
Æóðíàë îá÷èñë. ïðèêë. ìàòåì.Âèï. 1, 2009, ñòîð. 57-69 J. Numer. Appl. Math.No. 97, 2009, pp. 57-69A POSTERIORI ERROR ESTIMATE FOR SOME TWO-DIMENSIONALINTEGRAL EQUATIONS OF THE FIRST KIND ON UNCLOSEDSURFACES IN POTENTIAL THEORYUDC 518:517.948 Ya.S.GARASYM AND B.A.OSTUDINAbstra
t. In the arti
le we 
onsider the 
al
ulation of ele
trostati
 �eld beingformed by a number of 
harged ele
trodes whi
h have to be represented as un
losedsurfa
es in R
3. The e�e
tive algorithms for this problem solving in the essentialspa
e 
ase 
an be obtained by integral equations method. The main obje
t of ourinvestigations is the 
onstru
tion of approximate s
hemes for solving some of two-dimensional integral equations of the �rst kind with weak singularities in kernels.Singular behavior of desired "
harge distribution density" in the neighborhood ofsome isolated points on boundary surfa
es was taken into a

ount by various ways.1. Introdu
tionThe main obje
t of our investigations is the 
onstru
tion of approximate s
hemes forsolving some of two-dimensional integral equations of the �rst kind with weak singulari-ties in kernels. Su
h equations simulate ele
trostati
 �eld being formed by a number of
harged ele
trodes whi
h have to be represented as un
losed surfa
es in R

3. The e�
ien
yof various approa
hes was veri�ed by solving of some model tasks and boundary valueproblems in relation to pra
ti
e.2. Statement of the problem and appropriate approximates
hemeLet us assume that un
losed surfa
e S is pla
ed in Eu
lidean spa
e R
3, and also

S := S
⋃

∂S, where ∂S is a pie
ewise smooth boundary of S. Further, assume that Sbelongs to the 
lass of Lips
hitz surfa
es, and denote by M , P , N , et
. points of R
3. Let usseek a solution of the boundary value problem 
onsidered in the domain Ωs := R

3\S underdouble-sided 
ondition of S. Therefore, it is ne
essary to seek the fun
tion u ∈ H1(ΩS , ∆),whi
h holds on
∆u = 0 in ΩS ,

δ±u = g± on S,

lim
|P |→∞

u(P ) = 0, P ∈ ΩS ,

(2.1)where δ± : H1(ΩS) → H1/2(S) are the tra
e maps [1℄, g± are the given values of desiredfun
tion on S in a

ordan
e with positive or negative side of S, and
H1(ΩS , ∆) :=

{

u
∣

∣u ∈ H1(ΩS), ∆u ∈ L2(ΩS)
}

.

†Key words. Ele
trostati
 �eld in the essential spa
e 
ase, two-dimensional integral equations, numeri-
al methods, singular behavior of desired solution.57
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Fig. 1. Lo
ation of node in the 
ase of pie
ewise-
onstant approximation.As is well known [2℄ the solution of problem (2.1) 
an be written in su
h integral formas

u(P ) =

∫∫

S

K(P, M) τ(M)dSM − u0(P ), P ∈ ΩS ,were K(P, M) := 1/dist(P, M),
u0(P ) :=

∫∫

S

∂K(P, M)

∂nM

[

g(M)
]dSMwith [

g
]

:= g−−g+ ∈ H
1/2
00 (S), and also τ(M) ∈ H

−1/2
00 (S) is a unique solution of integralequation (IE)

(Kτ)(P ) :=

∫∫

S

K(P, M) τ(M)dSM = F (P ), P ∈ S, (2.2)provided that F (P ) := 1
2

[

g−(P ) + g+(P )
]

+ u0(P ) ∈ H1/2(S). Note that IE (2.2) and(2.1) are equivalent problems; moreover, the solvability of (2.2) 
an be expressed by su
hinequalities
m1‖τ‖H

−1/2

00
(S)

6 ‖Kτ‖H1/2(S) 6 m2‖τ‖H
−1/2

00
(S)

(0 < m1 6 m2).The ele
trostati
 treatment of problem (2.1) means that g+ = g−. In this 
ase IE (2.2)
an be rather simpli�ed in the sense that F (P ) means boundary potential value on S only(F (P ) ≡ 
onst).Let S be represented parametri
ally:
M :=

