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t. We 
onsider an initial boundary value problem for paraboli
 equati-on in the planar double-
onne
ted domain with the Diri
hlet and the Neumannboundary value 
onditions. This mixed problem is redu
ed by Rothe's method tothe sequen
e of ellipti
 boundary value problems with �rst and se
ond orders of thetime approximation. Then the indire
t boundary integral equation method is used.The boundary layer potentials are 
onstru
ted using the fundamental solutions ofthe sequen
e of the ellipti
 equations. The obtained integral equations of the �rst ki-nd 
ontain the logarithmi
 and hypersingular kernels. They are solved by a dis
rete
ollo
ation method based on trigonometri
al quadratures. The presented numeri-
al experiments 
on�rm a posterior error estimates and show the feasibility of theproposed method.1. Introdu
tionThe time depended problems that are modeled by initial boundary value problemsfor paraboli
 or hyperboli
 partial di�erential equations have a large number of appli-
ations in engineering and various applied s
ien
es like elastodynami
s, �uid dynami
s ora
ousti
s. On the other hand the initial boundary value problem 
an arise as some partialsub-problem during numeri
al solution of more 
ompli
ate applied problems, for exampleinverse problems. In this 
ontest we refer to [6℄ for the inverse non-linear paraboli
 problemrelated to boundary re
onstru
tion and to [12℄ for the inverse linear paraboli
 problemfor the re
onstru
tion of Cau
hy data on the boundary. In the latter referen
e the iterati-ve method is proposed whi
h requires the solution of the mixed initial boundary valueproblem for paraboli
 equation on ea
h step. Therefore to realize this approa
h numeri-
ally one needs the solver for the 
orresponding dire
t time-dependent problem. Thereare a large number of methods for the numeri
al solution for this kind of problems. Wewant to use the integral equations approa
h and the reason for this is the advantages ofthis method like de
reasing of the dimension of the problem, redu
ing the problem in anunbounded domain to an integral equation on the boundary et
.One 
an distinguish three approa
hes in the appli
ation of boundary integral methodson paraboli
 and hyperboli
 initial boundary value problems: boundary-time integralequations, integral transform methods, and time-stepping methods [2, 8℄. Boundary-timeintegral equations method use the fundamental solution of the paraboli
 or hyperboli
partial di�erential equations. By the dire
t or indire
t approa
h the integral equations ofthe �rst or the se
ond kind, whi
h are of Volterra type in the time variable and Fredholmtype in the spa
e variables, are obtained. Of 
ourse, there is extensive literature availableon this dire
t appli
ation of integral equation te
hniques for the full time dependentproblems (see [1, 10, 13, 14℄ and the referen
es therein).In the se
ond group of methods an integral transformation like the Lapla
e, Fourieror Laguerre transformation is used to a
hieve the redu
tion of a time dependent problem
†Key words. Heat equation, mixed problem, Rothe's method, boundary integral equation method,trigonometri
al quadrature method. 26



ON THE NUMERICAL SOLUTION OF A MIXED PROBLEM 27to stationary boundary value problems (see [1, 5℄ and the referen
es therein), whi
h 
anbe numeri
ally solved by boundary integral equation te
hniques.Time-stepping methods start from a time dis
retization of the original initial boundaryvalue problem via an impli
it s
heme and then they use boundary integral equations tosolve the resulting ellipti
 problems in ea
h time step. A fundamental solution, whi
h isalso a dis
rete 
onvolution operator, 
an be given expli
itly for simple time dis
retizations
hemes like the ba
kward Euler method (�Rothe's method� [4℄). For a whole 
lass ofhigher order one step or multistep methods, the fundamental solution 
an be 
onstru
tedusing Lapla
e transformation and the operational quadrature method [14℄. In this paperwe use the 
ombination of Rothe's method with integral equations to a mixed initialboundary value problem for the heat equation in a double-
onne
ted domain D andinvestigate the variants of �rst and se
ond orders of the time approximation.We 
onsider the mixed initial boundary value problem for the heat equation
∂u

∂t
= ∆u in D × (0, T ). (1.1)

Γ1

D

Γ2Fig. 1. Double-
onne
ted domain DWe assume that the boundaries Γ1, Γ2 are smooth enough and T > 0 is some 
onstant.We are looking for a 
lassi
al solution of (1.1) whi
h is twi
e 
ontinuously di�erentiablewith respe
t to the spa
e variable and 
ontinuously di�erentiable with respe
t to the timevariable on D × (0, T ) and whi
h satis�es the homogeneous initial 
ondition
u(x, 0) = 0, x ∈ D (1.2)and the boundary 
onditions

u = f1 on Γ1 × (0, T ),
∂u

∂ν
= f2 on Γ2 × (0, T ), (1.3)where ν is the outward unit normal ve
tor to the boundary Γ2, f1 and f2 are givenfun
tions whi
h satisfy 
ompatibility 
onditions.

