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VARIATIONAL APPROACH TO SOLVING A CLASS
OF NONLINEAR MULTIPARAMETER SPECTRAL PROBLEMS

UDC 519.6

V.V.KHLOBYSTOV AND B.M.PODLEVSKYI

AHoTAIA. Heniniitniit 6araronmapaMerpuyHiii CreKTpaJbHiil 3aza4i y mificHOMY
abCTPaKTHOMY TiHOEPTOBOMY IMPOCTOPL CTABUTHCS y BiAMOBIAHICTH BapiamiiiHa 3a-
mada Ha MiHIMyM gesikoro dbyHKnioHady. /loBemeHa eKBiBAJIEHTHICTH CIEKTPAIbLHOL
Ta Bapiamiiinol 3ama4u. Ha 6a3i momudikoBamoro meronmy Hpioroma 3ampormoHoBaHO
YHCeJHbHIN QJITOPUTM 3HAXOIXKEHHS 11 BJIACHUX 3HAYeHb Ta BJIACHUX BEKTODIB.

ABSTRACT. In the real abstract Hilbert space the nonlinear multiparameter spectral
problem is assigned to the variation problem on a minimum of some functional. The
equivalence of spectral and variation problems is proved. On the base of modified
Newton method a numerical algorithm of finding its eigenvalues and eigenvectors is
sproposed.

MSC 2010: 47J10, 47J30, 65F15, 65H17

1. Introduction
When studying the solvability of operator equations of the form
TNz = f

with the operator-valued function T'(\) : E™ — X(H) (X(H) is a set of the linear
operators in the real Hilbert space), which linearly or nonlinearly depends on several

spectral parameters A1, Ag, ..., Ay, the problems of finding such parameters \;, i =
1,2, ..., m, for which exists a nontrivial solution of the corresponding homogeneous
equation T(A\)z = 0 exists, arise. Such problems arise in many areas of analysis and

mathematical physics and have a variety of formulations. These differences in formulation
are determined, in particular, by the following: the formulation of the matrix or operator
problem , the number of equations and the scalar parameters, which are considered as
spectral and also by dependence on them, for example, linear or nonlinear.

Various statements of such problems, the corresponding spectral theory, application
and some numerical methods for solving them is the subject of research, for example, in
[1] - [17].

This paper deals with nonlinear, with respect to spectral parameters, multiparameter
eigenvalue problem of the form

TANz =0, z€H, z+#0. (1.1)

in the abstract Hilbert space H, all scalar parameters of which A = (A1, Aa, ...y Ad—1, Am),
1=1,2, ..., m, are spectral.

Such problems are little investigated both from a theoretical point of view (unlike the
linear weakly coupled multparameter eigenvalue problems, for which the spectral theory
is developed see., eg, [3], [16], [17], and some numerical methods , see., eg, [1] - [5]), and
from the point of view of numerical methods for solving them.

Key words. Multiparameter eigenvalue problem, numerical algorithm, modified Newton method.
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This explains to a considerable extentthe interest in such problems, in particular,
in developing numerical methods for solving them since they arise in many application
problems.

In this paper a variational approach to solving such problems, in which the mul-
tiparameter eigenvalue problem is replaced by the equivalent variational problem on a
minimum of some functional, is proposed. In the basis of the numerical algorithm of min-
imization of the functional, the modified Newton method to the problem in an extended
space, which is a direct sum of the abstract Hilbert space H and the real space E™, is
proposed. As a result we obtain the numerical algorithm of finding the eigenvector and a
set, of eigenvalues.

2. Eigenvectors and eigenvalues as the points of minimum

Let H be the real Hilbert space with the scalar product (-,-) and the norm || - ||.

The nonlinear multiparameter eigenvalue problems consist in finding such set of spec-
tral parameters A* = (A}, ... , A¥), for which the nontrivial solution = # 0 of equation
(1.1) exists. The set of spectral parameters \* = {A], ... , A%} we will name the general-
ized eigenvalue or eigenvalue set, and the corresponding vector * € H we will name the
generalized eigenvector of the problem (1.1).

Along with the problem (1.1) we consider the problem of finding such a set of param-
eters A = { A1, ..., A\, } and such vectors x on which functional

H@:%WUMMK Vu={z,\} e H=HGE™, z#0 (2.1)

reaches its minimum value, i.e.