{

x(α, β), y(α, β), z(α, β); (α, β) ∈ D := [−1, 1]2
}

,

P :=
{

x(α0, β0), y(α0, β0), z(α0, β0); (α0, β0) ∈ D := (−1, 1)2
}

.Further, let us preserve the notations of K, τ , F . Then, a

ording to the type of surfa
e
S, we 
an get for the sought "
harge distribution density" two-dimensional IE in the formas

∫∫

D

τ(α, β)K(α, β; α0, β0)J(α, β)dαdβ = F (α0, β0), (α0, β0) ∈ D, (2.3)where
K(α, β; α0, β0) :=

{

[

x(α, β) − x(α0, β0)
]2

+

+
[

y(α, β) − y(α0, β0)
]2

+
[

z(α, β) − z(α0, β0)
]2

}−1/2

,
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Fig. 2. Lo
ation of nodes in the 
ase of pie
ewise-bilinear approximation.

J(α, β)dαdβ is a surfa
e element expressed with the help of lo
al 
oordinates (α, β).Note also that the fun
tions x(α, β), y(α, β), z(α, β) whi
h express Cartesian 
oordinatesof point M = (x, y, z) on S are 
ontinuously di�erentiable in D as far as J(α, β) :=
[

E(α, β)G(α, β) − H2(α, β)
]1/2 with E(α, β) := (x′

α)2+(y′
α)2+(z′α)2, G(α, β) := (x′

β)2+

(y′
β)2 + (z′β)2, H(α, β) := x′

αx′
β + y′

αx′
β + z′αx′

β .Without loss of generality let us 
onsider problem (2.1) in the 
ase of S being a separatere
tangular plate de�ned by its verti
es Aj (j = 1, 4) with 
orresponding 
oordinates
(xj , yj , zj). Then, 
orresponding parametri
 equations of S 
an be represented as































































x(α, β) := 0, 5

4
∑

j=1

xj ϕj(α, β),

y(α, β) := 0, 5
4

∑

j=1

yj ϕj(α, β),

z(α, β) := 0, 5

4
∑

j=1

zj ϕj(α, β),

(2.4)
where ϕj(α, β) :=

(

1 + (−1)kα
) (

1 + (−1)lβ
) with k :=

⌊

j
2

⌋

+ 1, l :=
⌊

j−1
2

⌋

+ 1, j = 1, 4.Suppose that the re
tangular plate S is lo
ated in R
3 so that opposite edges of itsone pair of edges, at least, are parallel to an arbitrary 
oordinate axis. Then, taking intoa

ount parametrization (2.4) and 
al
ulating the 
oe�
ients of 
orresponding quadrati
form, equation (2.3) 
an be represented as

√
E G

∫∫

D

τ(α, β)dαdβ
√

E (α − α0)2 + G (β − β0)2
= F (α0, β0), (α0, β0) ∈ D. (2.5)We 
an also use parametri
 equations (2.4) for representation of an arbitrary quadran-gular plate being determined by 
oordinates of its verti
es pla
ed in one plane. Takinginto a

ount the parallelism of a plate edge to an arbitrary 
oordinate axis we get ananalogue of equation (2.5) with rather di�erent kernel. In this 
ase we 
an apply thenumeri
ally analyti
al approa
h to solve IE, as re
ommended by authors [3,4℄. Moreover,to 
al
ulate 
ertain two-dimensional proper and improper integrals it is possible to usespe
i�
 
hanges of variables [3, 4℄.To 
onstru
t the approximate s
heme for IE (2.5) solution let us partition D into

Nα ×Nβ re
tangular elements Dkl := [αk−1, αk]× [βl−1, βl] (k = 1, Nα; l = 1, Nβ), where



60 Ya. S.GARASYM AND B.A.OSTUDIN
Fig. 3. Lo
ation of nodes in the 
ase of pie
ewise-biquadrati
 approximation.

αk := khα − 1 (k = 0, Nα), βl := lhβ − 1 (l = 0, Nβ) with hα := 2/Nα, hβ := 2/Nβ.A

ording to this partition of D IE (2.5) 
an be produ
ed formally as
√

EG

Nα
∑

k=1

Nβ
∑

l=1

∫∫

Dkl

τ(α, β)dαdβ
√

E(α − α0)2 + G(β − β0)2
= F (α0, β0), (α0, β0) ∈ D. (2.6)To seek the approximate solution of IE (2.6) let us 
onsider its lo
al approximationon every element Dkl. To this end let us realize su
h 
hange of variables















