
Æóðíàë îá÷èñë. ïðèêë. ìàòåì.Âèï. 1, 2009, ñòîð. 122-131 J. Numer. Appl. Math.No. 97, 2009, pp. 122-131ON MATRIX FUNCTION INTERPOLATIONUDC 519.6 L.A.YANOVICH AND I.V.ROMANOVSKIAbstrat. We onsider the problem of interpolation of matrix funtions in ase ofordinary, Jordan, Hadamard and Frobenius multipliation rule. We give interpolationformulas of Lagrange and Hermite type, obtain su�ient onditions for onvergeneof interpolation proesses and estimate interpolation errors in the lass of analytifuntions.Interpolating matrix funtions is in onept similar to interpolating funtions of asalar variable. For sure, the theory of matrix funtion interpolation is more ompli-ated than its subase, the lassial theory of interpolation, whih is widely used in themathematis itself as well as in adjaent areas of siene. The theory of matrix funtioninterpolation �nds its appliation when dealing with suh problems that are usually solvedusing matrix apparatus.1. Lagrange interpolation formulasLet X be a set of square matries of �xed size. We introdue an operator F : X → Y ,where Y is some given set. Elements of Y an be numbers, matries, funtions et.Let λ0, λ1, . . . , λr be di�erent eigenvalues of a square matrix A of size m. Suppose themultipliities of the eigenvalues are α0, α1, . . ., αr (α0+α1+. . .+αr = m) orrespondingly.Then for a funtion F (z), whih is analyti in a domain ontaining the spetrum of thematrix A, the following Lagrange�Silvester interpolation formula [1℄ is true:
F (A) =

r
∑

k=0

αk−1
∑

ν=0

Hνk(A)F (ν)(λk), (1.1)where Hνk(z) are knows algebrai polynomials of degree m. This formula lets one restorethe funtion F (z) in the point A when the values F (ν)(λk) are known, where {λk} isthe spetrum of A. The formula (1.1) may be onsidered as an interpolation formulaof Hermite type for the nodes Ak being the salar matries λkI, where I stands for anidentity matrix.Further in this setion we'll onsider formulas of Lagrange type for partiular kinds ofnodes suh as salar matries and others. An algebrai interpolation polynomial of degree
n will be denoted by Ln(F ;A) ≡ Ln(A) (sometimes instead of n we'll use 0n or n0 asa subsript). The denotation for trigonometri interpolation polynomial is Tn(F ;A) ≡
Tn(A).Let A, Ak ∈ X , k = 0, 1, . . . , n. Suppose that the matries (Ak − Aν), k 6= ν, areinvertible. Then

Ln(F ;A) =

n
∑

k=0

lnk(A)l−1
nk (Ak)F (Ak), (1.2)
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ON MATRIX FUNCTION INTERPOLATION 123where lnk(A) = (A−A0)(A−A1) · · · (A−Ak−1)(A−Ak+1) · · · (A−An). The formula oftrigonometri interpolation for the nodes Ak ∈ X , k = 0, 1, . . . , 2n, under the assumptionthat the matries sin 1
2 (Ak −Aν), k 6= ν, are invertible, looks the following way:

Tn(A) =

2n
∑

k=0

ψk(A)ψ−1
k (Ak)F (Ak), (1.3)where ψk(A) = sin A−A0

2 · · · sin A−Ak−1

2 sin A−Ak+1

2 · · · sin A−A2n

2 .More general formulas of Lagrange interpolation an be given (in the algebrai ase)in suh a form as
Ln(F ;A) =

n
∑

k=0

lnk(A)l−1
nk (Ak)F (Ak), (1.4)where lnk(A) = Bk0(A−A0)Bk1 · · ·Bnk−1(A−Ak−1)Bnk(A−Ak+1)Bnk+1 · · · Bnn−1(A−