F@%ﬂTLUGUCE@#m, (2.2)

where U is a set containing points u* = {z*, \*} satisfying equation (1.1), H is the
Hilbert space in which the scalar product and norm are defined as follows:

(wv) g = (ur,u9) + (v1,02) g, ullg = 3/ llual® + o] T,

u:{ul,vl}, U:{UQ,UQ}, Ul,UQGH, ’Ul,UQGEm.

Further, we consider that the operator-valued function T'(\) is differentiable by Frechet,

i.e. for any \p € R, k=1, 2, ..., m, partial derivatives 8; ) k= 1,2, ..., m, exist and

we will prove, that the problems (1.1) and (3) are equivalent.

Theorem 2.1 Each eigenvector z* that corresponds to its eigenvalue set
A* = (A}, ..., AL) of problem (1.1) is the stationary point u* = {x*, \*} of functional (2.1)
and, conversely, every stationary point u* = {z*, \*} of functional (2.1) corresponds to
eigenvector * and its eigenvalue set \* = (A5, ... | \%)) of problem (1.1).

Proof. Consider the increment of functional F'(u+Au) — F(u) = F(z+h,A\+q) — F(x,\)
for arbitrary u, u+ Au € U, where Au = {h,q} € U. After simple transformations we
obtain

Flu+Au) — F(u)=F(x+ h,A+q) — F(z,\) =
(2.3)

=(TNz, TWh) + (TN, 6ﬂ>%%+dMW)

i=1
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Consequently, the first differential of F'(2) will be written as

d{F(z,\); (h,q)} = F'(u)Au =

IR

Il
_

=(TWNz, TWh) + ) (T(Nz, Bi(\)z)gi =

K2

=(T"NTN)z, h)+(FN2), @) = (4, Au)g, (2.4)

where f( ) = (fl()‘vx)v 2()\,.7}),...7fm()\7.’17)7 fl()‘7x) = (T()‘)x7Bl()‘)x)’ B; =
TR i =1,2, 0 my i = {T*NT(Nz, fifh @), f2(N,2), .. fm(X,2)} is an ordered
system.

Hence, for the first derivative of the functional (2.1) we have

F'u) () = (@) - (2.5)

Let T(A\)x = 0, z # 0. Then from (2.4) immediately implies that @ = 0. Let @ = 0.
Then from (2.4) we also have

T*NTNx=0= (T"NTNz,z) =0= (T(Nz, T(N)z) =0= TNz =0,

that proves the theorem statement. O
Thus, the problem (1.1) and the problem of finding the stationary points of the func-
tional F'(u) are equivalent.

Remark 2.2 Since F(u) > 0, F(u*) = 0, u,u* € U, then each stationary point u* of
functional F'(u) is a point of it local (and global) minimum.

3. Numerical algorithm

We consider that the operator-valued function T'(\) is twice differentiable by Frechet,
ie. for any \y, € R, k = 1, 2, ..., m, the partial derivatives 8)\Té§)7 k,l=1,2,....,m
exist.

To simplify the calculations we consider two-parameter problem, that is A = {\, u}.

Consequently that u = {x,\,u} € H® R' ® R!, i.e. for F'(u) we obtain

F'(u) = VY(u) =
( )TNz T\, WT (A p)x T\, T (A p)x
= fi(x2) =| T\ wz, Ta(\wz) | = | (T )z, Bi(\ p)z)
f2(\, 2) (TN )z, T (A, p)x) (T(\, )z, B2 (A, p)x)

Modified Newton method (about the conditions of convergence of this method see, for exam-
ple, [18]), applied to the equation ®(u) = 0 (see remark 3.1), where

TNz T\ p)x
q)(u) = f1(>‘7 LE) = (T()‘nu’)va ()\,/A)JJ) (3 1)
fQ(A’ ZC) (T()\,,U,)CC,BQ()\“LL)QZ)

which is equivalent to the equation ¥(u) = 0, yields
@'(uo)(uk+1 —uk) = —@(uk),k=0,172,..., (32)
where ®'(uo) is calculated by the formula

' (uo) =
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T Bix Box
T*Biz+ BiTz (Bix,Biz)+ (Tz,Biyx) (Biz, Box) + (T, By x) (3.3)
T*Bex + B3Txz (Bax, Biz) + (I'v, Byyz) (Baw, Boz) + (T, By,x) A= o

r =220
To make one step by the method (3.2) it is necessary to solve a linear system
T Bixo Baxg

T*leo —|—Bile‘0 (leo,leo) —|— (Tl‘o,Bi)\ajo) (311’0732.130) + (Tﬂ,’o,BiuQZo) X
T*Boxzo + B;T:E() (321'0, leo) =+ (T.Z'o, Béxmo) (BQQ?(), BQZE()) + (Ta?()7 Béumo)

Axy T( k)
X AA]C = — (T(/\k)xk,Bl()\k)mk) (34)
Apg (T (Ak)xk, B2(Ak)zk)

and compute a new approximation

Tht1 = Tk + Az,
)\k+1 = At + AAIC, (35)
Br1 = i + Apg.