f1(x, 0) = 0, x ∈ Γ1 and f2(x, 0) = 0, x ∈ Γ2.The plan of this paper is as follows. In Se
tion 2 we des
ribe the basi
 features of theRothe method and the boundary integral equation method. The �rst and se
ond orderof time approximation are proposed. The following Se
tion 3 brie�y des
ribes how wellestablished numeri
al methods 
an be applied to solve these boundary integral equations.Also we pro
eed here with some 
onvergen
e and error analysis, and in Se
tion 4 wedemonstrate the feasibility of our method through some numeri
al examples.



28 R. S. CHAPKO AND V.G.VAVRYCHUK2. Rothe's methos and boundary integrals approa
hRothe's method 
ombined with integral equations is des
ribed in details in [4℄. Thisapproa
h 
onsists in repla
ing some initial boundary value problem with a sequen
e ofstationary boundary value problems by semi-dis
retization in the time. The time deri-vative in the heat equation (1.1) is dis
retized by a �nite di�eren
e approximation. Thus,on the equidistant mesh {tn = (n + 1)h, n = −1, . . . , N − 1, h = T/N , N ∈ IN} weapproximate the solution u of (1.1) by the sequen
e un, n = 0, . . . , N − 1 that solves theequations
∆un = γ2un − γ2un−1, u−1 = 0, γ2 =

1

h
. (2.1)To obtain the se
ond order of the approximation in the time we assume that u is twotimes 
ontinuosly di�erentiable with respe
t to time variable. So we 
an use the followingdi�eren
es

∂u

∂t
(x, tn) =

u(x, tn) − u(x, tn−1)

h
+
h

2
utt(x, tn − θnh), θn ∈ [0, 1] ,

∂u

∂t
(x, tn−1) =

u(x, tn) − u(x, tn−1)

h
−
h

2
utt(x, tn − θ̃nh), θ̃n ∈ [0, 1] .After substitution of these relationships in (1.1) and adding the obtained equations weget

2

h
un −

2

h
un−1 − ∆un − ∆un−1 + O(h2) = 0and as result we re
eive the sequen
e

∆un =

n
∑

m=0

βn−mum, β0 =
2

h
, βi = (−1)i 4

h
, i = 1, . . . , N − 1. (2.2)Now we summarize both approa
hes in the following sequen
e of mixed stationaryboundary value problems related with the problem (1.1)�(1.3)

∆un − γ2un =

n−1
∑

m=0

βn−mum in D, (2.3)
un = f1

n on Γ1,
∂un

∂ν
= f2

n on Γ2, (2.4)where n = 0, . . . , N − 1, f ℓ
n = fℓ(·, tn), ℓ = 1, 2, γ2 = β0 and the form of the known
onstants βi depends on the used semi-dis
retization approa
h (2.1) or (2.2).We pro
eed by noting the following results on uniqueness and stability.Theorem 2.1 The sequen
e (2.3)�(2.4) has at most one solution.Proof. By the Green's theorem any solution v ∈ C2(D) ∩ C1(D̄) of ∆v − γ2v = 0 in Dwhi
h has vanishing boundary values v = 0 on Γ1 and ∂v/∂ν = 0 on Γ2 must vanishidenti
ally in D. Then the statement of the theorem follows by indu
tion. 2Now we introdu
e the fundamental solution to the sequen
e of ellipti
 di�erentialequations (2.3).De�nition 2.2 The fun
tions sequen
e (Φn), n = 0, . . . , N − 1 is 
alled a fundamentalsequen
e for the equations (2.3) if

∆xΦn(x, y) −

n
∑

m=0

βn−mΦm(x, y) = δ(x− y).