An)Bnn, Bnν are some �xed matries. For the trigonometri ase one obtains
Tn(A) =

2n
∑

k=0

ψk(A)ψ−1
k (Ak)F (Ak), (1.5)where ψk(A) = Bk0 sin A−A0

2 Bk1 · · · Bkk−1 sin
A−Ak−1

2 Bkk sin
A−Ak+1

2 Bkk+1 · · ·

Bk2n sin A−A2n

2 Bk2n+1; here, as in the algebrai ase, Bkν are given matries and Ak,
k, ν = 0, 1, . . . , 2n, are the nodes of interpolation.It is easy to hek that the interpolation onditions for the formulas (1.2)�(1.5) andfor further formulas are met: one should substitute Ak in plae of A, eah time takinginto aount the struture of fundamental interpolation polynomials.Formulas for sets of matries with other multipliation rules Let's giveinterpolation formulas, that ontain Jordan, Hadamard and Frobenius matrix multipli-ations, denoted by the symbols ◦, • and ⋄ orrespondingly.The operation of Jordan multipliation of the square matries A and B is de�ned bythe equity A ◦B = 1

2 (AB +BA). This operation is nonassoiative in general: there existsuh matries A, B and C that their assoiator (A ◦B) ◦ C −A ◦ (B ◦ C) is nonzero.Let lnk(A) = (A−A0) ◦ (A−A1) ◦ . . . ◦ (A−Ak−1) ◦ (A−Ak+1) ◦ . . . ◦ (A−An) andthe order of taking produts in this expression be �xed. Then for the formulas
L0n(A) =

n
∑

k=0

F (Ak) ◦
{

l−1
nk (Ak) ◦ lnk(A)

}

, (1.6)
Ln0(A) =

n
∑

k=0

{

F (Ak) ◦ l−1
nk (Ak)

}

◦ lnk(A) (1.7)the following equities take plae:
L0n(Ak) = Ln0(Ak) = F (Ak), k = 0, 1, . . . , n.Remark 1.1 In the formulas (1.6) and (1.7) one should take matrix produts in urlybrakets at �rst. Also in the formula (1.7) we suppose that the assoiator of the matries

F (Ak), l−1
nk (Ak) and lnk(Ak) equals zero.In partiular, the formula of linear interpolation an be written as

L01(A) = F (A0) + [F (A1) − F (A0)] ◦
{

(A1 −A0)
−1 ◦ (A−A0)

}

.



124 L.A.YANOVICH AND I.V.ROMANOVSKIThis formula is invariant under the polynomials
P01(A) = D ◦

{

(A1 −A0)
−1 ◦A

}

+ C,where D and C are arbitrary matries. One may write P01(A) using ordinary matrixmultipliation:
P01(A) =

1

4
D
[

(A1 −A0)
−1A+A(A1 −A0)

−1
]

+
1

4

[

(A1 −A0)
−1A+A(A1 −A0)

−1
]

D + C.Let's give one more interpolation formula
Ln(A) =

n
∑

k=0

F (Ak) ◦ l̃nk(A),where
l̃nk(A) =

{

(A−A0) ◦ (Ak −A0)
−1
}

◦ . . . ◦
{

(A−Ak−1) ◦ (Ak −Ak−1)
−1
}

◦
{

(A−Ak+1) ◦ (Ak −Ak+1)
−1
}

◦ . . . ◦
{

(A−An) ◦ (Ak −An)−1
}

,in whih one may replae irles with dots and get matrix interpolation formulas ontai-ning both Jordan and ordinary multipliation.Further we'll onsider interpolation formulas for the ase of Hadamard matrix multi-pliation. The Hadamard produt of matries A = [aij ] and B = [bij ] of same size is
A • B = [aijbij ]. Hadamard matrix multipliation is also alled Shur multipliation. Itis, obviously, ommutative and assoiative. The role of identity matrix is played by J allthe elements of whih are unitary: A • J = J • A = A. The denotation A •

−1 stands forthe Hadamard inverse matrix of A: A •A
•

−1 = A
•

−1 •A = I. Note that in general it is notuniquely de�ned. If the diagonal elements aii, i = 1, 2, . . . ,m, of the matrix A of size mare nonzero, then A •

−1 = diag [ 1
aii

]

= diag{ 1
a11
, 1

a22
, . . . , 1

amm

}. Let also A(−1) =
[

1
aij

].The matrix A(−1) exists if all the elements of A are nonzero.Let qk(A) = (A−A0)•. . .•(A−Ak−1)•(A−Ak+1)•. . .•(A−An), k = 0, 1, . . . , n, where
A = [aij ]. Suppose the interpolation nodes Ak =

