml da:mH dz™ | k (z) " Vlj (z;)

- (a:, u)
d:l:m“}‘ﬂfh X (h.}) , T & [333'_1,:1?:;] :

the by virtue of k;_1 = k; + O (h;), we obtain

A" (z; 1 +0,u) _ ™M (25 - 0,u)
dpm+1 T ypmtl )

+ O (hy),
(36)

+1,,0 (0 ml, J—l (0
bays +0) A 700 gy, 0 5200 o).

Combining (36), (34) and (35) yields (30) and (31).
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Theorem 3. Let the conditions of Lemmas 1 and 4 be fulfilled. Then 3hg > 0 such

that V{hj};il : |h| = lzuré%h < hg, the TPDS given by (28), (24)-(27) has a unique

solution, whose accuracy s characterized by the estimate

] ] 2 Nl dy™  dullt sk
0l = [ L ]| e
1,2,p 0,2,&n az ax 0,2,wp
where (m) (m);
. _ J s -
k( J) dy(m) (a?;,) hgy;ﬁ‘j . u)]_ , (m,_'};y }) + lgm)j (mj,y(m)) :

M is ¢ constant independent of |h|.

Proof. We consider the operator

A (2, = Bu - o™ (2,u), BMu=— (a™ug)

In view of (30) and (31), we obtain
(Affl) (z,u) = A" (z,v),u - v) = (a(m) (ug — vg),uz — vz) -
T

W

_ (@(m) (z, u) — o™ (z,v) ,u — v)% = (4, (z,u) — A, (z,v),u =), +O (™).

Then, by virtue of (13) 3hy > 0 such that V {hj};f‘_’_,z 1|kl € ho, 0 < & < al™ (x) and

2 CaC
(AS;‘“ (z,u) — A™ (z,v) ,u - 'u) > u = ol 2 8—‘:-:;3- lu-ol2,, - (37

Wh

Hence A( ) (z,u) for |h| £ hg is a strongly monotone operator and for (k| < hg TPDS

by (28) has a unique solution y'™ (z), z € &n (see [7]).
For the error z (z) = ™ (z) — u(x), z € &n, we have the problem

[a(m) () 2z (Z)} ™ (w y"“’) — U™ (3, u) = ¢ (z,u) -
—~p(™) (2, u) + [(a (z) — a™ (m)) Uz (93)] IR 0)==z2(1) =

It follows from (38) that

(38)

(m)mu ()mfu =
(A (@) - A (@0)2) -

== ((p(ﬁ") (z,u) — ¢ (z,u) ,z) + ((a(m} — G) Uz, zz) :

Taking into account (37), we have estimate

(Agm) (z,u) — A( ) (z,v),u ~ 'u) > IIzIIZBgm (40)

Wh

By using the Cauchy-Schwarz inequality, (32) and (33), the right-hand side of (39) is
estimated as follows:

((a=a™)us,za) . <[a™ —af . luslozut lozlosss <

(41)

S e
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(m) M1 M ™!
(¢ @) = (mu).z), S MR fzallg g S =z lzllgem,  (42)
for odd m and
m m M |h|™
(0 m0) ~ ™ (,0),2) < M lealygp < g lall g, (43

for even m. From (41) and (43), it follows that ||z|| g < M lh|™. Since the norms
h

1,24, and ”'IIB(ﬂ&)h are equivalent, we obtain |z{|; , , <M |h|™. Since

dz 1 1 i . '
k@) || S sy~ o Bl uallg 00 + [0l @ w)| |+
| dx 0.2.0n Vi(m).? Vlj 02,0 | z 0,2,w, ' 1 0,2,&n
] (m)j (... (m) i (. . (m) ”
| ”V(m)j“ " lo2,0t T 'wl (m’y ) ( ) 03.im
1 0,2,%,
(2 ™) = “ (M)3 (g ™ _ 19 (g, (™ ”
+ |l (z,y ) o @), |+ (50™) -4 (5 ™)+
T “lif (:r:, y(m)) - (m’u)”o 2,0 < My R+
‘e )
%?JJ{ (:B: U) 5
* u="4 10,2, 7 )
i =1 9 . < Mih
+ lvl(m)j“02 . + Y (z,u) weiillo 2o, ”z"og,wh < M A
y Wh

we use (29) and (31) to obtain||z|)] , 5, < Mh™ Theorem is proved.
The mth-order accurate three-point difference scheme given by (28) is solved by iter-
ation.