ON THE NUMERICAL SOLUTION OF A MIXED PROBLEM 29We 
onsider the polynomials, whi
h will be used for the representation of Φn

vn(r) =

[n

2
]

∑

m=0

an,2mr
2m, wn(r) =

[n−1

2
]

∑

m=0

an,2m+1r
2m+1for n = 0, 1, . . . , N − 1 (w0 = 0) with an,0 = 1 and the remaining 
oe�
ients re
ursivelyde�ned through

an,n = −
1

2γn
β1an−1,n−1,

an,k =
1

2γk

{

4

[

k + 1

2

]2

an,k+1 −

n−1
∑

m=k−1

βn−mam,k−1

}

, k = n− 1, . . . , 1.The 
oe�
ients an,k are 
hosen su
h that vn, wn solve the system of ordinary di�erentialequations
v′′n(r) +

1

r
v′n(r) − 2γw′

n(r) =

n−1
∑

m=0

βn−mvm(r),

−2γv′n(r) + w′′
n(r) −

1

r
w′

n(r) +
1

r2
wn(r) =

n−1
∑

m=0

βn−mwm(r).Analogously to [5℄ we 
an �nd the expli
it representation of the fundamental solutions.Theorem 2.3 The fun
tions
Φn(x, y) = K0(γ|x− y|)vn(|x− y|) +K1(γ|x− y|)wn(|x− y|), (2.5)

n = 0, . . . , N −1 are the fundamental solutions of (2.3). Here K0 and K1 are the modi�edHankel fun
tions of order zero and one, respe
tively.We note here, that in [9℄ it was found some di�erent representation of the fundamentalsolutions Φn, whi
h has the re
urren
e nature.For the sequen
e of equations (2.3) we introdu
e both the single- and double layer potenti-als:
Un(x) =

1

π

n
∑

m=0

∫

Γi

qm(y)Φn−m(x, y) ds(y), x ∈ D (2.6)and
Vn(x) =

1

π

n
∑

m=0

∫

Γi

qm(y)
∂

∂ν(y)
Φn−m(x, y) ds(y) x ∈ D, (2.7)with 
ontinuous densities qn for n = 0, . . . , N − 1 and i = 1, 2. Hen
e, by the 
lassi
aljump- and regularity properties of the logarithmi
 potentials (see [13℄) we reformulate theboundary value problem (2.3)-(2.4) as a sequen
e of boundary integral equations.Theorem 2.4 The 
ombination of single- and double layer potentials

un(x) =
1

π

n
∑

m=0

∫

Γ1

ϕ1
m(y)Φn−m(x, y)ds(y) +

1

π

n
∑

m=0

∫

Γ2

ϕ2
m(y)

∂Φn−m(x, y)

∂ν(y)
ds(y), x ∈ D(2.8)



30 R. S. CHAPKO AND V.G.VAVRYCHUKsolves the sequen
e of boundary value problems (2.3)�(2.4) provided the densities solvethe sequen
e of integral equations of the �rst kind






















1

π

∫

Γ1

ϕ1
n(y)Φ0(x, y)ds(y) +

1

π

∫

Γ2

ϕ2
n(y)

∂Φ0(x, y)

∂ν(y)
ds(y) = G1

n(x), x ∈ Γ1,

1

π

∫

Γ1

ϕ1
n(y)

∂Φ0(x, y)

∂ν(x)
ds(y) +

1

π

∂

∂ν(x)

∫

Γ2

ϕ2
n(y)

∂Φ0(x, y)

∂ν(y)
ds(y) = G2

n(x), x ∈ Γ2(2.9)for n = 0, . . . , N − 1 with right hand sides
G1

n(x) := f1
n(x)−

1

π

n−1
∑

m=0

∫

Γ1

ϕ1
m(y)Φn−m(x, y)ds(y)−

1

π

n−1
∑

m=0

∫

Γ2

ϕ2
m(y)

∂Φn−m(x, y)

∂ν(y)
ds(y)and

G2
n(x) := f2

n(x) −
1

π

n−1
∑

m=0

∫

Γ1

ϕ1
m(y)

∂Φn−m(x, y)

∂ν(x)
ds(y)

−
1

π

n−1
∑

m=0

∂

∂ν(x)

∫

Γ2

ϕ2
m(y)

∂Φn−m(x, y)

∂ν(y)
ds(y).In order to simplify the se
ond integral equation we apply the following relationshipbetween the normal derivate of double-layer potential (2.6) and the sigle-layer potential(2.7):

n
∑

m=0

∂

∂ν(x)

∫

Γ2

qm(y)
∂Φn−m(x, y)

∂ν(y)
ds(y) =

n
∑

m=0

∂

∂θ(x)

∫

Γ2

∂qm
∂θ

(y)Φn−m(x, y)ds(y)

