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EVOLUTIONARY SEARCH SYSTEMS IN A STOCHASTIC

INTEGRAL FUNCTIONAL MODEL
UDC 519.95:519.6:519.2

N.G.VOVKODAV AND L.N.SHLEPAKOV

AHoTA1A. o cepil 3a7a9 HONIYyKY CUTHAIIB y 6araTOKaHAJIBHUX CUCTEMAX 3B’d3-
KY 3aCTOCOBYETHCSI €BOJTIONIIHA MOJIE/Ib. BYIyEThCST CTOXACTHIHUIN KOeMIImieHT ede-
KTUBHOCTI Ta HOT0 eprogmyHe ycepenHenus. HaBeeHi MOIeIbHI TPUKJIAIN.

ABsTRACT. We use an evolution model to study problems of signal search in multi-
channel systems. An effectiveness stochastic coefficient and its ergodic averaging is
constructed. We also give model examples.

1. Introduction

Search problems arise in different areas of the human activity, which explains that
the theory of search, which was originated in the works of B.O. Koopman [14-16],
V.1. Arkin [1-3], O.V. Staroverov [8], is developing in many directions, sometimes even
independently of each other. To solve optimal search problems, one uses very diverse and,
usually, a sufficiently sophisticated mathematical machinery. An attempt to construct a
unified theory of search was made by O. Hellman [9]. The theory of optimal search was
developed in the works of L.D. Stone [18,19], K. Iida [13] and others.

2. Evolutionary model of search

We will construct a model for a search of signals in multichannel communication
systems. If the search of signals takes a long time, then an optimal search strategy changes,
since the stochastic characteristics of the signal transmission change with time. To study
such search systems, one needs to use evolution models, which in our case will be the
stochastic integral functional model [4,6].

In [10,11], the authors study a number of optimal search problems for signals in
multichannel communication systems with a stationary effectiveness coefficient. These
problems are studied with a unified approach. Each such problem is characterized by
given fixed characteristics of the operation of the system, and the characteristics that are
to be chosen in an optimal way, that is, to make the corresponding effectiveness coefficient
assume an extremal value, fixing other given characteristics. It may happen that the real
search systems change their characteristics in the course of operation, being influenced
by factors external to the system. These may include the time of the day, the season, the
weather, the interest in a particular kind of information, etc.

Consider the case where the characteristics change in a jump-like way. To each possible
collection of fixed characteristics, associate a state x of the medium, x € X, and assume
that it changes according to a semi-Markov law.

For a number of the problems studied in [10,11], the process of the search for a fixed
x is described by a semi-Markov process denoted by n,(t). The effectiveness of search,
M (t), can be represented in time ¢ as

M(t) = My + C(z)t,
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where My = M(0) is the initial value of the search effectiveness, the velocity C(z), z € X,
is a given bounded real-valued function of x, the state of the medium.

Let us now consider the search effectiveness in a semi-Markov medium [4, 6, Sect.
4.1.1]. Assume that the coefficient C(z), which depends on states zz € X that are collecti-
ons of characteristics of the search system, is switched by a semi-Markov process £(t)
with the phase space (X, X), where X is a o-algebra of measurable subsets of X, and a
semi-Markov kernel Q(t,z, B),z € X, B € X.

Let the semi-Markov process £(t) be defined by a Markov renewal process (&, 6,;n >

0), namely, £(t) := &), v(t) =max{n: 7, <t}, 7, = > O, n>1, 79 =0y = 0.
k=1

Then the stochastic search effectiveness is given by the integral

M. (t) = My + /C(f(s))ds,
0

or
v(t)

M(t) = Mo+ Y 0xC(&—1) + () C(E(D)),

k=1

where (&) =t — 7,(), that is, it is given as a stochastic integral functional.

To simplify the description of the constructed stochastic integral functional, we use
the phase lumping algorithm for stochastic evolution systems in a semi-Markov stochastic
medium [4,6, Sect. 4].

We make the following assumptions.

1. The semi-Markov process £(t) on the phase space (X, X) is uniformly ergodic [12]
with a stationary distribution 7(B), B € X, and the stationary distribution p(B),
B € X, of the embedded Markov chain (£,;n > 0) is related to the distribution
7(B) by the formula
mm(dz) = p(dx)m(x),

where m ::){p(d:c)m(x) and m(z) = [(1 —Q(t,z, X))dt.

2. The evolution of the search effectiveness is considered in a stationary mode, i.e, over
significant time intervals so that the ergodicity effect of the semi-Markov process
&(t) shows in an essential way. In other words, we need to introduce a time scali-
ng coeflicient T > 0, and to consider the switching semi-Markov process in “fast”
changing time, i.e., to introduce a semi-Markov process &r(t) = £(Tt), t > 0, that
has a sufficiently large number of switches in a fixed time interval.

Moreover, in order to substantiate the solution algorithm for the search problems
under consideration, we assume that the following hold.

3. The time that the semi-Markov process £(t) occupies each state exceeds some
constant A.

4. On each interval 6,, /T, the corresponding search process, which is described by the
ergodic semi-Markov process 7,.(t), is also conducted in the stationary mode, that
is, 0,,/T are sufficiently large time intervals, so that the ergodic effects of the search
process at a fixed state of the medium shows in an essential way. In order to satisfy
this condition, we introduce one more scaling coefficient S > 0 and a semi-Markov
process 1,(t) in the ST-fast time, that is, 1y s7(t) = 1n,(STt), t > 0, where the
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number of switches of the semi-Markov process 1, g 7(t) on the interval 6, /T for
some fixed T > 0 is sufficiently large (by Condition 3 for each n = 1,2,..). We
remark that the scaling coefficients do not influence the coefficient C ().

