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FLAT VARIANT OF SUBSTANTIALLY SPATIAL PROBLEM
OF ELECTROSTATICS AND SOME ASPECTS OF ITS SOLUTION,
RELATED TO SPECIFICS OF INPUT INFORMATION
UDC 518:517.948

L.I. MOCHURAD AND B.A.OSTUDIN

AnoTAuIsA. B poGoTi po3risimaeThCsi MaTeMaTWIHA MOEJb 33/1adi, siKa OIHUCYE
IUIOCKE €eJIEKTPOCTATU4YHe Iojie. DynyeThbcs eKkBiBajieHTHe iHTerpasbHe DiBHSIHHS
mepmoro poiy. JlocmiaKy€eThcs mpobieMa aauTHBHOI CTAI0I Y BUMAJKY HASBHOCTI
cuMeTpil B rpaHUYHUX MOBepXHAX. [IpuBOASTHCS Ynce bHI PO3PAXyHKH.

ABSTRACT. Taking into account the specific characters of initial boundary value
problem a mathematical model, which describes so-called flat electrostatic field is
considered. In this connection the main attention is given to the equivalence of last
one to the integral equation of the first kind and the problem of additive constant
calculation. This constant appears in the integral representation of flat electrostatic
field. There is shown that the constant mentioned above is easily calculated in the
presence of symmetry disposition of boundary surface constituents. The proposed
concept is illustrated by numerical solving of some model tasks.

1. Introduction

The problem of investigation of the electrostatic field, created by the system of charged
electrodes, appears in the process of cathode-ray devices planning. If charged electrodes are
modeled by infinitely long cylindrical surfaces, elements of which are infinitely thin and evenly
charged on filament length and parallel to one of co-ordinate axes, then in a cut with an arbitrary
plane, perpendicular to this axis, some number of the open circuit arcs appears. Under such
conditions, the potential value of the investigated field in the arbitrary point of space does not
depend on one co-ordinate. So necessary calculations are enough to conduct only in R?. Thus,
the examined spatial problem should be interpreted as flat [1]. It is also noticed [2] that solving
the problem in the substantially spatial setting at predominance of one geometrical constituent
of surfaces over the other one the value of potential in the corresponding transversal cuts of the
system, close to the central ones, slightly changes. Therefore, to show the high-quality picture of
the field in the central transversal cuts of such electron-optical systems it is possible to confine the
research only to the flat cuts of spatial constructions. Taking into account the concept mentioned
above, we will concentrate our attention on the certain aspects of a mathematical model, which
describes as so-called flat electrostatic field.

Let us suppose that L := jLiJ1 L; is a combination of finite number of smooth, open-circuit

and bounded arcs L; on a plane R?, which do not have common points. We will designate z, y,
... as points in R?, |z — y| as a distance between z and y, and =}, (m = 2§ — 1,2j; j =1,2,...,v)
as extreme points of the arc L;. Let us also suppose that

L:=LU{z},z3,....25,}.

Each of two sides of L we will consider as positive or negative, accordingly, depending on
direction of normal to L . If, for example, a function f () has finite limit, when € L goes to
a point xo on L from a positive(negative) side, then we will say that f (x) is continuous from a
positive(negative) side, and the limit we will designate as f* (zo) (f~ (w0)).

Thus, at the mathematical modeling of the problem in the general setting it is necessary to
find a function U € C* (R*\L), which together with the derivatives of the first order is continuous
from a positive(negative) side L and satisfies

Key words. Initial boundary value problem, integral equation of the first kind, additive constant,
symmetry disposition of boundary surface.
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e two-dimensional Laplace equation
AU =0 in R’\L; (1.1)
e boundary conditions
U* (@) = g(a), @ €L, (1.2)
where g(z) is a known function, set on L, which, in our case, is constant;

e condition of the boundedness on infinity

U(oco) = C, (1.3)
and also
e "condition on an edge" [3]
i S ‘aU(y) ds, =0, (1.4)
p—0 L= op |
Ch(p)

where Cyy, (p) := {# € R?| |z — a,,| = p} \L.

1

2n oyl
dimensional Laplace equation (1.1), we will consider a point of the equivalence of the problem
(1.1)—(1.4) to a certain integral equation.