−

n
∑

m=0

∫

Γ2

qm(y)

n−m
∑

k=0

βn−m−kΦk(x, y) 〈ν(x), ν(y)〉 ds(y), x ∈ Γ2, (2.10)where θ is the unit tangent ve
tor to Γ2 and by 〈·, ·〉 we denote the s
alar produ
t in IR2.Assume that our boundaries have the following parametri
 representations:
Γℓ = {xℓ(s) = (xℓ1(s), xℓ2(s)), s ∈ [0, 2π]} , ℓ = 1, 2, (2.11)where xℓ : [0, 2π) → IR2 are inje
tive and three times di�erentiable. Then after 
al
ulati-on with the use of (2.10) and extra
tion of hypersingularity the following parametrizedsystems are obtained























1

2π

∫ 2π

0

µ1
n(σ)H11

0 (s, σ)dσ +
1

2π

∫ 2π

0

µ2
n(σ)H12

0 (s, σ)dσ = G1
n(s),

1

2π

∫ 2π

0

µ1
n(σ)H21

0 (s, σ)dσ+
1

2π

∫ 2π

0

[

µ̇2
n(σ) cot

σ − s

2
+µ2

n(σ)H22
0 (s, σ)

]

dσ = G2
n(s),(2.12)where s ∈ [0, 2π], µ1

n(s) := ϕ1
n(x1(s)), µ2

n(s) :=
∑n

m=0 ϕ
2
n(x2(s)), n = 0, . . . , N − 1 and

G1
n(s) := f1

n(s) −
1

2π

n−1
∑

m=0

∫ 2π

0

[

µ1
m(σ)H11

n−m(s, σ) + ψ2
m(σ)H12

n−m(s, σ)
]

dσ
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G2

n(s) := f2
n(s) −

1

2π

n−1
∑

m=0

∫ 2π

0

[

µ1
m(σ)H21

n−m(s, σ) + ψ2
m(σ)H22

n−m(s, σ)
]

dσ,where f1
n(s) = f1

n(x1(s)), f2
n(s) = f2

n(x2(s))|x
′
2(s)|, ψ2

n(s) = ϕ2
n(x2(s)). Here we have thekernels with logarithmi
 singularity

H11
n (s, σ) := 2|x′1(σ)|Φn(x1(s), x1(σ)), n = 0, . . . , N − 1,

H22
0 (s, σ) := 2γ

K1(γ|r22(s, σ)|)

|r22(s, σ)|
[2h2(s, σ) − h1(s, σ)]

+2γ2K0(γ|r22(s, σ)|) [h2(s, σ) − h1(s, σ)] −
1

2 sin2 s−σ
2

,and
H22

n (s, σ) := 2K0(γ|r22(s, σ)|)
[

(v1
n(|r22(s, σ)|) + γ2)h1(s, σ) + v2

n(|r22(s, σ)|)h2(s, σ)
]

+2K1(γ|r22(s, σ)|)
[

w1
n(|r22(s, σ)|)h1(s, σ) + w2

n(|r22(s, σ)|)h2(s, σ)
]

−2h1(s, σ)

n
∑

k=0

βn−kΦk(x2(s), x2(σ)),for n = 1, . . . , N − 1. In the 
omputation of the kernels we use the following formulas forthe derivatives of the modi�ed Hankel fun
tions
K ′

0(z) = −K1(z), K ′
1(z) = −K0(z) −

1

z
K1(z).The regular kernels have the form

H12
0 (s, σ) := 2γ

K1(γ|r12(s, σ)|)

|r12(s, σ)|
〈r12(s, σ), ν(x2(σ))〉 |x′2(σ)|,

H21
0 (s, σ) := −2γ

K1(γ|r21(s, σ)|)

|r21(s, σ)|
〈r21(s, σ), ν(x2(s))〉 |x

′
1(σ)|,

H12
n (s, σ) := −2 〈r12(s, σ), ν(x2(σ))〉 |x′2(σ)|{K0(γ|r12(s, σ)|)v1

n(|r12(s, σ)|)

+K1(γ|r12(s, σ)|)w1
n(|r12(s, σ)|)}and

H21
n (s, σ) := 2 〈r21(s, σ), ν(x2(s))〉 |x

′
1(σ)|{K0(γ|r21(s, σ)|)v1

n(|r21(s, σ)|)

+K1(γ|r21(s, σ)|)

[

w1
n(|r21(s, σ)|) −

γ

|r21(s, σ)|

]