2
The following notations T = T(o), Bi = 2Z00) B, = 2000 = pr, = "TO0) pi
2 2
%g;f’), B}y = aai(;f) are introduced to reduce the above formulae.

From (3.4) formally we obtain
TAzy + BizoAN, + ngoA,u,k = —T()\k)l‘k,

[T*Bl.’bo + BTT:L’Q]A.II]C + [(leo, BlIo) + (TLE(), Bi/\.’Eo)]A)\k—F

4+ [(leo, Bgl’o) + (Txo, Biuﬂfo)] Aﬂk = _(T(Ak)l’k, Bl ()\k)xk)a (36)
[T*ngo + B;Txo]A:Ij’k + [(ngo, Blajo) =+ (TLEQ, BéA.To)]AA}C—F
+[(BQZC(), BQ:]Z()) -+ (T:C(), Béufco)} A,Lbk = *(T()\k)ﬂfk, BQ(A}C)ZU]C)
From the first equation (3.6) we have
Az = 7T71 (le()A)\k + BgmoAﬂk) — TﬁlT(Ak)ZEk. (37)

To calculate AN, and Api we will use the second and third equation of (3.5) "substituting”
the expression (3.7) instead of Az (actually it is the scalar product). Then we obtain a linear
system of equations

(Txo, Bizzo) — (BiTxo, T 'Bizo) (Txo,Birzo) — (BiTxo, T ' Baxo) A ]
(Txo, Byyzo) — (B3Txo, T *Bizo) (Txo, Bhyxo) — (B3Txo, T ' Baxo) Apr |

_ |: (T()\k):rk, B1 (/\k)xk) + (le(),T(Ak)[Ek) =+ (BTTmo,T_lT()\k)(L'k) :| (38)

(T()\k)l'k, BQ()\k)ZL‘k) + (Bgl‘o,T()\k)l‘k) + (B;Tl'o,TilT()\k)Ik)

Further, we consider that the determinant of a matrix system (3.8) is different from zero.

Thus, the algorithm scheme is as follows. After solving a system (3.8) with respect to A)g
and Ay we compute Axy using the formula (3.7).

For m-parametric eigenvalue problem similar to (3.8) linear system of m equations to calculate
AN = )\};H — AL, i=1,..,m is obtained. For calculation Az we obtain equation of the form

Aajk = —T'_1 <Z BzonA;€> — T_lT(Ak)l’k

i=1

similar to (3.7).

Remark 3.1 For Newton method when /\kk—> As, lirgl T~ (M\x) does not exist, that’s why for

equation ®(u) = 0 was have chosen the modified Newton method.
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Note that in [6], [10] and [11] for € E™, as in [9] for # € L?*[—1,1] another formulation
of variational problem, which, in particular, for matrix formulation of the problem leads, for
example, to a gradient procedure for calculating eigenvectors, and for calculating its eigenvalues
a system of linear equations obtained similar to (3.8) was proposed. In [15] a similar statement of
the problem of finding eigenvalues and eigenvectors of linear homogeneous equations T'(\)z = x
for the case when T'()\) : L?(Q) — L?*(Q) is a linear selfadjoint positive define operator, which
depends nonlinearly on the spectral parameter A = { A1, ..., A} € R™, and in the basis of
numerical algorithm to minimize the functional is a method of coordinate descent, was proposed.

4. Numerical example
Consider the application of the proposed algorithm for finding eigenvalues and eigenfunctions
of two-parameter eigenvalue problem

u(€1,82) = T(A1, A2)u(é, &2) (41)
with integral operators form

T, Aa) (6, &) = // F(EQ,EQ)K(&,&,{LEQ,A1,Az)% deldel,
Q

whose kernel nonlinearly depends on two spectral parameters A1, A2 € R'. Here F(£1,&2) is
continuous in @ = {|& | <1,]|&| <1} really and positive function, and

Jol€1,62) = / / F(EL, ) K (61, 62, €1, b, Av, Aa)dELdED.
Q

Equation (4.1) arises in the theory of antennas synthesis of finding points of possible branching
of solutions of nonlinear integral equation [19]

fene) = [[ FE K€ .86 0 e ™Dy (4.2)
Q

It is easy to verify that for arbitrary finite values A1, A2, the function fo(&1, &2) is the eigenfunction
of equation (4.2). It follows that the operator T'(A\1, A2) has a spectrum, which coincides with the
first quadrant of the plane RZ.