Among the boundary problems of potential theory in R? it is possible to distinguish the classes
of problems, which have the Abelian group of symmetry of a certain finite order. Assuming that
a boundary L owns the Abelian group of symmetry of finite order, in the process of numeral
solving of the problem (1.1)—(1.4) on the basis of the integral equation method it is possible to
use the apparatus of the groups theory [4,5]. In this context, the results about so-called additive
constant are specified, which appears in integral presentation of the basic problem solution. For
the calculation of the last one an effective formula is offered.

Taking into account that V¥ (z,y) := is a fundamental solution of two-

2. Equivalence of the problem to the integral equation

Let us formulate and prove a theorem on the equivalence of the initial problem (1.1)—(1.4)
to integral equation of the first kind.

Theorem 2.1 If the solution U (z) of the problem (1.1)—(1.4) exists, then it can be shown as
U(z) = /\II (z,y) T(y)dsy, + C, x€R*\L, (2.1)
L
where 7(y) satisfies such integral equation of the first kind as
/\I/ (z,y)7(y)dsy = g(z) — C, =z € L. (2.2)
L

On the contrary, if the function U (x) is defined by (2.1), where 7(y) and constant C satisfy the
system

{\I’ (z,y)T(y)dsy = g(x) — C, =z €L,

Lfr(y)dsy =0, (2:3)

then U (z) is a solution of the problem (1.1)—(1.4).
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Proof. Let us use the methodology, introduced in the work [3]. Let us suppose that z; :=
&1 (p)Ues; (p)UL;HUL;.*) (7 =1, v) is simple, closed contour which envelops L; so that &, (p)
(m =25 — 1, 2j5) is the arc of circle of radius p with a center in a point z;,, and L§-+> (Lgf)) is
an open arc, placed in parallel to L; in the distance p’ < p from a positive(negative) side L;. Let
us designate S, as the union domains, bounded by the closed contours z;, which contain L;.
Let us suppose that z is the arbitrary fixed point in R*\L, T := {y € R?*| |y — x| < R},
where R is so large that S, is fully contained in 7. We will apply the second Green formula [6]
for a function U (y), which is a solution of the problem (1.1)—(1.4), and the function ¥ (x,y)
in the domain, bounded by '61 z; and two circles X := {y € T\S,||y —z| =¢} and Tg =
3=
{ye R2’ ly — x| = R}. We should notice that & > 0, according to the logic of proving, is an

arbitrary small number.
Then, directing p’ to zero we will get

/ [ wenave) - Av Ui, = [ [0 250 v

Kzusp IR

XM]dsy o [ [ 20 ) DD g 3 0

ony on 0 —
ho m=
v Y[ O0U(a, _
+3 [varwas,- Y [ E0E [0 ) - Ut )]s, (24)
— ]'=1L; Yy
where
2j
c={yeT\Sp|ly—a|<e}, Li:=L,\ Y {yeLlly—anl<p}
m=2j—1
: — OUW) _ 7, 2%x,y)
Una)i= [ w50 v 2500 as,
e (p)

and 7(y) := (8%7(1?!))7 B (agiff))+

In the relation (2.4) we will consider integrals, which depend on €. It obvious that

/ U(y)A¥y(z,y)doy, =0,
T\ KEUSP

as Ay¥(z,y) = 0 under condition x # y. In accordance with a definition of improper integral

lir% // U (z,y) AU (y day—// (z,y)AU(y)doy, =0,

T\(K-U5,) 5,
because AU(y) = 0 at any y € R?\L.
Then,
oY (z,y) 1 7] 1
) gs, = —— [ U@y) -2 In——ds, =
/ W) Ony dsy 2m / ( )6‘ny . ly — m|dsy
e Ze
=5 /U )dsy = x 2meU” = =U",
1 1 1 1
s —1In :—iln|y—x\:21nr:ﬂ - = —, and U" — mean value of function
ony |y — Ony or T,

U (y) on the circle 3.. Taking into account the continuity of U (y), when ¢ — 0 U* — U(z).
Similarly,
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aU(y), _ 1 1 0U(y), _
/\I/(x,y) o dsyf27T 1n7|y_gc| o dsy =

Ze

Ze
oUW, oy _ LA
f—zﬂ_lns/ n dsy = 2ﬂ_1ns><27r5 o) = elne an |
Ze

on

where (—) is mean value of function U (y) normal derivative on the circle X.. At that time

e—0

. oU\" . o . . . +
limelne (a—) =0, as the first partial derivatives of function U (y) are continuous in R*\L
n

*

on
Let us estimate integrals in (2.4), which depend on R. It is obvious that

- / U(y)Mdsy = —i U(y)i In #dsy =

and , therefore, a value (a—U) is limited.