}.Here we introdu
ed the following fun
tions and notations
rij(s, σ) := xi(s) − xj(σ), i, j = 1, 2,

h1(s, σ) = 〈x′2(s), x
′
2(σ)〉 , h2(s, σ) =

〈r22(s, σ), x′2(s)〉 〈r22(s, σ), x′2(σ)〉

|r22(s, σ)|2
,
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v1

n(r) = −γ

[n−1

2
]

∑

k=0

an,2k+1r
2k + 2

[n

2
]

∑

k=1

kan,2kr
2k−2,

w1
n(r) = −γ

[n

2
]

∑

k=1

an,2kr
2k−1 + 2

[n−1

2
]

∑

k=1

kan,2k+1r
2k−1,

v2
n(r) = γ2

[ n

2
]

∑

k=1

an,2kr
2k − 4γ

[n−1

2
]

∑

k=1

kan,2k+1r
2k − 4

[n

2
]

∑

k=2

(k − k2)an,2k−2r
2k,

w2
n(r) = γ2

[n−1

2
]

∑

k=0

an,2k+1r
2k+1 − 2γ

[n

2
]

∑

k=1

(2k − 1)an,2kr
2k−1 − 4

[n−1

2
]

∑

k=2

(k − k2)an,2k+1r
2k−1.We transform the kernels with logarithmi
 singularity to the form

Hℓℓ
n (s, σ) = Hℓℓ

n0(s, σ) ln
4

e
sin2 s− σ

2
+Hℓℓ

n1(s, σ), ℓ = 1, 2,where
H11

n0(s, σ) := [−I0(γ|r11(s, σ)|)vn(|r11(s, σ)|) + I1(γ|r11(s, σ)|)wn(|r11(s, σ)|)] |x′1(σ)|for n = 0, . . . , N − 1,
H22

00 (s, σ) := γ
I1(γ|r22(s, σ)|)

|r22(s, σ)|
[2h2(s, σ)−h1(s, σ)] − γ2I0(γ|r22(s, σ)|) [h2(s, σ)−h1(s, σ)] ,

H22
n0(s, σ) := −I0(γ|r22(s, σ)|)

[

v1
n(|r22(s, σ)|)h1(s, σ)+v2

n(|r22(s, σ)|)h2(s, σ)+γ2h1(s, σ)
]

+I1(γ|r22(s, σ)|)
[

w1
n(|r22(s, σ)|)h1(s, σ) + w2

n(|r22(s, σ)|)h2(s, σ)
]

+h1(s, σ)

n
∑

k=0

βn−k [I0(γ|r22(s, σ)|)vk(|r22(s, σ)|) − I1(γ|r22(s, σ)|)wk(|r22(s, σ)|)]for n = 1, . . . , N − 1 and
Hℓℓ

n1(s, σ) = Hℓℓ
n (s, σ) −Hℓℓ

n0(s, σ) ln
4

e
sin2 s− σ

2with diagonal terms
H22

00 (s, s) =
γ2

2
|x′2(s)|

2, H22
n0(s, s) = (−γ2 + γan,1 − 2an,2)|x

′
2(s)|

2 + |x′2(s)|
2

n
∑

k=0

βn−k,

H11
n1(s, s) = (−C̃1(s) − 2CE +

2

γ
an,1)|x

′
1(s)|,

H22
01 (s, s) = −

1

6
+

1

3

〈x′2(s), x
′′′
2 (s)〉

|x′2(s)|
2

+
1

2

〈x′′2 (s), x′′2 (s)〉

|x′2(s)|
2

−
〈x′2(s), x

′′
2 (s)〉

2

|x′2(s)|
4

+
γ2

2
|x′2(s)|

2(2CE + C̃2(s) − 1),
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H22

n1(s, s) = (C̃2(s)+2CE)(γan,1 − 2an,2 − γ2)|x′2(s)|
2+

2

γ
(γ2an,1 − 3γan,2+2an,3)|x

′
2(s)|

2

+ 2|x′2(s)|
2

n
∑

k=0

βn−k

(

C̃2(s)

2
+ CE −

ak,1

γ

)

