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THE MIXED DIRICHLET-NEUMANN PROBLEM
FOR THE ELLIPTIC EQUATION OF THE SECOND
ORDER IN DOMAIN WITH THIN INCLUSION

YURIY SYBIL

PE3IOME. Posrisnyro 3mimany 3amaqay lipixme-Hefimana mias emintuaroro
PIBHSIHHSI IPYTOTO TIOPSIAKY B OOMesKeHiit TpuBmMipHiit Jlimmumesiit o6acTi 3
TOHKUM BKJIIOYEHHSIM, sIK€ MOJIEJIIOETHCS PO3IMKHYTOIO TOBEpXHeIo. ['panutma
ymoBa [lipixse 3amana Ha ommiil cTopoHi 1i€l moBepxHi, a ymoBa Heilimana —
Ha immiii. Beemeno dbyHkmioHaanHi TpocTOpM B 06J1aCTi 13 BKIIIOYEHHSIM Ta
oIepaTopu Chaimy Ha po3iMkHyTii Jlinmunesiit moBepxui. /JloBemeHo ekBiBa-
JIEHTHICTH 3amadl y audepeHiaapbaoMy (opMyTIOBaHH] Ta BiAmoBigHol Bapia-
miiteol 3agaui. JIO0C/IiIyKeHO MUTaHHS ICHYBAHHS Ta €IUHOCTI PO3B’ 3Ky TIOC-
TaBJICHOI 3aJadi 3 HEOTHOPITHMMH TIDAHNYHUMH YMOBAaMH Y BiOIOBIZHUX
GbYHKITIOHATBHIX TTPOCTOPAX.

ABSTRACT. We consider Dirichlet-Neumann mixed boundary value problem
for elliptic equation of the second order in three dimensional domain with thin
inclusion which is presented by an open Lipschitz surface. The Dirichlet con-
dition is posed on one side of the surface and the Neumann condition on the
other side. Functional spaces in the domain with inclusion and correspond-
ing trace operators on an open Lipschitz surface are introduced. We prove
the equivalence of initial mixed boundary value problem and connected varia-
tional problem. As a result we obtain existence and uniqueness of solution of
the posed problem with nonhomogeneous boundary conditions in appropriate
functional spaces.

INTRODUCTION

Mixed boundary value problems for the second order elliptic equations in the
case when on one part of closed boundary are given conditions of Dirichlet type
and on another one conditions of Neumann type were considered in [2, 5, 9].
Boundary value problems in domains with thin inclusion as well as crack in solid
bodies have a grate interest in applications. It’s pretty convenient to present
this thin object as an open double sided surface. Then for a mixed boundary
value problem in unregular domain we have the Dirichlet conditions on one side
of the open surface and the Neumann condition on the other one. Such kind of
problems were considered in [3, 7] where the posed problems were reduced to
systems of integral equations over the open boundary.

So far as domain with open surface is essentially unregular we have addi-
tional problems connected with definitions of corresponding trace maps and
appropriate functional spaces [1, 2].

TKey words. Mixed boundary value problem; elliptic operator; variational problem; open
surface.



134 YURIY SYBIL

In present paper we use a variational formulation of the posed mixed bound-
ary value problem which gives us opportunity to obtain the existence and
uniqueness of solution.

1. FUNCTIONAL SPACES AND TRACE OPERATORS

Let Q; C R3 be a bounded connected Lipschitz domain. This means that
its boundary ¥ is locally the graph of a Lipschitz function [1, 2]. Let us note
that X can be piecewise smooth and have edges and corners. Q2 = Q, UX.
We suppose that S is an open Lipschitz surface bounded by closed curve T,
S=8SUT and S C Q. We denote Q = Q. \ S and consider S as a part of a
some closed bounded Lipschitz surface ¥g = S U Sy, g C Q4.

Since > and S are the Lipschitz surfaces almost everywhere we can define
outward pointing vector of the normal 7i,, € X, and depend on the direction
of My, x € S, we consider S as a double sided surface with sides S, and S_.

In Q4 we consider the elliptic operator of the second order

0 ou
Lu=— Z 873}1 (azjaxj> + apu,

and connected bilinear form

3
ov Ou
a(u,v) = /Q{Z aija—xia—xj + apuv}dx.