[

ak
ij

] and the matries F (Ak) =
[

fk
ij

],
k = 0, 1, . . . , n, are square and of same size, and for qk(Ak) there exists Hadamard inversematrix q •

−1
k (Ak). Then for the formula

L0n(A) =

n
∑

k=0

F (Ak)

{

q
•

−1
k (Ak) • qk(A)

}

=

n
∑

k=0

F (Ak)diag[ (aii − a0
ii) · · · (aii − ak−1

ii

) (

aii − ak+1
ii ) · · · (aii − an

ii

)

(

ak
ii − a0

ii

)

· · ·
(

ak
ii − ak−1

ii

) (

ak
ii − ak+1

ii

)

· · ·
(

ak
ii − an

ii

)

]

,where the produt of F (Ak) and any of the matries {q •

−1
k (Ak) • qk(A)

} an be ordinaryor Jordan, the following onditions are met: L0n(Aν) = F (Aν), ν = 0, 1, . . . , n.For the formula
Ln0(A) =

n
∑

k=0

F (Ak) • q
(−1)
k (Ak) • qk(A)

=

n
∑

k=0

[
(

aij − a0
ij

)

· · ·
(

aij − ak−1
ij

) (

aij − ak+1
ij

)

· · ·
(

aij − an
ij

)

(

ak
ij − a0

ij

)

· · ·
(

ak
ij − ak−1

ij

) (

ak
ij − ak+1

ij

)

· · ·
(

ak
ij − an

ij

)fk
ij

]

,



ON MATRIX FUNCTION INTERPOLATION 125where only Hadamard matrix multipliation is used, interpolation onditions also hold,beause q(−1)
k (Ak) • qk(Aν) = δkνJ , where δkν is Kroneker's delta. Here we assume thatthe matries (Ak −Aν), k 6= ν, don't ontain zero elements.For the nodes Ak = αkJ (αk 6= αν if k 6= ν) the following interpolation formula holds:

Ln(A) =
n
∑

k=0

(A−α0J)•. . .•(A−αk−1J)•(A−αk+1J)•. . .•(A−αnJ)

(αk − α0) · · · (αk − αk−1)(αk − αk+1) · · · (αk − αn)
• F (αkJ).Let's give an interpolation formula ontaining Frobenius matrix multipliation. Letthe matries A = [aij ] and B = [bij ] be of same size. Their Frobenius produt is A ⋄B =

∑

i,j

aijbij . This operation is, obviously, ommutative and its result is a salar. Then forthe formula
Ln(A) =

n
∑

k=0

lnk(A)

lnk(Ak)
F (Ak),where

lnk(A) =
[

(A−A0)
T ⋄ (Ak −A0)

]

· · ·
[

(A−Ak−1)
T ⋄ (Ak −Ak−1)

]

×
[

(A−Ak+1)
T ⋄ (Ak −Ak+1)

]

· · ·
[

(A−An)T ⋄ (Ak −An)
]and the interpolation nodes Ak are di�erent, the following onditions hold:

Ln(Aν) = F (Aν), ν = 0, 1, . . . , n.Interpolation formulas for spei� kinds of nodes In the above interpolati-on formulas the biggest omputational di�ulties are aused by matrix inversion. Let'sonsider suh interpolation nodes for whih inverse matries entering (1.2), (1.3) and otherformulas, an be found easily enough, and give an expliit form of these formulas.If the nodes Ak are the di�erent salar matries akI, Lagrange matrix interpolationformula (1.2) looks as
Ln(F ;A)=

n
∑

k=0

(A−a0I) · · · (A−ak−1I)(A−ak+1I) · · · (A−anI)

(ak − a0) · · · (ak−ak−1)(ak−ak+1) · · · (ak−an)
F (ak). (1.8)This formula is invariant under the matrix polynomial of kind Pn(A) =

n
∑

k=0

bkA
k, where

bk are arbitrary numbers.If Ak = akI, 0 ≤ ak < 2π, k = 0, 1, . . . , 2n (ak 6= aν if k 6= ν), then the formula oftrigonometri interpolation (1.3) also has the simple form
Tn(F ;A) =

2n
∑

k=0

sin A−a0I
2 · · · sin

A−ak−1I

2 sin
A−ak+1I

2 · · · sin A−a2nI
2

sin ak−a0

2 · · · sin ak−ak−1

2 sin ak−ak+1

2 · · · sin ak−a2n

2

F (ak). (1.9)This formula is exat for trigonometri matrix polynomials of degree n:
F (A) = c0I +

n
∑

k=1

(ck cos kA+ dk sin kA),where ck, dk are ertain numbers. In the formulas (1.8) and (1.9) the funtion F (z) isonsidered analyti in neighborhoods of the points ak.