.Here C̃ℓ(s) = ln
eγ2|x′

ℓ
(s)|2

4 and CE is the Euler 
onstant. Also we assume that an,k = 0for n < k.To rewrite the sequen
e (2.12) in the operator form we introdu
e integral operators
(Sℓ

mµ)(s) :=
1

2π

∫ 2π

0

µ(σ)Hℓℓ
m0(s, σ) ln

4

e
sin2 s− σ

2
dσ,

(Aℓ
mµ)(s) :=

1

2π

∫ 2π

0

µ(σ)Hℓℓ
m1(s, σ)dσ,

(Tµ)(s) :=
1

2π

∫ 2π

0

µ̇(σ) cot
σ − s

2
dσ,

(Sµ)(s) :=
1

2π

∫ 2π

0

µ(σ) ln
4

e
sin2 s− σ

2
dσand

(Bℓk
mµ)(s) :=

1

2π

∫ 2π

0

µ(σ)Hℓk
m (s, σ)dσ.A

ording to the smooth properties of the kernels we have that the operators A are
ompa
t in the 
orresponding H�older spa
es. Thus the systems (2.12) has the followingequivalent operator representation

(U + B0)µ̃n = f̃n −

n−1
∑

m=0

Bn−mψ̃m, n = 0, . . . , N − 1, (2.13)where we introdu
ed the ve
tors µ̃n :=
(

µ1
n, µ

2
n

)⊤, ψ̃n :=
(

µ1
n, ψ

2
n

)⊤, f̃n := (f1
n, f

2
n)⊤ andoperator matri
es

U :=

(

S 0
0 T

)

, B0 :=

(

S1
0 +A1

0 − S B12
0

B21
0 S2

0 +A2
0

)

, Bm :=

(

S1
m +A1

m B12
m

B21
m S2

m +A2
m

)for m = 1, . . . , N − 1.Theorem 2.5 For any sequen
es f1
n in C1,α[0, 2π] and f2

n in C0,α[0, 2π] the system (2.12)possesses a unique solution µ1
n in C0,α[0, 2π] and µ2

n in C1,α[0, 2π].Proof. Sin
e the operators S : C0,α[0, 2π] → C1,α[0, 2π] and T : C1,α[0, 2π] → C0,α[0, 2π]are bounded and have bounded inverses [13℄, we 
an redu
e the �rst equation in (2.13)to the form (I + D0)µ̃0 = g̃0, where D0 = {Dkℓ
0 }, D0ℓ

0 : C0,α[0, 2π] → C0,α[0, 2π],
D1ℓ

0 : C1,α[0, 2π] → C1,α[0, 2π], k = 1, 2, ℓ = 1, 2 are 
ompa
t. Then from the theorem2.1 and the Riesz-S
hauder theory [13℄ lead us to the existen
e of the solution µ̃0 ∈
C0,α[0, 2π] × C1,α[0, 2π]. The statement of the theorem follows by indu
tion. 2
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al solution of integral equationsFor integral equations of the form (2.12) we use a dis
rete 
ollo
ation method based ontrigonometri
 interpolation with equidistant grid points [4℄. For this method, we 
hoose
M ∈ IN and an equidistant mesh by setting

sk :=
kπ

M
, k = 0, . . . , 2M − 1,and use the following quadrature rules

1

2π

∫ 2π

0

g(σ) ln

(

4

e
sin2 sj − σ

2

)

dσ ≈

2M−1
∑

k=0

R|j−k| g(sk), (3.1)
1

2π

∫ 2π

0

g′(σ) cot
σ − sj

2
dσ ≈

2n−1
∑

k=0

T|j−k| g(sk), (3.2)
1

2π

∫ 2π

0

g(σ) dσ ≈
1

2M

2M−1
∑

k=0

g(sk) (3.3)with the weights
Rj := −

1

M

M−1
∑

m=1

1

m
cos

mjπ

M
−

(−1)j

2M2
,

Tj :=































1

2M
sin−2 jπ

2M
, j odd,

0, j even, j 6= 0,

−
M

2
, j = 0,These quadratures are obtained by repla
ing the integrand g by its trigonometri
interpolation polynomial of degreeM with respe
t to the grid points sk, k = 0, . . . , 2M−1.We use the quadrature rules (3.1)�(3.3) to approximate the three types of integrals in(2.12) and 
ollo
ate the approximated equation at the nodal points to obtain the linearsystem



























2M−1
∑

k=0

[

µ1
n,k

{

R|j−k|H
11
00 (sj , sk) +

1

2M
H11

01 (sj , sk)

}

+ µ2
n,k

1

2M
H12

0 (sj , sk)

]

= G1
n,j ,

2M−1
∑

k=0

[

µ1
n,k

2M
H21

0 (sj , sk)+µ2
n,k

{

T|j−k|+R|j−k|H
22
00 (sj , sk) +

1

2M
H22

01 (sj , sk)

}

]