αk(ξ, η) =
1

2
hα(2k − 1 + ξ) − 1, k = 1, Nα;

βl(ξ, η) =
1

2
hβ(2l − 1 + η) − 1, l = 1, Nβ, −1 6 ξ, η 6 1,and represent, in a

ordan
e with this, τkl(ξ, η) := τ

(

αk(ξ, η), βl(ξ, η)
) as

τkl(ξ, η) =

σn(k)+n
∑

e=σn(k)

σn(l)+n
∑

f=σn(l)

τefΨnef (ξ, η). (2.7)Here, τef are the desired values of fun
tion τ(α, β) at element Dkl nodal points; n is anorder of used approximation (n = 0, 3); σn(p) (p ∈ {k, l}) is a fun
tion that realizes the
onne
tion of Dkl enumeration with nodal points enumeration on Dkl; then Ψnef (ξ, η)are, in a

ordan
e with n, some basis fun
tions.Further, taking into a

ount (2.7), we obtain a dis
rete analogue of (2.5)
Nα
∑

k=1

Nβ
∑

l=1

σn(k)+n
∑

e=σn(k)

σn(l)+n
∑

f=σn(l)

τef I
(nef)
kl (α0, β0) = F (α0, β0), (α0, β0) ∈ D,where

I
(nef)
kl (α0, β0) :=

1

4
hαhβ

√
EG×

×
1

∫

−1

1
∫

−1

Ψnef (ξ, η)dξdη
√

√

√

√

√

√

√

√

√

(

1

2
hα

√
E ξ +

(

2k − 1

2
hα − 1

)√
E − α0

√
E

)2

+

+

(

1

2
hβ

√
Gη +

(

2l − 1

2
hβ − 1

)√
G − β0

√
G

)2

.
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Fig. 4. Lo
ation of nodes in the 
ase of pie
ewise-bi
ubi
 approximation.Choosing (α0, β0) at the above mentioned nodal points on elements Dkl, we get asystem of linear algebrai
 equations for unknown τef . Note that the order of this systemis NA :=

∣

∣ sign(n) (nNα +1) (nNβ + 1)− (n− 1)2NαNβ

∣

∣ and, in addition, it is possible to
al
ulate integrals I
(nef)
kl (α0, β0) using spe
i�
 formulas [3, 4℄.Then, a

ording to the order of τ(α, β) approximation on every element Dkl, let usdemonstrate 
on
rete representations for τkl(ξ, η) under di�erent values of parameter n.In the 
ase of pie
ewise-
onstant approximation (see �g. 1)

τkl(ξ, η) ≡ τ(αk − 1

2
hα, βl −

1

2
hβ),

Ψ0kl(ξ, η) ≡ 1, −1 6 ξ, η 6 1, k = 1, Nα, l = 1, Nβ,

σ0(p) = p, p ∈ { k, l }.In the 
ase of pie
ewise-bilinear approximation of fun
tion τ on Dkl τkl(ξ, η) may berepresented as (see �g. 2)
τkl(ξ, η) =

1

4
τk−1, l−1(1 − ξ) (1 − η) +

1

4
τk, l−1(1 + ξ) (1 − η)+

+
1

4
τk, l(1 + ξ) (1 + η) +

1

4
τk−1, l(1 − ξ) (1 + η),and also

Ψ1kl(ξ, η) =
1

4
(1 + (−1)k+eξ) (1 + (−1)l+fη),

−1 6 ξ, η 6 1, k = 1, Nα, l = 1, Nβ,

σ1(p) = p − 1, p ∈ { k, l }.In the 
ase of pie
ewise-biquadrati
 approximation of fun
tion τ on Dkl τkl(ξ, η) maybe represented as (see �g. 3)
τkl(ξ, η) =

1

4

(

τ2k−2, 2l−2(1 − ξ) (1 − η) (−ξ − η − 1)+

+τ2k, 2l−2(1 + ξ) (1 − η) (ξ − η − 1) + τ2k, 2l(1 + ξ) (1 + η) (ξ + η − 1)+

τ2k−2, 2l(1 − ξ) (1 + η) (−ξ + η − 1)
)

+
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Fig. 5. Choi
e of "intermediate" points under various ways of "
harge distribution density"approximation.