,j=1

Here a;j,ap € C1(Q4) are real functions which satisfy the following condi-
tions for z € {4

3 3
ZaijtithClzt?, tiER,i:m,Cl>0, ao(l‘)262>0.
ij=1 i=1
We use the Hilbert spaces H'(Q,) and H'(Q,, L) of real functions with
norms and inner products

|’U’§{1(Q+):/ﬂ {]Vu\Q—i-uQ}dx, (u,U)Hl(Q+):A2 {(Vu, Vo) + uv} dz,
+ +

Il oy = lulli@p) + 1 2ulZy@,),
(u,v) gy ,) = (W 0) g1(ay) + (Lu, L)y,

The following trace operators 78“72 . H'(Qy) — HY2(X) and
’yiz . HY(Q,,L) — H Y2(%) are continuous and surjective [1, 4]. Here
'yffzu € H'/?(X) and coincides with 887“70 for u € CY(Qy) where % =
Zij:l Cos(ﬁx,@)ai]’% is a conormal derivative, cos(7i,,x;) are the coordi-
nates of the almost everywhere defined outward pointing vector of the normal
e to 2.

Let us denote by C§°(£2) the class of infinitely differentiable functions with
compact support in Q. We introduce the Hilbert spaces H!(Q) and H'({, L)
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of real functions with norms

2 2 2
lullz 0,0y = Il @) + 1Eullz, @)
where derivatives g—; € Ly(9) are defined as

(@5:¢) e =~ (var)
—,p =— [ uz—dr=—|u,

for all p € CF°(Q).
We consider some trace maps in 2. We denote 73?5 and ’st the restrictions

of trace maps ’Yéf s, and ’}/f s, on S respectively [6]. Then we have
'VOi’S : Hl(Q) — H1/2(S) and ’yli,S . Hl(Q,L) R H_l/z(S)_

HY(@) = {ue HY(Q) i yigu=0, afgu=0}, H(@)=(H}®).

We also have that H{(Q) is a closure of C§°(€2) in the norm (1).

In what follows we use the next trace maps: [yo,s] = f)/(—]":S — Yo.50 [1,8] =
’yffs —71.5- As it was shown in [6, 7] [yo,s] : HY(Q) — HSéQ(S) and [y1,5] :
HY(Q, L) — Hy,'?(S), where HY*(S) = {g € HY2(S) : pog € HYV?(Sy)}.
Here pog is extension by zero of the function g on Sp. The norm in HSéZ(S)

is given as lgl,0/205) = P09l 2y Hon'*(S) = (HYA(S)Y, HTV2(S) =

1/2
(Hs*(S))'
Let us denote HL(Q) = {u € HY(Q) : Yosu = 0} Ifue HL(Q) then
1/2
s € Hog” () 18]
In [6] we obtained the first Green’s formula for domain with an open surface

which in presented case for u € H'(2, L) and v € H(Q) has the following
form:

a(u,v) = (Lu,v) Ly@) + (Vg1 0,510) + (71,514, 79 510) + (gu 15 50)- (2)

Here (-, ) are relations of duality between H&O/Q(S) and H-/2(S), HY/?(S) and
H&)l/Q(S), HY?(2) and H~Y2(X) respectively.

We assume that € is a Lipschitz domain bounded by the closed surface Xg.
Q1 =01 U, Q2 =04 \ Q1. We denote by u; the restriction of u € H(£2) to
Q;, i =1,2. It’s obviously that u; € H'(Q;), i =1,2.

In (|8], Lemma 5) we obtained the next proposition.

(S

Lemma 1. Letu € H'(Q). Then the norm (1) can be presented in the following
form:
2 2 2
lullg @) =l ) + vzl g,
and this norm doesn’t depend on the choice of Sp.

Lemma 2. The operator vo,5 = (7&2,735) D HY(Q) — HY2(D) x HS(P(S) is

continuous and surjective.
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Proof. Let g € H/2(X), go € H&é2(5’) are arbitrary functions. We denote by
Go € HY?(%y) the extension gg by zero on Sy. Operator 'y(TEO : HY(Q) —
H'2(%) is continuous and surjective [1]. Thus we have function u; € H'(€;)
with trace meaning ’yJZoul = gop and

1901l 1/2550) = 90l 172 ) < erlluallpp - (3)

Analogously there exists ug € H'(22) that Yox,u2 =0, Yo su2 = g and

19l 125y < calluzll g ay)- (4)
As a result we obtained the function u € Ly(£2) with restrictions u; € H'(Q;)
to Q;, i = 1,2. Then [y,5,]u = V(T,Soul — Yo.5,u2 = 0 and by ([8], Lemma 4)
we have u € H*(Q). Since Yo, = 0 it follows that u € HL(Q).
In order to prove continuity of the trace map 7o, we consider function u €
HL() with 7 yu =g € HY2(S) and v gu = go € Hy) (S).
Then from (3), (4) and Lemma 1 we obtain

gl a2y + lgoll a2 sy < erllunll o,y + e2lluzllin oy < cllull i o)-

Here c, c1, ¢ are some positive constants. [l

2. MIXED BOUNDARY VALUE PROBLEM AND
IT’S VARIATIONAL FORMULATION

Let us state a Dirichlet-Neumann mixed boundary value problem in domain
Q

Problem M. Find a function v € H'(Q, L) that satisfies
Lu=h, ysu=g9, "geu=1/f rigu=-z