Ony 2 ony |y —z|
Sr Zr
1 1o} 1

SR ZRr

Under the condition of tending R to infinity and taking into account (1.3), it easy to notice, that
1
R U(y)dsy — C.
ZRr
oU(y) .. _ ( )qe L / oU (y)

Then, / U(z,y) I dsy = / Inly — dsy = 5 InR B . As U (y)

g R
is a harmonic function on infinity, then in the vicinity of infinitely distant point of plane the
estimation [6] is true

A

’ U (y) ‘
on

Then, under large enough R

1
/\If(a;,y)agfly)dsy < A;R —0, R— oo

R

From the formula (2.4), at R — 00, € — 0, basing on the information above and considering the
conditions (1.2), we will get

2v

Z/ dsy—|—ZU (z,p)+ C. (2.5)

Jj=1 m=1
J'

Let us consider the values Uy, (x, p), taking into account that p > 0 is an arbitrarily small
0¥ (z,y)
Oony

H dsy, where

number. As U(z,y) is continuously differentiable at y # z, then, |¥(z,y)| and ' are

U (y)
dp

bounded for any y € C;, (p). Therefor, |Uy, (z,p)] < B / U (y)| + +‘

Ch(p)
B > 0 is a certain constant. At realization of the condition (1.4) lir% U, (z,p) =0.
p—

As a result of an assumption, related to the existence of the problem (1.1)—(1.4) solution, the
expression in the right part (2.5), which exists at arbitrary p, will converge to the given U (z),
when p — 0. Taking it into account, we will get
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U@ =Y [ v, + .

or using abridged notation,

U(z) = /\Il(ac7 y)7 (y)dsy + C.
L
Finally, we will get an integral equation (2.2). For this purpose, in (2.1) we will direct a point
x to the point xg € L from a positive or negative side. Taking into account the properties of a
simple layer potential [6], we will get

U (20) = [ Wlanp)r(w)as, +C. (2.6)
L
and the use of boundary conditions (1.2) results in

[ w0 wyr sy = gteo) - C.
L
Thus, the integral equation is obtained and the first part of theorem is proven.

On the contrary, we will suppose that U (z) is given by the right part (2.1), and 7(y) i C
satisfy the system (2.3). Obviously, that U (z) is a solution to (1.1). As boundary values of U (z)
are expressed by a formula (2.6), and 7(y) satisfies the system (2.3), so it is easy to notice that
U™* (z0) = g(zo).

As no restrictions are imposed on a constant C', we will choose it in the way that a condition
(2.3) was performed.

For this purpose we will show 7(y) as 7(y) = 71(y) — C72(y), where 71 (y) i 72(y) are the
solutions of the integral equations

/W@wﬁdwﬁyIﬂ@

L

and

L/W%@ﬁ@ﬂ%=L vel,
L
-1

accordingly. If C = /7‘1 (y)dsy /Tz(y)dsy , then 7(y) satisfies (2.3), which is easy to
L L

check. At the condition of /T(y)dsy = 0 a function 7(y) is limited on infinity. In fact, if =€ L,
L

and ¢ is an arbitrary point on L, then, U (z) = /\II(:E7 y)7(y)dsy + C =

)
1 [ 1 1 X 1 |z — g .
= ﬂ/ln mr(y)dsy + %lnkv—y\/r(y)dsy = %/hl |m_y‘7'(y)dsy + C. Applying

7 )
1 .
a theorem about the middle, we will get such estimation as - ‘/ln :i_z:T(y)dsy < <
)

1 -9 1 -7
o / |T(y)|‘ln li — z: ’ dsy = / |7 (y)] dsy% ‘ln “;7 yy*|| , where y* is some point on L. Then, at
L L

x — oo we will get |z —g| |z —y*|”" — 1, and In ] — 0, that is U(oco) = C. We will also

|z — |

notice that the value / |7(y)| dsy is limited, which is clear from the following considerations.