+
1

2

(

τ2k−1, 2l−2(1 − ξ2) (1 − η) + τ2k, 2l−1(1 + ξ) (1 − η2)+

τ2k−1, 2l(1 − ξ2) (1 + η) + τ2k−2, 2l−1(1 − ξ) (1 − η2)
)

,

σ2(p) = 2(p − 1), p ∈ { k, l },

−1 6 ξ, η 6 1, k = 1, Nα, l = 1, Nβ.In the 
ase of pie
ewise-bi
ubi
 approximation on Dkl we shall get 12 terms inrepresentation of τ (see �g. 4)
τkl(ξ, η) =

1

32

(

τ3k−3, 3l−3(1 − ξ) (1 − η) (9ξ2 + 9η2 − 10)+

+τ3k, 3l−3(1 + ξ) (1 − η) (9ξ2 + 9η2 − 10) + τ3k, 3l(1 + ξ) (1 + η) (9ξ2 + 9η2 − 10)+

+τ3k−3, 3l(1 − ξ) (1 + η) (9ξ2 + 9η2 − 10)
)

+

+
9

32

(

τ3k−2, 3l−3(1 − ξ2) (1 − η) (1 − 3ξ) + τ3k, 3l−2(1 + ξ) (1 − η2) (1 − 3η)+

+τ3k−1, 3l(1 − ξ2) (1 + η) (1 + 3ξ) + τ3k−3, 3l−1(1 − ξ) (1 − η2) (1 + 3η)
)

+

+
9

32

(

τ3k−1, 3l−3(1 − ξ2) (1 − η) (1 + 3ξ) + τ3k, 3l−1(1 + ξ) (1 − η2) (1 + 3η)+

+τ3k−2, 3l(1 − ξ2) (1 + η) (1 − 3ξ) + τ3k−3, 3l−2(1 − ξ) (1 − η2) (1 − 3η)
)

,

σ3(p) = 3(p − 1), p ∈ { k, l },

−1 6 ξ, η 6 1, k = 1, Nα, l = 1, Nβ.If {τef} is known, then in order to 
al
ulate the potential at an arbitrary point P ∈ ΩSit is ne
essary to use su
h des
rete analogue for the solution of problem (2.1)
u(P ) =

Nα
∑

k=1

Nβ
∑

l=1

σn(k)+n
∑

e=σn(k)

σn(l)+n
∑

f=σn(l)

τefJnef
kl (P ),
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Fig. 6. Reprodu
tion of the potential on the plate S at ea
h "intermediate" grid points in the 
ase ofpie
ewise-biquadrati
 approximation under N = 20.where
J

(nef)
kl (P ) :=

1

4
hαhβ

√
EG×

×
1

∫

−1

1
∫

−1

Ψnef (ξ, η)dξdη
√

√

√

√

√

√

√

√

√

(

1

2
hα

√
E ξ +

(

2k − 1

2
hα − 1

)√
E − a0√

E

)2

+

+

(

1

2
hβ

√
Gη +

(

2l − 1

2
hβ − 1

)√
G − b0√

G

)2

+ c0

,

and 
onstants a0, b0, c0 > 0 depend on the 
oordinates of point P . Note also that we 
an
al
ulate analyti
ally integrals Jnef
kl (P ) by spe
i�
 formulas [3, 4℄.3. Results obtained by approximate solution of some modelproblemsI. Let us 
onsider the problem of 
al
ulation an ele
trostati
 �eld being formed byele
tri
 
harges, whi
h are stationary in spa
e and invariable in time, distributed ona quadrangular plate S. Suppose that S is de�ned by its verte
ies A1 := (−1,−1,−1),

A2 := (1,−1,−1), A3 := (1, 1,−1), A4 := (−1, 1,−1), and F (P ) ≡ 1 is a potential value of
S. Using the uniform grid, plate S has been partitioned into N2 elements. The 
al
ulationshave been realized under N = 10 and n = 20 using pie
ewise-
onstant, pie
ewise-bilinear,pie
ewise-biquadrati
 and pie
ewise-bi
ubi
 approximations of an unknown fun
tion. To
ontrol the a

ura
y of 
al
ulation it is ne
essary to �nd potential values on S at separatepoints whi
h do not 
oin
ide with interpolational nodes of the desired fun
tion τ(α, β)(see �g. 5). The numeri
al results are shown in tables 1-4 and �g. 6. Thus, we demonstratethe a

ura
y re�nement of the numeri
al results being obtained in the neighborhood ofsurfa
e 
orner points in a

ordan
e with the order of "
harge distribution density".II. In addition, let us 
onsider a problem of approximate solution error estimate. Tothis end, a posteriori error estimate 
an be used as it is perfe
tly good in pra
ti
e [5, 6℄.By assumption as to solvability of IE (2.2) operator K is isomorphism of H