=G2
n,j ,(3.4)for j = 0, . . . , 2M − 1, n = 0, . . . , N − 1, whi
h we have to solve for the nodal values µℓ

n,jof the approximating trigonometri
 polynomial µℓ
n,M . Of 
ourse, the approximate values

Gℓ
n,j for the right hand side are also obtained via using (3.1) and (3.3). To write the linearsystems in operator form we 
onsider the interpolation operators PM : C[0, 2π] → TM ,where TM is the spa
e of trigonometri
al polynomials of the degrees M . Then we 
anrewrite the system (3.4) in the equivalent operator form

(U + PMB0,M ) µ̃n,M = PM f̃n −

n−1
∑

m=0

PMBn−m,M ψ̃m,M , n = 0, . . . , N − 1. (3.5)
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onvergen
e and error analysis for this quadrature method 
an be established on thebasis of the 
olle
tively 
ompa
t operators theory (see [4℄) or on the basis of some estimateof trigonometri
 interpolation in H�older spa
es (see for example [7℄). In the latter 
asethis analysis is based on the estimate
‖PMµ− µ‖m,α ≤ c

lnM

M ℓ−m+β−α
‖µ‖ℓ,β (3.6)for the trigonometri
 interpolation whi
h is valid for 0 ≤ m ≤ ℓ, 0 < α ≤ β < 1, andsome 
onstant c depending only on m, ℓ, α and β.Theorem 3.1 For Γ1, Γ2 ∈ Cℓ+2, ℓ ≥ 1, f1

n ∈ Cℓ,β [0, 2π], f2
n ∈ Cℓ−1,β[0, 2π] and forsu�
iently largeM the system of approximate equations (3.5) for every n = 0, . . . , N − 1has a unique solution µ̃n,M ∈ TM . For the exa
t solution µ̃n to (2.13) we have the errorestimates

‖µ̃n − µ̃n,M‖m,α ≤ Cn

lnM

M ℓ−m+β−α
‖µ̃n‖ℓ,β (3.7)for 0 ≤ m ≤ ℓ, 0 < α ≤ β < 1 and some 
onstants Ck depending only on α, β,m, ℓ.Proof. Let X = Cm−1,α[0, 2π]×Cm,α[0, 2π] and Y = Cm,α[0, 2π]×Cm−1,α[0, 2π]. By thesmoothness properties of the kernels in the operators Bik

n and from the estimate (3.6) it
an be shown that
‖PMBik

n,Mµ−Bik
n µ‖m,α ≤ c

lnM

M ℓ−m+β−α
‖µ‖ℓ,β, k, i = 1, 2.Analogous estimates hold for other operators in the matrix Bn (for the 
ase of theoperators with logarithmi
 singularity see [15℄). This implies, in parti
ular, for ℓ = mthe norm 
onvergen
e

‖PMB0,M − B0‖X→Y → 0, M → ∞.Therefore, from the Neumann series, we 
an 
on
lude that, for su�
iently large n1 and
n2, the operators U + Pn1,n2

Bn1,n2
: X → Y are invertible and the inverse operators areuniformly bounded. Then the error estimate (3.7) for n = 0 follows from the identity

µ̃0,M − µ̃0 = (U + PMB0,M )−1{(PM f̃0 − f̃0) + (B0 − PMB0,M )µ̃0}.The statement of the theorem follows by indu
tion. 24. Numeri
al experimentsExample 1. To test our method we will use the double 
onne
ted domain with theboundaries (see Fig. 2)
Γ1 =

{

(0.06 cos(t), 0.1 + 0.12 sin(t) − 0.1 sin2(t)), s ∈ [0, 2π]
}

,

Γ2 = {(0.2 cos(t), 0.2 + 0.2 cos(2t) + 0.3 sin(t)), s ∈ [0, 2π]} .Let us 
hoose the boundary 
onditions of ellipti
 problems sequen
e as
f1

n(x, t) = Φn(x, ỹ), x ∈ Γ1,

f2
n(x, t) =

∂

∂ν(x)
Φn(x, ỹ), x ∈ Γ2,where Φn is the fundamental solution and ỹ 6∈ D. It is obvious that the exa
t solution ofthis sequen
e will be

un(x) = Φn(x, ỹ).
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Fig. 2. The domain D for numeri
al experiments.Tabl. 1. Numeri
al results for the �rst order approximation.
n = 0 n = 5 n = 10