The problem consists in finding such a range of real parameters A\ and A2 of the problem
(4.1), for which there are solutions different from fo(&1, &2) that we call trivial.

We have brought the problem (4.1) to self-adjoint form and its spectrum we have excluded
from continual set of eigenvalues, which coincides with the first quadrant of the plane. We obtain
the self-adjoint eigenvalue problem

L()\l, )\2)@ = (T()\l7 )\2) — I) Y = 0, (43)

with continuously differentiable, with respect to parameters A\ and A2, operator

1 1
T, Aa)glér, £2) = / / B(€1, 2, €, 65 M1, M) p(E E0)dEL deb.

—-1-1

The existence of partial Fréchet derivatives of operator follows from the continuity of the kernel
E(&1,62,€1,65, M1, \2) on the set of its variables in the Q x €. Due to the awkwardness of the
formulas, expressions for the derivatives are not quoted here.

Numerous experiments on the use of the described algorithm for finding the eigenvalues of
the problem (4.2) for different functions F'(1,&2) were carried out.

The following table shows the eigenvalues obtained for two given functions F(§1,&2) =
Fi61&) = V1 (& 18)/2 and F(6,6) = Fa(6,6) = 1 — (€ + £3)/2. When selecting
the initial approximations for the eigenvectors the properties of invariance of the integral op-
erator relative to the parity functions ¢(&1,&2) (see [19]) were taken into account. Namely, in
both cases as the initial approximation of eigenvector we take (p(o)(§1,§2) = &1 - &2 and that of
eigenvalue we take \1 = Ay = 7.
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Tabl. 4.1. Eigenvalues of the problem (4.3)

F(&1,&2) A1 A2 A.]umbe.r of F(u)
iteration
1— (€24 €2)/2 | 3.464427 | 3.464427) 23 0.161080E-13
1— (63 4¢€3)/2 | 3.797144 | 3.797144 32 0.100711E-14
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The figure shows the eigenvalue curves of the problem (4.3) for two given functions F'(£1,&2).
The curve 1 corresponds to the function F;(&1,&2), and the curve 2 corresponds to the function
F>(&1,&2). The same figure indicate the eigenvalues which are obtained by the proposed algorithm.
Namely, the point A; and the point Az, that correspond to the functions Fi(€1,&2) and Fa(&1,&2),

respectively.
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Fig. 1. Eigenvalue curves of the problem (4.3)
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The figure shows that the obtained eigenvalues (point A; and point A2) with given accuracy

belong to the eigenvalue curves of problem (4.3), which has been otherwise proposed in [12].

By providing different initial approximations for the parameters A and p (X # p), we obtain
the curve of eigenvalues, for example, the curve 1, which was first obtained for the problem (4.3)

in [12].

So for the parameter values A and p belonging, for example, to the curve 1 (respectively, the
curve 2), from the trivial solution other solutions of equation (4.2) branch off.

Acknowledgement. This work was partially supported by SFFR of Ukraine Ne 41.1/022.

BIBLIOGRAPHY

1. Abramov A. A. Method for solving the multiparameter eigenvalue problems that arise
when using the Fourier’s method /A.A. Abramov //Zh. Vychisl. Mat. Mat. Fiz.— 1994.—
Vol. 34 (10).— P. 1524-1527. (in Russian).



50

10.

11.

12.

13.

14.

15.

16.
17.
18.

19.

V.V.KHLOBYSTOV AND B.M.PODLEVSKYI

. Abramov A. A. A Method for solving the multiparameter eigenvalue problems for certain sys-

tems of differential equations / A. A. Abramov, V.I. Ul’yanova, L. F. Yukhno //Zh. Vychisl.
Mat. Mat. Fiz.— 2000.— Vol. 40 (1).— P.21-29. (in Russian).
Atkinson F. V. Multiparameter Eigenvalue Problems. Matrices and Compact Operators.

Vol.1 /F. V. Atkinson.— New York, London: Academic Press, 1972.— 220 p.
BrowneP.J. A numerical technique for multiparameter eigenvalue problems /P.J. Browne,

B.D. Sleeman //IMA J. Numer Anal.— 1982.— Vol. 2 (4).— P. 451-457.