126 L.A.YANOVICH AND I.V.ROMANOVSKIWhen the diagonal matries Ak = diag{a0k, a1k, . . . , amk} (aik 6= aiν if k 6= ν, i =
0, 1, . . . ,m), k = 0, 1, . . . , n, are taken as nodes of interpolation, the following equity holds:

Ln(F ;A) =
n
∑

k=0

lnk(A)l−1
nk (Ak)F (Ak),where lnk(A) = (A − A0) · · · (A − Ak−1) (A − Ak+1) · · · (A − An), l−1

nk (Ak) =diag{ 1
ω′

n0
(a0k) ,

1
ω′

n1
(a1k) , . . . ,

1
ω′

nm(amk)

}

, ωnν(t) =
∏n

j=0(t− aνj), ν = 0, 1, . . . ,m.In the trigonometri ase for the diagonal nodes Ak = diag{a0k, a1k, . . . , amk}, 0 ≤
aik < 2π, i = 0, 1, . . . ,m, k = 0, 1, . . . , 2n, interpolation polynomial (1.3) looks as

Tn(A) =

2n
∑

k=0

ψk(A)ψ−1
k (Ak)F (Ak),where ψk(A) = sin A−A0

2 · · · sin
A−Ak−1

2 sin
A−Ak+1

2 · · · sin A−A2n

2 ,
ψ−1

k (Ak) = 1
2diag{ 1

Ω′

2n,0(a0k) ,
1

Ω′

2n,1(a1k) , . . . ,
1

Ω′

2n,m(amk)

}, Ω2n,ν(t) =
2n
∏

j=0

sin 1
2 (t−aνj).Let Ak = ηkI + H (ηk 6= ην if k 6= ν), k = 0, 1, . . . , n, where H is a ertain matrixwith zero diagonal elements. Then the Lagrange interpolation polynomial takes the form

Ln(A) =

n
∑

k=0

(A−A0) · · · (A−Ak−1)(A−Ak+1) · · · (A−An)

(ηk − η0) · · · (ηk − ηk−1)(ηk − ηk+1) · · · (ηk − ηn)
F (Ak). (1.10)Given ηk = cos 2k−1

2n
π, k = 1, 2, . . . , n, this formula is transformed to the following form:

Ln−1(A) =
1

n

n
∑

k=1

(−1)k−1 sin
2n− 1

2n
π lnk(A−H)F (ηkI +H), (1.11)where lnk(A) = (A− η1I) · · · (A− ηk−1I)(A − ηk+1I) · · · (A− ηnI).In the trigonometri ase, for the same nodes Ak = ηkI + H , 0 ≤ ηk < 2π, k =

0, 1, . . . , 2n, we have
Tn(A) =

2n
∑

k=0

sin A−A0

2 · · · sin A−Ak−1

2 sin A−Ak+1

2 · · · sin A−A2n

2

sin ηk−η0

2 · · · sin
ηk−ηk−1

2 sin
ηk−ηk+1

2 · · · sin ηk−η2n

2

F (Ak). (1.12)Now let us onsider formulas of linear and quadrati interpolation of some otherstruture for arbitrary matrix nodes A0 and A1. Then under the assumption that
P1(A) = AB1 + C1, where B1 and C1 are ertain matries, this problem is solvable ifand only if [2℄ the funtion F (A) at nodes A0 and A1 is representable as F (Ai) = AiV ,
i = 0, 1, where V is a ertain matrix. In this ase for the matrix polynomials

L10(A) = F (A0) + (A−A0)
{

(A1 −A0)
+[F (A1) − F (A0)] +N

}

,

L1(A) = F (A0) + (A−A0)B

+ (A−A0)
{

(A1 −A0)
+[F (A1) − F (A0) − (A1 −A0)B] +N

}

,where the matrix (A1 − A0)
+ is the Moore�Penrose pseudoinverse of (A1 − A0), B is aertain matrix, N ∈ ker(A1 − A0), interpolation onditions L10(Ai)=L1(Ai) = F (Ai),

i = 0, 1, are met.