−1/2
00 (S) to

H1/2(S). Let τh(α, β) be approximate solution of IE (2.6), whi
h belongs to a 
hosenapproximation spa
e (n = 0, 3). As is shown the solution of problem (2.1) at an arbitrary



64 Ya. S.GARASYM AND B.A.OSTUDINTabl. 1. Potential at 
ertain "intermediate" points of grid on the plate S in the 
ase ofpie
ewise-
onstant approximation.
α β n = 0, Error under α β n = 0, Error under

N = 10 N = 10 N = 20 N = 200.950 0.950 0.9029 0.0971 0.975 0.975 0.9209 0.07910.800 0.950 0.9650 0.0350 0.900 0.975 0.9717 0.02830.800 0.800 1.0338 0.0338 0.800 0.975 0.9637 0.03630.600 0.600 1.0000 0.0000 0.800 0.800 1.0000 0.0000Tabl. 2. Potential at 
ertain "intermediate" points of grid on the plate S in the 
ase ofpie
ewise-bilinear approximation.
α β n = 1, Error under α β n = 1, Error under

N = 10 N = 10 N = 20 N = 200.900 0.900 1.1521 0.1521 0.950 0.950 1.0868 0.08680.900 0.700 1.0483 0.0483 0.950 0.850 1.0296 0.02960.700 0.700 0.9832 0.9832 0.850 0.850 0.9901 0.00990.500 0.500 1.0027 0.0027 0.750 0.750 1.0016 0.00160.300 0.300 0.9998 0.0002 0.650 0.650 1.0000 0.00000.300 0.100 1.0000 0.0000point P ∈ ΩS is sought by means of integral form. Therefore, on the basis of τh(α, β),the approximate value of problem (2.1) solution at P is as follows: uh(P ) = (Kτh)(P ).Taking into a

ount the latter, error fun
tion eu := u− uh 
an be obtained by a formula
eu = Kτ − Kτh = K(τ − τh) = Keτ , (3.1)where u is an exa
t solution of problem (2.1) and eτ := τ − τh is an error of "
hargedistribution density" approximate value. It is easy to verify that eτ is a solution of su
hIE as

Keτ = F − Kτh, P ∈ S. (3.2)Hen
e, to seek eu on S it is ne
essary to solve (3.2) and to use (3.1). As is well known [7℄,the solution of IE (2.6) has singular behavior in the neighborhood of un
losed surfa
e S
ontour. That is why, the fun
tion eu is interesting for us only on so-
alled "extremal"elements De
kl, where it 
an take maximal values. So, the obtaining of preassigned givena

ura
y ε may be vari�ed on De

kl by inequality
εe :=

‖ eu‖H1/2(De
kl)

√

‖ uh‖2
H1/2(De

kl)
+ ‖ eu‖2

H1/2(De
kl)

6

6

‖ eτ‖H
−1/2

00
(De

kl)
√

‖ τh‖2

H
−1/2

00
(De

kl)
+ ‖ eτ‖2

H
−1/2

00
(De

kl)

< ε.

(3.3)If 
ondition (3.3) is not realized on "extremal" element, it is ne
essary to partitionthis element into several ones and to solve the problem on
e more using a more pre
isegrid. To verify inequality (3.3) it is ne
essary to 
al
ulate norms of some fun
tions in thespa
e H
−1/2
00 (De

kl). We get fun
tions eτ and τh as polynomial approximations of solutions(2.6) and (3.2). So, from pra
ti
al point of view it is suitable to use norms in the spa
e
L2(D

e
kl) for obje
tive estimate of obtained solution. In spe
ial 
ases it needs to use a
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ertain "intermediate" points of grid on the plate S in the 
ase ofpie
ewise-biquadrati
 approximation.
α β n = 2, Error under α β n = 2, Error under