M = 16 1.505 · 10−5 3.858 · 10−4 8.211 · 10−4

M = 32 5.521 · 10−8 1.199 · 10−6 2.456 · 10−6

M = 64 5.549 · 10−14 4.768 · 10−12 1.074 · 10−11Let us 
hoose ỹ = (0, 0.8) and the test point x = (0,−0.2). In the Table 1 we showabsolute errors of �rst order approximation for di�erent amount of points in quadratures.The absolute errors of the ellipti
 problems sequen
e in the 
ase of se
ond order approxi-mation of the time derivate are given in the Table 2. These results empiri
ally proof
orre
tness of the developed methods and their 
onsisten
y with the obtained error esti-mation. Tabl. 2. Numeri
al results for the se
ond order approximation.
n = 0 n = 5 n = 10

M = 16 1.303 · 10−6 3.392 · 10−4 8.011 · 10−4

M = 32 6.723 · 10−9 1.072 · 10−6 2.403 · 10−6

M = 64 3.310 · 10−14 4.126 · 10−12 1.048 · 10−11Example 2. For testing the nonstationary problem we de�ne a boundary fun
tion asthe restri
tion of the fundamental solution
u(x, t) =

1

4πt
exp

(

−|x− ỹ|

4t

)

, ỹ 6∈ D, t > 0.Table 3 gives absolute errors of the solution of nonstationary problem in di�erent momentsof time (the parameters x and ỹ are as in the previous example). There we 
an observelinear and quadrati
 
onvergen
e with respe
t to the time stepsize h in the 
ase of �rst-and se
ond-order approximation respe
tively. We have also solved mixed initial boundary



ON THE NUMERICAL SOLUTION OF A MIXED PROBLEM 37value problem with f1(x, t) = t(1 − t) and f2(x, t) = tx2
1 − t(1 − t)x2

2. The numeri
alsolution in di�erent time moments are illustrated in the �gures below.Tabl. 3. Numeri
al results of the nonstationary problem.
O(h) O(h2)

t M N = 10 N = 20 N = 40 N = 10 N = 20 N = 40

0.2 16 3.6363 · 10−3 1.8222 · 10−3 7.8118 · 10−4 4.0537 · 10−3 1.4497 · 10−4 6.6200 · 10−4

32 3.7517 · 10−3 1.9317 · 10−3 8.8993 · 10−4 3.9243 · 10−3 2.4923 · 10−4 4.7892 · 10−5

64 3.7521 · 10−3 1.9320 · 10−3 8.9029 · 10−4 3.9239 · 10−3 2.4958 · 10−4 4.7533 · 10−5

0.4 16 7.3118 · 10−5 1.1243 · 10−4 1.5682 · 10−4 1.1377 · 10−3 2.0642 · 10−4 8.4101 · 10−2

32 2.4404 · 10−4 5.9221 · 10−5 1.8372 · 10−5 9.6896 · 10−4 4.2692 · 10−5 3.3700 · 10−6

64 2.4455 · 10−4 5.9736 · 10−5 1.8899 · 10−5 9.6846 · 10−4 4.2176 · 10−5 2.8315 · 10−6

0.6 16 2.4393 · 10−4 2.1034 · 10−4 1.9306 · 10−4 3.4879 · 10−4 1.0880 · 10−4 �
32 7.9836 · 10−5 4.3238 · 10−5 2.2137 · 10−5 1.8731 · 10−4 6.0893 · 10−6 1.5064 · 10−6

64 7.9360 · 10−5 4.2751 · 10−5 2.1639 · 10−5 1.8684 · 10−4 5.6016 · 10−6 7.6298 · 10−7

0.8 16 2.1890 · 10−4 1.8603 · 10−4 1.7209 · 10−4 8.9494 · 10−5 1.6334 · 10−4 �
32 7.0743 · 10−5 3.4614 · 10−5 1.7267 · 10−5 5.6398 · 10−5 2.1477 · 10−6 1.1390 · 10−6

64 7.0319 · 10−5 3.4180 · 10−5 1.6822 · 10−5 5.6815 · 10−5 2.5832 · 10−6 4.4396 · 10−7

1.0 16 1.8085 · 10−4 1.5914 · 10−4 1.5038 · 10−4 1.5191 · 10−5 1.0136 · 10−3 �
32 4.8266 · 10−5 2.3492 · 10−5 1.1746 · 10−5 1.1533 · 10−4 2.7563 · 10−6 1.2450 · 10−4

64 4.7890 · 10−5 2.3106 · 10−5 1.1351 · 10−5 1.1570 · 10−4 3.1433 · 10−6 2.5307 · 10−7

t = 0.1 t = 0.3

t = 0.6 t = 0.9
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