ON MATRIX FUNCTION INTERPOLATION 127Let's give one more formula of linear interpolation
L1(A) = F (A0) +

1
∫

0

δF [A0 + τ(A1 −A0);A−A0]dτ (1.13)and also a formula of quadrati interpolation
L2(A) = L1(A)

+

1
∫

0

τ
∫

0

δ2F [A0+τ(A1−A0)+s(A2−A1);(A−A1)(A−A0)]dsdτ,
(1.14)where δF [A;h] and δ2F [A;h1, h2] are Gateaux di�erentials of �rst and seond order, atthe point A, in the diretions h and (h1, h2) respetively.To make sure that interpolation onditions hold for L1(A) and L2(A), one may use therelations δF [A0 + τh1;h1] = d

dτ
F [A0 + τh1] and δ2F [A0 + τh1 + sh2;h2, h] = ∂

∂s
δF [A0 +

τh1 + sh2;h].Note that the formula (1.13) is exat for the matrix polynomials P1(A) = K00 +
m1
∑

i=1

K1iAK2i of �rst degree, whereas (1.14) is exat for the matrix polynomials P2(A)=

P1(A) +
∑

0≤i,j≤m1

BijACijADij of seond degree, where Kij , Bij , Cij , Dij are ertainmatries, and A, A0 and A1 are matries of same size. One may verify this statement byomputing the integrals in (1.13) and (1.14) for F (A) = P1(A) and F (A) = P2(A).Example 1.2 Let F (A) = eA. Then the formula of linear interpolation (1.13) looks thefollowing way:
L1(A) = eA0 +

1
∫

0

1
∫

0

e(1−s)[A0+τ(A1−A0)](A−A0)e
s[A0+τ(A1−A0)]dτds.If the matries A, A0 and A1 are interhangeable and the inverse (A1−A0)

−1 exists, then
L1(A) = eA0 + (A−A0)(A1 −A0)

−1
[

eA1 − eA0

].The Gateaux di�erential δF [A;h] of this funtion at the point A in the diretion han be written as δF [A;h] = eA
1
∫

0

e−sAhesAds.2. Integral representations of Lagrange interpolation formula andof its error in lass of analyti funtionsWhile loop integrals of Cauhy type are widely used [3℄ when interpolating analytifuntion of a salar variable, the theory of interpolation of analyti matrix funtions is inonsiderable degree based on matrix integrals of Cauhy type. The problem of interpolati-on of funtions given at nodes, that are salar matries, is espeially lose to the lassialproblem of funtion interpolation. We obtain integral representations of interpolationpolynomials and of their remainder terms, using the results [4℄ for the ase of nodes beingsalar matries.Let nodes be the matries Ak = ηkI +H (ηk 6= ην if k 6= ν), k = 0, 1, . . . , n, where
H is a ertain matrix with zero diagonal elements, the funtion F (z) be analyti in the



128 L.A.YANOVICH AND I.V.ROMANOVSKIdomain D with boundary Γ, and the spetra of the matries (A −H) and Ak belong to
D. Then (1.2) is representable as

Ln(A) =
1

2πi

∫

Γ

ωn(ξ)I − ωn(A−H)

ωn(ξ)
(ξI −A+H)−1F (ξI +H)dξ,where ωn(ξ) = (ξ − η0)(ξ − η1) · · · (ξ − ηn), and for the error rn(A) = F (A) − Ln(A) ofinterpolation the equity

rn(A) =
1

2πi

∫

Γ

ωn(A−H)

ωn(ξ)
(ξI −A+H)−1F (ξI +H)dξholds.If 0 ≤ ηk < 2π, k = 0, 1, . . . , 2n, the trigonometri interpolation polynomial

Tn(F ;A) =

2n
∑

k=0

sin A−η0I
2 · · · sin

A−ηk−1I

2 sin
A−ηk+1I

2 · · · sin A−η2nI
2

sin ηk−η0

2 · · · sin ηk−ηk−1

2 sin ηk−ηk+1

2 · · · sin ηk−η2n

2

F (ηkI +H)an be written as
Tn(A) =

1

4πi

∫

Γ

Ωn(ξ) cos ξI−A+H
2 − Ωn(A−H)