N = 10 N = 10 N = 20 N = 200.900 0.900 0.9979 0.0021 0.950 0.950 1.0050 0.00500.900 0.700 1.0030 0.0030 0.950 0.850 1.0026 0.00260.700 0.700 0.9998 0.0002 0.950 0.050 1.0020 0.00200.500 0.500 1.0027 0.0027 0.850 0.850 1.0000 0.00000.300 0.300 0.9998 0.0002 0.750 0.750 1.0000 0.00000.300 0.100 1.0000 0.0000Tabl. 4. Potential at 
ertain "intermediate" points of grid on the plate S in the 
ase ofpie
ewise-bi
ubi
 approximation.
α β n = 3, Error under α β n = 3, Error under

N = 10 N = 10 N = 20 N = 200.900 0.900 0.9799 0.0201 0.950 0.950 0.9942 0.00580.900 0.700 0.9959 0.0041 0.950 0.850 0.9982 0.00180.700 0.700 1.0003 0.0003 0.950 0.050 0.9987 0.00130.500 0.500 1.0000 0.0000 0.850 0.850 1.0002 0.00020.750 0.750 1.0000 0.0000weight analogue of L2(D
e
kl)-norm as ‖ . ‖L2,ρ , where ρ is a fun
tion of distan
e from anarbitrary point on De

kl to the 
ontour ∂S.III. To seek the fun
tion eu we need to solve a problem, similar to the initial one,but using an approximation of higher order and di�erent output data. Certainly, thisis a drawba
k of the approa
h des
ribed here. Therefore, let us 
onsider an alternativeversion of su
h pro
edure whi
h is to use pie
ewise-bilinear approximation in 
onne
tionwith (3.2) under N = 10 (see table 2). Here, the maximal error on 
orner element is0,1521. Using for the solution of (3.2) pie
ewise-biquadrati
 approximation with the samenumber of elements we shall get, as to eu, su
h improved values (see table 5).Tabl. 5. Error eu at some "intermediate" points of grid in the 
ase of pie
ewise-biquadrati
approximation.
α β n = 2, Errorunder N = 10 under N = 100.900 0.900 0.1518 0.00030.900 0.700 0.1526 0.00050.700 0.700 0.1521 0.0000IV. Suppose the fun
tion τ

(1)
h has been obtained using pie
ewise-bilinear approximati-on with respe
t to more pre
ise grid. Then, to 
al
ulate eu in (3.1) let us 
hoose thefun
tion τ

(2)
h (α, β), as τ , built under values of τ

(1)
h at grid nodes; here biquadrati
 basis isused, as is shown on �g. 7. Let us note that in this 
ase e

(2)
u = Kτ

(2)
h −Kτ

(1)
h . The resultsof 
al
ulations are presented in table 6. They illustrate rather simple and e�e
tive way of

eu evaluation.
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Fig. 7. Modi�
ation of grid density as 
al
ulation of e

(2)
u .Tabl. 6. Potential at "intermediate" points of grid as 
al
ulation of error e

(2)
u .

α β n = 1, n = 2, Errorunder N = 10 under N = 10 e
(2)
u0.900 0.900 1.1521 0.9979 0.15420.900 0.700 1.0483 1.0030 0.04530.700 0.700 0.9832 0.9998 0.01660.500 0.500 1.0027 1.0000 0.00270.300 0.300 0.9998 1.0000 0.00020.300 0.100 1.0000 1.0000 0.00004. Approximate solution of some problem in relation topra
ti
eBy solving one problem of ele
trostati
s let us illustrate the above method of approxi-mate s
heme 
onstru
tion and its analysis. Besides, we are interested in assessing error inthe obtained numeri
al results and possibilities of their optimization. Thus, let us 
onsi-der a 
al
ulation of �at 
ondenser �eld. Suppose that the geometri
 information of su
hele
troni
 system 
an be given by 
ondenser proje
tions on 
oordinate planes XY and XZ(see �g. 8). Let us note that, as for the terminology suggested, surfa
e S is an aggregate oftwo parallel identi
al plates S1 and S2 situated symmetri
ly with respe
t to a 
oordinateplane XY ; the distan
e between them equals 2h. Suppose that C1 and C2 are the givenpotential values on S1 and S2 respe
tively. The ele
trostati
 treatment of problem (2.1)means that C1 and C2 are arbitrary 
onstants.In this 
ase IE (2.5) may be represented by a system of two IEs as



















































