Here h € Ly(Q), g € HY2(S), f € H-Y/2(S), = € H~Y/2(X) are given functions.
A partial case of the problem M when g = 0 we denote as problem M.
With problem Mj it’s closely connected the following variational problem.
Problem V Mj. Find a function u € H() that satisfies

a(u,v) = 1(v) (5)

for every v € H(Q).
Here

1(v) = (h,v) 1,00 + (f. 70,60 + (2,70 50), (6)
h e Ly(Q), f € H'/2(S), = € HY/2(X) are given functions.

Lemma 3. Bilinear form a(u,v) : HL(Q) x HY(Q) — R is continuous and
HL()-elliptic.

Proof. Since HL(S2) is a subspace of H'(£) this lemma is a corollary of ([8],
Lemma 7). O

Theorem 1. Problems My and V My are equivalent.
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Proof. Let u € HL(Q2) be a solution of problem M. Then from the first Green’s
formula (1) for any v € H(2) we have

CL(U,’U) = (h’uv)Lg(Q) =+ <f7 ’Y({SU> + <277J2>‘

Thus w is a solution of problem V Mj.

Let now u € HL(Q) be a solution of problem V Mj. Since H{ () is a subspace
of HL(Q) for any v € Hj(2) from (5) we obtain

a(ua U) = (ha U)LQ(Q)'

But as it was shown in [6, 8] for any u € HY(Q) and v € H}(Q) we have
a(u,v) = (Lu,v), where (-, -) is relations of duality between H}(2) and H~(Q).
Thus (Lu,v) = (h,v) or (Lu — h,v) = 0 for any v € H}(Q). It means that
Lu = h. So far as f € La(Q) we get u € H(Q, L).

In Lemma 2 we showed that the trace operator 9,5 = (WSCE, '76:5) tHY(Q) —

HY?(%) x H&f(S) is surjective. Using (2), (5) and Lu = h we have
(Mgt = Frgs0) + (O gu — 2,70 gv) = 0

which is valid for an arbitrary v € HL(2). Thus 7 qu = f and v gu = 2. It
gives us that u is a solution of problem Mj. (]

Theorem 2. Problem VMg has a unique solution for arbitrary h € La(Q),
fe HYS), z€ HY2(D).

Proof. Lemma 3 gives us that the bilinear form a(u,v) : H§(Q) x H{(Q) — R
is continuous and H()-elliptic. Let’s show that the functional [ : H&(2) — R
given by (6) is continuous. If v € HL(€2) then using Lemma 2 we have:

)1 < Wl gy 91l gy + 1 ir-17205) 0 500 gz s+

2l zr-17205) 0 50 g1 2 5y < WPHa @) 100y + el =172y 10l )+

call2llg-1r2gmy ol o) < ellvllag),

where c, c1, co some positive constants which do not depend on v. Then by the
Lax-Milgram Lemma we obtain what was to be proved. (]

Corollary 4. Problem My has a unique solution for arbitrary h € La(Q),
fe HYS), € HY2(D).

Lemma 4. For every g € HY2(S) there exists function w € H'(Q, L) that
Yo,5W = 9-

Proof. From [8] it follows that for every g € H'/?(S) there exists u; € H(Q)
and Luy =0, 75 gu1 = g. Analogously for any he € Ly(£2) we have a function

Uy € Hl(Q) that Lus = hs and 7, guz = 0. Thus we obtain a class of function
w = uy + up that w € H'(Q, L) and 7, gw = g. O
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Now we consider problem M which differs from problem My only by non-
homogeneous boundary condition on S_. Lemma 4 gives us the function
w € HY(Q,L) which satisfies boundary condition Yo.sw = g. Let the func-
tion u; be a solution of problem Mjy:

Luy = hy, g gu1 =0, ’Yffsul = f1, ’Yffgul = 21,

where hy = h — Lw, f1 = f — ’yfsw, 71 = 2z — 'yfzw. Then the function
u = u1 + w is a solution of problem M. The preceding considerations imply
the following assertion.

Theorem 3. Problem M has a unique solution for arbitrary h € La(R2), g €
HY2(S), f e HV%(S), € HY2(%).
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