Ωn(ξ)
sin−1 ξI −A+H

2
F (ξI +H)dξand the error takes the form

rn(A) =
1

4πi

∫

Γ

Ωn(A−H)

Ωn(ξ)
sin−1 1

2
(ξI −A+H)F (ξI +H)dξ.Moreover, in the last two formulas F (ξ) is a 2π-periodi funtion, the domain D ofanalytiity of F is suh as depited in Fig. 1, and Γ = Γ1 ∪ Γ2 (see Fig. 1).

Fig. 1. The domain D.Let's onsider a partial ase of the two previous formulas. Let ηk = 2kπ
2n+1 , i.e. theinterpolation nodes are Ak = 2kπ

2n+1I +H , k = 0, 1, . . . , 2n, then Tn(A) an be representedas follows:
Tn(A) =

1

4πi

∫

Γ

sin 2n+1
2 ξ cos 1

2 (ξI −A+H) − sin 2n+1
2 ξ(A −H)

sin 2n+1
2 ξ

× sin−1 1

2
(ξI − A+H)F (ξI +H)dξ,

(2.1)
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rn(A) =

1

4πi

∫

Γ

sin 2n+1
2 (A−H)

sin 2n+1
2 ξ

sin−1 1

2
(ξI −A+H)F (ξI +H)dξ. (2.2)3. Interpolation onvergene theorems and error estimatesAt �rst we'll onsider onvergene of algebrai interpolation on the set Sm of stohasti

m×m-matries. Stohasti matries turn out an important sublass of nonnegative matri-es that �nds its appliation when solving applied problem [5℄. The main feature that isfurther used for investigating the onvergene is that absolute values of all eigenvalues ofany stohasti matrix don't exeed 1.Let Ak = ηkI be the nodes of interpolation, where ηk are pairwise di�erent numbers,
k = 0, 1, . . . , p, Hn(A) be an algebrai matrix polynomial for whih the following ondi-tions hold:

H(νk)
n (Ak) = F (νk)(Ak), νk = 0, 1, . . . , αk − 1, k = 0, 1, . . . , p, (3.1)where αk is the multipliity of the node Ak, α0 +α1 + . . .+αp = n+1. Then the followingtheorem is true [6℄.Theorem 3.1 If the funtion F (z) is analyti in the irle |ξ| ≤ 3 and A ∈ Sm, then thesequene {Hn(A)}, n = 0, 1, 2, . . ., where Hn are de�ned by the equities (3.1), onvergesto F (A) as n→ ∞ for any nodes Ak = ηkI, |ηk| ≤ 1, k = 0, 1, . . . , p.The proof of this theorem is based on the estimate of the error of interpolation rn(A) =

F (A) − Ln(A) whih is representable, in this ase, in the form
rn(A) =

1

2πi

∫

Γ

ωn(A)

ωn(ξ)
(ξI −A)−1F (ξ)dξ,where ωn(A) =

p
∏

k=0

(A−ηkI)
αk , F (ξ) is a funtion whih is analyti in a domain ontainingthe irle |ξ| ≤ 3, Γ is the boundary of the domain of regularity of this funtion.Let interpolation nodes be the tridiagonal matries Ak ≡ A(ak, b), k = 0, 1, . . . , n,having the elements ak (ak 6= aν if k 6= ν) in the main diagonal and the numbers b inthe �rst diagonals above and below the main one. In this ase the Lagrange interpolationformula has the form

Ln(A) =
n
∑

k=0

(A−A0) · · · (A−Ak−1)(A−Ak+1) · · · (A−An)

(ak − a0) · · · (ak − ak−1)(ak − ak+1) · · · (ak − an)
F (Ak) (3.2)and for the error rn(A) of interpolation the integral representation

rn(A) =
1

2πi

∫

Γ

ωn(A−H)

ωn(ξ)
(ξI −A−H)−1F (ξI +H)dξ (3.3)holds, where ωn(ξ) = (ξ − a0)(ξ − a1) · · · (ξ − an), H = Ak − αkI, integration is over theirumferene |ξ| = 1 + 2(b+ d) + ε, ε is a ertain positive number.Theorem 3.2 If the funtion F (z) is analyti in the irle |z| ≤ 1+2(b+d) and A ∈ Sm,then the sequene Ln(A), n = 0, 1, 2, . . ., where Ln are de�ned by (3.2), onverges to

F (A) as n→ ∞ for any matrix nodes Ak ≡ A(ak, b), |ak| ≤ d, k = 0, 1, . . . , n.We prove this theorem using the integral representation of the interpolation remainderin the form (3.3) and an estimate of this integral.