Theorem 4. Let the conditions of Theorem 3 be fulfilled. Then

o™ (z,u) ~ o™ (z,0)| < Llu -],

Sho > 0 and V {h; };’:1 . |h| < hg, 0 < & < al™ (), and the iterative method

y(fh,n) _ y(ﬁ’l,nHl)

g™ - A (m, y(ﬁl,n-—l)) =0, T € QOp, (44)

T

V@)  Vi(e)
AR A

BMy =~ (a™yz) , AT (@,9) = B\Vy - '™ (z,0)

y(m‘ﬂ) (0) = pa, y(m‘n) (1) = p2, n=1,2, .., y(m 0) (z) =

" ""2
L : . .
with 7 = 19 = (1 -+ -8-;--) converges and its error is estimated as
C1
yd (Wi

where

{1’ T T} 7 N ¢
2 (:L‘ ) dy(m,ﬂ) (.’BJ) . .?yé j ) wi )3 (m{,y(ﬁ )) + l(m)g (ﬂ}' ' (-,r‘ﬁ,n))
J dx B Vl(m)j (z;) 1 i ’
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M is a constant independent of |h|, m, or n.

Proof. According to Theorem 3,

5 »* L

<

™) _ gy
1,2,0h
(46)

”y(ﬂl,ﬂ) - S l

1,2,0h 1,2,wp

< MA™ + Hy(m,n) _ y(m)i

*e

1,2 0n

N
Since f (z,u,§) € 'U1 C™ ([x,;_1,x;] x R?), we obtain
g= |

lcp(m) (z,u) — @™ (z, 'u)l <L|lu=-1v.
Applying the Cauchy-Schwarz inequality, we estimate
< flu - UHB}f‘) ”w"BS‘") +

(A(;’f*) (z,u) — AT (z,0), 'w) “_

TR T

+L |lu — UHo,z,ajh Hw“(),-z,a,,h < flu - "*’“Bﬁ*ﬁ) ”w”BEﬁJ +

[wlloz.a < s = oll om0l gmy +

™

14,9 h

L i
+'8" lug — Um”o,z,a;;f' ||w£||o,2,a;;f < (1 + ga) lu — UHBT) ||w[|3iﬁl) ,
—y—1
Setting U = B](ln") (Aglm) (CU, u) . Aiﬁl) (.’E, 'U)) giVES

L
< ? ¢ ") .
om < (1 851)”“ vigm . (47)

We use (38) and (47) to derive

111 ™ ~1 -
(A (@, u) - A7 (@,0), By (4" (2,u) - AT (@ v)))ﬁh <

~ 2 T 2
L 2 | L ™ &

8¢ C

Consequently (see [6]), the iterative method (44) converges in the energy space H BU™>

0
which coincides with W, (&), and the error is estimated as

Hy(”"“) — y™) H < Mig™.
1,2,&p

Moreover,

dy™™ (z) dy(™ (x) 1 o mn) ()

T T
A T N T il v = Ve g 500 ™

b llo2.an
o o) i ()],

i ()~ ),

0:21‘:”1
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< My ™™ — g™ “ 1 -(?-W§m)j (2, u) +
0,2, lv(m)b‘“ ou y=g(m)
! 1 0.2, =¥ 0,2,
0 .(n |
+ 5539’”)3 (z,u) “y(m’”) —y(m)“ <
u=g{m) 0,2,0n | 0,2,k
<M [y -y < Mag™,
1,2,wp
It follows that .
(m,n) . () < Ma".
Hy Y 1,2,0n 1 (48)

Combining (46) and (48) yields (45).

4 Numerical examples

Consider a nonlinear boundary value problem

d’v 1 , [du
3 = 5008 (Ez:)’ u (0)

§

1 b
1) = ~ ) —ln—
0, u(l) = arctan (2) ln4,

. To estimate the conver-

1 1
with the exact solution u (x) = x - arctan (Em) ~Ini|l+ :1-332
gence rate in practice, the following quantities are introduced

”z(ﬁ) ”I,2,wh
2(6] |[1,2,wh/2

In the Table 1 we present the results of a numerical computations for a six-order
(m = 5) accurate method. Consequently, the numerical experiment confirm our theoret-
ical analysis.

s

er = Hz(ﬁ)

= v -, p=tom

1,2,&)}1 1,2,&?};

Table 1.

N er P
8 | 0.5765E — 08

16 | 0.1078E 09 | .57E+01
32 | 0.1825FE —11 | .59E +01
64 | 0.2809E —13 | .60E +01
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