L
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The realization of condition (1.4) remains to be checked. For this, it is enough to show that
|0U (y)/0p| at y € Ch, (p) and p — 0 is a value of o(p®) order, where o > —1. We will use the
familiar presentation to the Cauchy integral [7]:

dt = v(z1, x2) + tu(z1, x2),

where z := x1 + ix2€L, ¢(t) is the real-valued function limited on L, v(x1,x2) is a potential of
double layer, and u(z1,z2)is a logarithmic potential of simple layer up to constant. It easy to

notice that
B(2) = / 20
211 s (t — z)

On the other hand, taking into account the condition of Cauchy-Riman,

v ou , ou . Ov

—+i— — — i 2.7
8ZE1 + Zal'l (Z) 3:E2 axg ( )
Without loss of generality, we will consider that L is the interval (0,1) of abscise axis of the
Cartesian rectangular system of co-ordinates 0xijzz. We will build the circle of radius p with
the center at the beginning of co-ordinates. The point z of the circle, which does not lie on L,
belongs to the complex plane, that is why it can be shown as

P'(2) =

z =11 +izs = pe'® = p(cos B + isin f),

where [ is an argument, p is a module of a complex number z.
The derivative of logarithmic potential U with respect to p can be calculated by the formula

oU U

ou
aip = a—xlcosﬂqL —— sin 3,

8:5’2

and the Cauchy integral derivative on the circle of radius pin this case looks as

1

_L/

7271'2 - 1,6‘
) (s - pe

Separating real and imaginary parts in the last integral, and taking into account (2.7), we will
get
1
ou 1 5% — 2pscos 8+ p? cos 23

A s)ds,
oz 2w ) (8% + p% — 2ps cos ﬂ)Q #(s)

ou psmﬂ / 5 — pcosﬁ (s)ds.

dzs — 2ps COSﬁ)ZSO

Now formula for the calculation of the derivative U with respect to p can be shown as

1
(22
ou 1 / 2ps — (s* 4 p°) cos 8 (s)ds.

op 2w J (s2 + p2 — 2ps cos 3)°

For estimating this integral after the value order we will use an obvious inequality 2ps < < s%+p?,
which is heed strictly at s # p. Then, we will get

2ps — (5* + p*) cos B < (1 — cos B)(s* + p°),

(1 —cos B)* (s> + p°)? < (s* + p° — 2spcos B)®, 0< < g,



104 L.I. MOCHURAD AND B.A.OSTUDIN

1
oUu 1 ¢(s%) ds 1 X
— < — = - 0 € (0,1).
Op ~2ml—cosB ) s2+p? ° p)’ p—=0 s €(01)
0
Strict realization of the last inequality and a property of monotonicity of exponential function
allows to claim that

%—g =o(p”), a>-1.
Thus, the equivalence of the initial problem (1.1)—(1.4) to the integral equation of the first
kind with a weak singularity in a kernel is proven.
Using the differential setting of the initial problem (1.1)—(1.4), the methodology introduced
above and reasoning from opposite, it is easy to prove the unity of solving the corresponding
integral equation. m|

3. Additive constant theorem
To make more precise of the previous results we will formulate and prove such theorem.

Theorem 3.1 If the initial boundary problem (1.1)-(1.4) owns the Abelian group of symmetry
of finite k-order and the boundary values of potential on the separate sections of the bound take

on arbitrary constant values C1,Cs,...,Ck, |C;| < 400, i =1, k, then the additive constant in
the presentation of the solution (2.1) can be calculated by the following formula
1
C=— Ci.

Proof. Proving of the theorem 2.1 results in the fact that the additive constant in the integral
expression of the solution to the task (1.1)—(1.4) looks as:

—1

C = /7‘1 (y) dsy /7'2 (y) dsy

L L

Here 71 (y) and 72 (y) are the solutions to such integral equations

[nwr@yas, =g, seL (3.1)
/7'2 (Y) ¥ (z,y)dsy =1, xz€L, (3.2)

accordingly. We will remind that g (z) = const on every constituent L, and ¥ (z, y) is a funda-
mental solution to the Laplace equation in R? .