∫∫

∆

τ1(x, y)K(x, y; x0, y0)dxdy+

+

∫∫

∆

τ2(x, y)Kh(x, y; x0, y0)dxdy = C1, P := (x0, y0) ∈ S1;

∫∫

∆

τ1(x, y)Kh(x, y; x0, y0)dxdy+

+

∫∫

∆

τ2(x, y)K(x, y; x0, y0)dxdy = C2, P := (x0, y0) ∈ S2,

(4.1)
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Fig. 8. Proje
tions of plates S1 and S2 on 
oordinate planes.where

∆ := [−a, a] × [−b, b],

K(x, y; x0, y0) :=
[

(x − x0)
2 + (y − y0)

2
]−1/2

,

Kh(x, y; x0, y0) :=
[

(x − x0)
2 + (y − y0)

2 + 4h2
]−1/2

,and {

τ1(x, y); τ2(x, y), (x, y) ∈ ∆
} � is a generalized "
harge distribution density" on

S := S1

⋃

S2. Note also that ∆ :=
2
⋃

i,j=1

∆ij , where ∆ij is a 
ongruent 
omponent of ∆(see �g. 8). Sin
e initial problem (2.1) has an Abelian se
ond order group of symmetry [8℄then we 
an split (4.1) into two independent IEs
∫∫

∆

σ1(x, y) (K + Kh)(x, y; x0, y0)dxdy = F1, (x0, y0) ∈ S1, (4.2)
∫∫

∆

σ2(x, y) (K − Kh)(x, y; x0, y0)dxdy = F2, (x0, y0) ∈ S1, (4.3)where σ1(x, y) := τ1(x, y) + τ2(x, y), σ2(x, y) := τ1(x, y) − τ2(x, y), F1 := C1 + C2, F2 :=
C1 − C2. The right sides of (4.2) and (4.3) are 
onstants; therefore, desired solutions σ1and σ2 are symmetri
 with respe
t to 
oordinate axises 0X and 0Y . This makes it possibleto represent IEs (4.2), (4.3), as follows:

(K1σ1)(P ) ≡
∫∫

∆11

σ1(x, y)×

×
2

∑

i,j=1

(K + Kh)
(

(−1)i−1x, (−1)j−1y; x0, y0

) dxdy = F1, P ∈ ∆11,

(4.4)
(K2σ2)(P ) ≡

∫∫

∆11

σ2(x, y)×

×
2

∑

i,j=1

(K − Kh)
(

(−1)i−1x, (−1)j−1y; x0, y0

) dxdy = F2, P ∈ ∆11,

(4.5)
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Fig. 9. Choi
e of P1 in the neighborhood of S1 
orner point.Tabl. 7. Potential at 
ertain "intermediate" points of grid on the plate S1 in the 
ase ofpie
ewise-bilinear bubble fun
tion and F1 = 1, F2 = −10.

N x y uh λ1 εe4 0.9375 0.9375 0.6102 0.5244 0.42255 0.9375 0.9375 0.7451 0.6133 0.38670.9500 0.9500 0.6353 0.6133 0.386710 0.9375 0.9375 1.0992 1.0171 0.29060.9500 0.9500 1.0000 1.0171 0.29060.9750 0.9750 0.6976 1.0171 0.290620 0.9375 0.9375 1.0061 1.7564 0.21980.9500 0.9500 1.0856 1.7564 0.21980.9750 0.9750 1.0000 1.7564 0.21980.9875 0.9875 0.7517 1.7564 0.2198where σ1 in (4.4) and σ2 in (4.5) are narrowing the solutions sought by ∆11. Then, bysolving (4.4) and (4.5), we get
τ1(x, y) =

1

2

(

σ1(x, y) + σ2(x, y)
)

,

τ2(x, y) =
1

2

(

σ1(x, y) − σ2(x, y)
)

.Integral equations (4.4) and (4.5) were solved by 
ollo
ation method using pie
ewise-
onstant basis fun
tions. The domain ∆11 := (0, a) × (0, b) has already been partiti-oned into some elements. The element DNxNy is 
onsidered as "extremal" one be
ause it
ontains a vertex of the plate S1 (see �g. 9). It is known that fun
tions σ1 and σ2 havesingularities in the neighborhood of S1 
orner point and near all points whi
h belong tothe 
ontour of S1. These singularities 
an be des
ribed, as a whole, with the help of afun
tion
Ω(x, y) =