Hochstenbach M. E. A Jacobi-Davidson type method for the two-parameter eigenvalue prob-
lem /M. E. Hochstenbach, T.Kosir, B.Plestenjak //SIAM J. Matrix Anal. Appl.— 2004.—
Vol. 26 (2).— P. 477-497.

Khlobystov V. V. Variation-gradient method of the solution of one class of nonlinear mul-
tiparameter eigenvalue problems /V.V.Khlobystov, B. M. Podlevskyi //J. Numer. Appl.

Math.— 2009.— Vol. 1 (97).— P. 70-78.
Kublanovskaya V.N. To the solution of problems of algebra for two-parameter matrices. 5

/ V.N.Kublanovskaya //Zap. Nauch. Sem. POMI.— 2009.— Vol.367.— P.145-170. (in Rus-
sian).

Mﬁl%er R.E. Numerical Solution of Multiparameter Eigenvalue Problems /R.E.Miiller
// ZAMM.- 1982.— Vol. 62 (12).— P. 681-686.

Podlevskyi B. About one gradient procedure of determination of the branching points of
nonlinear integral equation arising in the theory of antennas synthesis / B. Podlevskyi //IV
th International Conference on Antenna Theory and Techniques (ICATT’03), Sevastopil,
Ukraine, September 9-12, 2003.: Proceedings.— Sevastopil, 2003.— P. 213-215.

Podlevskyi B. M. The variational approach to the solution of two-parameter eigenvalue prob-
lems /B. M. Podlevskyi // Mathematical Methods and Physicomechanical Fields.— 2005.—
Vol. 48 (1).— P. 31-35. (in Ukrainian).

Podlevskyi B. M. The variational approach to the solution of the linear two-parameter eigen-
value problems /B. M. Podlevskyi // Ukr. Math. Journal.— 2009.— Vol. 61 (9).— P. 1247-1256.
(in Ukrainian).

PodlevskyiB. M. On some nonlinear two-parameter spectral problems of mathematical
physics / B. M. Podlevskyi // Math. Modeling.— 2010.— Vol. 22 (5).— P. 131-145. (in Russian).
Podlevskyi B. M. About one approach to finding eigenvalue curves of linear two-parameter
spectral problems / B. M. Podlevskyi, V. V. Khlobystov // Mathematical Methods and Physi-
comechanical Fields.— 2008.— Vol. 51 (4).— P.86-93. (in Ukrainian).

Protsah L. P. Method of implicit function for solving eigenvalue problem with nonlinear two-
dimensional spectral parameter /L. P. Protsah, P. O. Savenko, M. D. Tkach // Mathematical
Methods and Physicomechanical Fields.— 2006.— Vol. 49 (3).— P.41-49. (in Ukrainian).
Savenko P. O. Variational approach to solution of the problem on eigenvalueswith nonlin-
ear vector spectral parameter /P.O.Savenko, L. P. Protsah // Mathematical Methods and
Physicomechanical Fields.— 2006.— Vol. 47 (3).— P. 7-15. (in Ukrainian).

Sleeman B.D. Mutiparameter spectral theory in Hilbert space /B.D. Sleeman.— London,
San Francisco, Melbourne: Pitnam Press, 1978.— 128 p.

Volkmer H.  Multiparameter eigenvalue problems and expansion theorem /H.Volkmer

// Lect. Notes Math.— 1988.— Vol. 1336.— 157 p.
Lusternik L. A. Elements of functional analysis /L. A. Lusternik, V.I. Cobolev.— Moskow:

Nauka, 1965.— 520 p. (in Russian).

Andriychuk M.I. The antenna synthesis according to prescribed amplitude radiation pat-
tern: numerical methods and algorithms /M. I. Andriychuk, N.N. Voitovich, P. O. Savenko,
V. P. Tkachuk.— Kiev: Naukova Dumka, 1993. (in Russian).

INSTITUTE OF MATHEMATICS,

NATIONAL ACADEMY OF SCIENCES OF UKRAINE,

3 TERESHCHENKIVSKA ST., Kyiv, 01601, UKRAINE.
E-mail address: khl@i.com.ua

PIDSTRYGACH INSTITUTE FOR APPLIED PROBLEMS OF MECHANICS AND MATHEMATICS,
NATIONAL ACADEMY OF SCIENCES OF UKRAINE,

3-B NAUKOVA sT., Lviv, 79060, UKRAINE.

E-mail address: podlev@iapmm.lviv.ua

Received 22.06.2011