As the initial boundary problem (1.1)—(1.4) owns the Abelian group of symmetry of finite
k-order, then a bound L assumes splitting in congruent constituents L; (i = 1, k), where L :=

k
Y L;,at L, N L; =0 for ¢ # j. Interpreting the sought densities 71 (y) and 72 (y) in accordance
with such splitting L, we will show the integral equations (3.1) and (3.2) as

k

> [ s, =C, sel, j=TF (3.3)
i:ILi,

k —_

> [ @V pds, =1, el i=TF (3.9
i:le_

where 71; (y), 72 (y) is narrowing of 71 (y) and 72 (y) on L;, accordingly.
Carrying out the parameterization of the integral equations (3.3) and (3.4), we will get:
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b;

k
Z 71 ()P [y (), z]da=Cj, xz€L;, j=1,k (3.5)

1=

[

b;

T2i ()P [y (o), x]da=1, ze€L;, j=1,k, (3.6)

Ma-

s
Il
-

where
mi(e) =7y (@], 72(a)=nly(a)], i=1k
P [yi (@), ] := |yi ()| ¥ (yi (@), ),

where yi (a) (ai < o < by, i =1, k) are parametric presentations of L sections, and for notation
of unknown densities the notations from (3.3), (3.4) are preserved. We also assume that vector-
functions y; (o) own a sufficient smoothness. As an operation of superposition of the elements
of the group of symmetry, which are corresponding transformations of congruent constituents L
from the aggregate of {Li}le, is transitive, then at elements o; of this group enumeration we
will consider that L1 = 0;L;, i = 1, k, where o1 is identical transformation. Then, in (3.5), (3.6)
we will do a transfer to a new base:

1 (@) ==71 [61-_1341 (@), mi(a) =1 [&i_lyl (@], a1<a<b, i=1k.

Here, 7, ! are matrices, inverse to the matrices, which, in their turn, are the presentation of the
elements of the group {Ui}le. Thus, "the replacements of variables which are introduced, allow
us to pass from (3.5), (3.6) to such integral equations as

P
Z/r{i (@)@ [6; 'y ()5 67 'y1 (@)] da = Cj, (3.7)

Z/Tm 02 Loy (a); 5;1y1 (07)} da=1, (3.8)

where @ € [a1, b1], j = 1, k. Thus, at this stage of research we get two systems of the integral
equations (3.7) and (3.8), in which the integration is carried out only on a congruent component
L1 of the bound L.

It is convenient to represent the systems (3.7) and (3.8) as such operator equations as

(AGy) (@) = C, (3.9)
(AG2) (@) = 1. (3.10)
Here A := (Aj,-)iizl is a matrix of operators; G1 () = [r1; (a)]le, G2 (0) = [13; (a)}le are
column-functions; C' := (Cq, Oy, ...y C’k)T; I is a unit column. In this connection each of the

operators is calculated by formulas
by
(AjiGY)) (@) := /T{Z ()@ [&i_lyl (a); &j_lyl (@)] dev,
ay
b1
(4568 (@) = / 73 ()@ [57 51 (0); 57 1 (@)] da,
a1
where, G{", Géi) ~ i components (i =1,k) of columns-functions Gi (@), Gz (@), accordingly.
Further, using the theory of characters [4], we will build the matrix of Fourier transformation for
the examined group of k-order which enables to show (3.9) and (3.10) as the split form:

(BpGip) (@) = Cy, (3.11)
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(Bpé%) @ =TI, (3.12)
where p=1, k; a1 <@ < by;

k
@) = Z FpiG§2) (a);  Gop(a

Z F‘mG(l)

k
ai Sagbl; 6}) :ZszCu [ Z piy
and B, are elements of diagonal matrix FAF~

! with F := {sz}p Py
On the basis of the above-mentioned methodology of passage to k independent integral equa-
tions (3.11), (3.12) the sought additive constant can be calculated by such formula