[

(a − x) (b − y)
]1/2

(a − x)γ + (b − x)γ
,where γ ≈ 1, 7034 [7℄. Making spe
i�
 
hanges of variables in appropriate two-dimensionalintegrals, we 
an get rid of these singularities. This approa
h is rather 
ompli
ated. Hen
e,it does not allow us to use simple and e�e
tive numeri
ally analyti
al s
heme o�ered byauthors. Therefore, ignoring the singularityΩ(x, y) at the representation of sought solutionwe must 
ompensate its missing by grid 
on
entration in the neighborhood of the plate
orner point. That is why the desired a

ura
y of numeri
al results is obtained.Thus, it is ne
essary to solve approximately IE (4.4) provided that the preassigneda

ura
y of sought solution ε is given. Suppose that by solving appropriate system of



A POSTERIORI ERROR ESTIMATE FOR INTEGRAL EQUATIONS 69linear equations we get σ1ε(x, y). Let P1 be a point, pla
ed in the neighborhood of S1
orner point on "extremal" element DNxNy := [a − hx, a] × [b − hy, b]. Let us 
hoosethe 
oordinates of P1 in the following way: P1 :=
{

a − hx

4 , b − hy

4

}. Then, taking intoa

ount the representation of error fun
tion eσ1
:= σ1 − σ1ε as eσ1

(x, y) = λ1BP1
(x, y),we 
an 
al
ulate unknown parameter λ1 by 
ollo
ation of (4.4) at the point P1:

λ1 =
F1 − (K1σ1ε)(P1)

(K1BP1
)(P1)

.The simpli
ity of the latter formula is explained by the fa
t that the support of pie
ewise-bilinear bubble fun
tion BP1
(x, y) is 
ompa
t:suppBP1

(x, y) = D
1/4
NxNy

:=

[

a − hx

2
, a

]

×
[

b − hy

2
, b

]

.Now the 
ondensation of grid is 
onne
ted with veri�
ation of 
ondition (3.3). To obtainapproximate solution of (4.5) we use a similar pro
edure. In addition, numeri
al resultsof IE (4.5) solution are given in table 7.5. Con
lusionThus, we have 
onsidered some methods for taking into a

ount "
harge distributiondensity" singularities near the 
ontours of un
losed boundary surfa
es. By solving of somemodel tasks and problems in relation to pra
ti
e we have shown that the most e�e
tiveapproa
h is the sequential 
ondensation of grid for IE numeri
al solution.Bibliography1. Lions J.-L., Magenes E. Probl�emes aux Limites non Homog�enes et Appli
ations. Vol. 1.Dunod. Paris, 1968.2. Sybil' Yu. Three-dimensional ellipti
 boundary value problems for an open Lips
hitz surfa
e// Matemati
hni Studii. Vol. 8. 1997. P. 79-96.3. GarasymYa. S., OstudinB.A. On some boundary value problems in potential theory beingapproximated by integral equation method without use of 
ubi
 formulas // Visnyk of L'viv.Univ. Series Me
hani
s and Mathemati
s. Vol. 46. 1997. P. 73-82 (in Ukrainian)4. GarasymYa. S., OstudinB. A. On numeri
al appoa
h to solve some three-dimensionalboundary value problems in potential theory based on integral equation method // J.Comput. Appl. Math. Vol. 88. 2003. P. 17-27.5. ErikssonK., EstepD., HansboP., JohnsonC. Introdu
tion to adaptive methods for di�erenti-al equations // A
ta Numeri
a. 1995. P. 001-054.6. CarstensenC., Mais
hakM., Praetorius D., StephanE. P. Residual-based a posteriori errorestimate for hypersingular equation on surfa
es // Numer. Math. Vol. 97. 2004. P. 397-425.7. Morrison J. A., Lewis J. A. Charge singularity at the 
orner of a �at plate // SIAM J. Appl.Math. Vol. 31. No 2. 1976. P. 233-249.8. ZakharovE.V., Safronov S. I., TarasovR. P. Abelian groups of �nite order in numeri
alanalysis of linear boundary value problems in potential theory // Comput. Math. Math.Phys. Vol. 32. No 1. 1992. P. 40-58. (in Russian)Ivan Franko National University of Lviv, 1, Universytets'ka Str., 79000, Lviv,UkraineE-mail address: kom�franko.lviv.ua Re
eived 15.01.2009; revised 24.03.2009