Then the stochastic search effectiveness with the parameters S,T is given by the

integral
t

MC,S,T(t) = Afo + /C(f(’TT))dT
0

The averaged stochastic search effectiveness is given by the relation
M(t) = My + Ct,

where

-~

C

/w(dx)C(x).

X

It is a uniform motion with constant velocity C.

3. Search models for a fixed state of the medium

Let us now pass to the above mentioned series of optimal signal search problems
for multichannel connection systems, the problems that can be used to construct the
mentioned evolution model.

Let us give a brief setting for one of these problems.

A search with accompanying the sought signals.

Suppose we have N connection channels that transmit signals independently and a
single search system. The ¢-th channel transmits signals eg and e;, and their passage gives
rise to a renewal process. The signal e; is the sought signal, the signal eg is irrelevant.
The connection channels are grouped into M classes of one-type signals in the sense that
the probability characteristics of the transmitted signals are the same. Namely, the time

that the signal e; stays in any of the channels of type ¢ has an exponential distribution
e

with parameter )\;’, and the time for the signal e has, correspondingly, an exponential

distribution with parameter )\EO). The set E; of the number of channels of type ¢ contains
N; elements.

The search system moves over the channels in a random way with probabilities k;;,
1 # 7, ki = 0, of switching from channel 7 to channel j to find the signal e; and then follow
this type of signals. To distinguish the signal ey, it is necessary for the search system to

stay at channel ¢ and for the signal to be there a deterministic time téi), to recognize the

signal ey, the corresponding deterministic time tgl) is needed.

Denote by C the ratio of the expectation of the number of signals e; recognized by
the search system in all channels in a unit of time in the stationary search mode and the
expectation of the number of all signals e; that passed in all channels in a unit of time
in the stationary search mode. We will call this ratio the search effectiveness coefficient.
The search effectiveness at time ¢ is defined by M (t) = Ct.

We need to find probabilities k;;, ¢ # j, of transitions of the search system from
channel to channel in such a way that the effectiveness coefficient C' would assume a

maximal value for the given search parameters N, tg.i), )\;i), 7j=0,1, i=1,N.
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In order to overcome the difficulties that are related to a large number of channels in
real communication systems, we use the phase lumping method for large systems [7,17]
when solving the above series of problems.

Finding C(z) for the entire series of problems in the case where the number of channels
is large is reduced to solving a mathematical programming problem of the form

M
Z CI)Z(P,L) — max,
i=1

P>0, i=1,M, (31)
M
=1

taking into account some additional conditions in certain cases.

For the entire series of problems, the functions ®;(P;), i = 1, M, are found analytically
and are concave. It is proved that the optimal search strategy is the same for the channels
of the same type.

Mathematical programming problems of type 3.1 are solved numerically [11].

4. Model examples

We will give some model examples where some probability characteristics of signal
transmission in channels change in time for the search problem considered above. We will
consider the stochastic optimal search effectiveness. The time is measured in seconds.

In all examples, we use the following. Let the channels be of three types, that is,
M =3, and

A=A =A =1,0-1072,
AP =22 AP =l

The recognition time for the signals e, and e; is the same for the channels of all types
and equals tg.

Let the semi-Markov kernel for the switching process £(t) with a discrete set of states,
E, be given as Q(t,,j) = pi;Gs(t), 1,5 € E.

Example 4.1 Let tg = t(()r) depend on the state r of the environment, v = 1 for the
morning and evening, r = 2 for the daytime, r = 1 for the evening, r = 4 for the night.
The number of channels of each type is the same and equals Ny = Ny = N3 = 15,

1
A = 1.0,
E ={1,2,3,4},
G (t) is a degenerate distribution supported at the point 6.91-10° for i = 2 (the daytime),

at the point 5.18 - 10° for i = 1,3 (the morning or the evening), at the point 3.46 - 105 for
i =4 (the night),

P12 = P23 = P34 = pa1 = 1,

£

) =5.1074 fori=1,3, t¥=5.10"3, 2 =5.105.

Then, we have that C(4) = 0.68, C(1) = C(3) = 0.9, C(2) = 0.94, C = 0.88.
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Example 4.2 Let the length of the sought signals )\gl) = )\gl)(r) depend on the state r
of the environment, i.e., the search goal changes, and

N1:N2:N3:30, t0:5.0-1074,
E={1,2,3},
APy =024, AP(©2) =052 AM(3) =10,

G;(t) be a uniform distribution on the line segment [6.91 - 105, 8.06 - 10°] for i = 1, on
the line segment [5.18-10°%, 6.91-10] for i = 2, on the line segment [3.46-10°, 6.91-10°]
for v = 3, correspondingly,

Pij1 = 057 Pi2 = 037 Pi3 = 025 1=1, 27 3.

Then we have

~

C(1)=0.64, C(2)=0.76, C(3)=0.86, C =0.7L.

5. Conclusions

Using the phase lumping algorithm and the averaging algorithm for evolution stochas-
tic systems in a stochastic medium, we proved that the averaged stochastic search effecti-
veness coefficient for the considered series of problems is a uniform motion with constant

velocity C = [ m(dx)C/(x).
X
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