Taking into account the species of Fourier transformation matrix for the group of k-order, it
is easy to notice that

by

CI /G11 / /G21 da )
31

where G11 () and G21 («) are evaluated from such integral equations

(B1Gn) (@) = C, (3.13)
(B1Ga1) (@) =14, (3.14)
accordingly. Here

and

k k
= Z G = Z Ci,
=1 i=1

k
71:ZF1¢-1— , a1 <a<b.
As the initial problem (

1.1)-(1.4) has a unlque solution, there is an operator By
to show the solutions (3.13), (3.14

that allows
yas Gi1 = B 'C1, Ga1 = By 'I,. As C are I, are constants,
by

k
by _ Z C;
C= /(3;161) (a) da / /(3;171) (@)da | = 91 = =

21

that we had to prove.

O
This fact substantially simplifies the algorithm of the numerical solving the task (1.1)—(1.4),
as at calculating 7(y) we can limit our research to only one integral equation of

[ ¥ @ rwas, o, weLs
L

where g;(z) = gi(x) — C, gi(z) = Cs, i = 1, N. Thus, the value of C can be found simply without
additional difficult calculations.
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Remark 3.2 Taking into account the complication of numerical realization of the corresponding
algorithms based on the apparatus of the theory of groups, it is possible to be limited to the
16-order of the group of symmetry. A choice of the group with exactly such maximal order is,
to our opinion, exhaustive from the point of view of presentation of the systems of electrodes,
which are mostly used in the process of the real modeling of cathode-ray devices.

4. Numeral experiments

The problem of finding the electrostatic field of the flat electron-optical system is considered
and shown in the fig. 1. As we can see, the information about geometry of the charged electrodes
is shown as some aggregate of congruent smooth open circuit arcs L1, L2, L3, Ls. The boundary
values of potential g;(z) = C;, i = 1, 4, are the arbitrary known values.

¥ A
L
2
L,
'l 2- L
0 X
...... I,
(S |1=7) S
J?"3

Fig. 1. The investigated flat electron-optical system

The numerical solution of such problem is carried out with the use of methodology, offered
4
in the work [8]. It is taken into account that the boundary L = Y L; owns the Abelian group of

symmetry of eighth order. For verification of authenticity of the results the additive constant C|,
which appears in the integral presentation of the field (2.1), is found numeral, without considering
the results of the theorem 3.1. The approximate solution of integral equations is carried out by
the method of collocation with approximation of the sought density by piecewise-constant base
functions. The improper integrals, which we got, were calculated analytically. For the evident
presentation of the electrostatic field the lines of equal potential and equipotential surfaces are
used.

Example 4.1 In the table 4.1 the value of potential at some points of segment [—5, 5] is shown
with a step A = 0,5 under the anti-symmetric boundary values gi(z) = g3(z) = 1, g2(z) =
ga(x) = —1. The number of points of collocation is n = 100. The general view of solution is
shown by the lines of level (see fig. 2) and equipotential surface (see fig. 3).

Example 4.2 In the table 4.2 the value of potential at some points of segment [—5, 5] is shown
with a step h = 0,5 under the boundary values g1(z) = 1, g2(z) = 10, gs(z) = —1000, gs(x) =
100. The number of points of collocation is n = 100 . The general view of solution is shown by
the lines of level (see fig. 4) and equipotential surface (see fig. 5).

In the table 4.3 the calculated values of the additive constant are shown under the different
boundary values of potential by the methodology which foresees the solution of two auxiliary
integral equations.
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Tabl. 4.1. Results at one point for the example 4.1.
Fig. 3. Equipotential surface for the example 4.1
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Tabl. 4.2. Results at one point for the example 4.2.
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Fig. 5. Equipotential surface for the example 4.2
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Tabl. 4.3. The value of constant C' on the basis of numeral experiments

91(x) | g2(z) | g3(x) | ga(x) c
1 -1 1 -1 0.00
1 10 -1000 100 -222.25
10 20 10 -20 5.00
5 -100 -10 -1000 | -276.25
50 100 500 1000 412.50

The analysis of the recent results shows that the effective formula for the calculation of the

additive constant received in the theorem 3.1 is correct.
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