130 L.A.YANOVICH AND I.V.ROMANOVSKI4. Estimates of trigonometri interpolation error when nodes areequidistant salar matriesLet nodes of interpolation be the matries
Ak =

2kπ

2n+ 1
I, k = 0, 1, . . . , 2n,and F (x) be a 2π-periodi funtion, whih is analyti in the real axis.In this ase the trigonometri interpolation polynomial (1.3) takes the form

Tn(A) =
1

2n+ 1

2n
∑

k=0

sin
2n+ 1

2
(A−Ak) sin−1 1

2
(A−Ak)F (Ak) (4.1)and for the error rn(A) of interpolation the formula

rn(A) =
1

4πi

∫

Γ

sin 2n+1
2 A

sin 2n+1
2 ξ

sin−1 1

2
(ξI −A)F (ξ)dξ, (4.2)where the path of integration Γ = Γ1 ∪ Γ2 onsists of two segments Γ1,2 = {ξ : Imξ =

±ε, 0 ≤ Reξ ≤ 2π}, is true. Here the numeri parameter ε depends on the funtion F (ξ).Theorem 4.1 If the funtion F (x) is 2π-periodi and analyti in the real axis and allthe eigenvalues of the matrix A belong to the segment [0, 2π], then the sequene {Tn(A)},
n = 0, 1, 2, . . ., where Tn are de�ned by (4.1), onverges to F (A) as n→ ∞, for rn(A) theestimate ‖rn(A)‖ ≤Mnm−1 exp{−nε} holds (m is the size of A, M is independent of n).To prove this theorem we use the inequality

∥

∥

∥

∥

sin
2n+ 1

2
A

∥

∥

∥

∥

≤M0n
m−1,that follows from (1.1), and the inequality

∣

∣

∣

∣

sin
2n+ 1

2
(Reξ ± iε)

∣

∣

∣

∣

−1

≤M1 exp

{

−
2n+ 1

2
ε

}

,where M0 and M1 doesn't depend on n.For the same nodes Ak = 2kπ
2n+1I let's onsider the trigonometri polynomial

T2n(A) =
1

(2n+ 1)2

2n
∑

k=0

sin2 2n+ 1

2
(A−Ak)

×

[

sin−2A−Ak

2
F (Ak)+2 sin−1A−Ak

2
sin−1A

2
sin

Ak

2
F ′(Ak)

]

,

(4.3)for whih the onditions
T2n(A0) = F (A0),

T2n(Ak) = F (Ak), T ′
2n(Ak) = F ′(Ak), k = 0, 1, . . . , 2nare met.The following theorem is proved similarly to theorem 3.



ON MATRIX FUNCTION INTERPOLATION 131Theorem 4.2 If the funtion F (x) is 2π-periodi and analyti in the real axis and all theeigenvalues of the matrix A belong to the segment [0, 2π], then the sequene of interpolati-on polynomials (4.3) onverges to F (A) as n → ∞, the following estimate of r2n(A) istrue: ‖r2n(A)‖ ≤Mn2m−1 exp {−2nε}.In this ase the error r2n(A) of the interpolation formula (4.3) is representable in theform
r2n(A) =

1

4πi

∫

Γ

sin2 2n+1
2 A sin−1 1

2A

sin2 2n+1
2 ξ

sin−1 1

2
(ξI −A) sin

1

2
ξdξ, (4.4)where the integration path is the same as in the formula (4.2). As above, one has toestimate the integral in the equity (4.4). To do it, we use the estimate

∥

∥

∥

∥

sin
2n+ 1

2
A sin−1 1

2
A

∥

∥

∥

∥

≤M2n
m,that follows from the identity

sin
2n+ 1

2
A =

(

I +

n
∑

k=1

cos kA

)

sin
1

2
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