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THE MIXED DIRICHLET-NEUMANN PROBLEM
FOR THE ELLIPTIC EQUATION OF THE SECOND

ORDER IN DOMAIN WITH THIN INCLUSION

Yuriy Sybil

Ðåçþìå. Ðîçãëÿíóòî çìiøàíó çàäà÷ó Äiðiõëå-Íåéìàíà äëÿ åëiïòè÷íîãî
ðiâíÿííÿ äðóãîãî ïîðÿäêó â îáìåæåíié òðèâèìiðíié Ëiïøèöåâié îáëàñòi ç
òîíêèì âêëþ÷åííÿì, ÿêå ìîäåëþ¹òüñÿ ðîçiìêíóòîþ ïîâåðõíåþ. Ãðàíè÷íà
óìîâà Äiðiõëå çàäàíà íà îäíié ñòîðîíi öi¹¨ ïîâåðõíi, à óìîâà Íåéìàíà �
íà iíøié. Ââåäåíî ôóíêöiîíàëüíi ïðîñòîðè â îáëàñòi iç âêëþ÷åííÿì òà
îïåðàòîðè ñëiäó íà ðîçiìêíóòié Ëiïøèöåâié ïîâåðõíi. Äîâåäåíî åêâiâà-
ëåíòíiñòü çàäà÷i ó äèôåðåíöiàëüíîìó ôîðìóëþâàííi òà âiäïîâiäíî¨ âàðià-
öiéíî¨ çàäà÷i. Äîñëiäæåíî ïèòàííÿ iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó ïîñ-
òàâëåíî¨ çàäà÷i ç íåîäíîðiäíèìè ãðàíè÷íèìè óìîâàìè ó âiäïîâiäíèõ
ôóíêöiîíàëüíèõ ïðîñòîðàõ.
Abstract. We consider Dirichlet-Neumann mixed boundary value problem
for elliptic equation of the second order in three dimensional domain with thin
inclusion which is presented by an open Lipschitz surface. The Dirichlet con-
dition is posed on one side of the surface and the Neumann condition on the
other side. Functional spaces in the domain with inclusion and correspond-
ing trace operators on an open Lipschitz surface are introduced. We prove
the equivalence of initial mixed boundary value problem and connected varia-
tional problem. As a result we obtain existence and uniqueness of solution of
the posed problem with nonhomogeneous boundary conditions in appropriate
functional spaces.

Introduction
Mixed boundary value problems for the second order elliptic equations in the

case when on one part of closed boundary are given conditions of Dirichlet type
and on another one conditions of Neumann type were considered in [2, 5, 9].
Boundary value problems in domains with thin inclusion as well as crack in solid
bodies have a grate interest in applications. It's pretty convenient to present
this thin object as an open double sided surface. Then for a mixed boundary
value problem in unregular domain we have the Dirichlet conditions on one side
of the open surface and the Neumann condition on the other one. Such kind of
problems were considered in [3, 7] where the posed problems were reduced to
systems of integral equations over the open boundary.

So far as domain with open surface is essentially unregular we have addi-
tional problems connected with de�nitions of corresponding trace maps and
appropriate functional spaces [1, 2].

†Key words. Mixed boundary value problem; elliptic operator; variational problem; open
surface.
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In present paper we use a variational formulation of the posed mixed bound-
ary value problem which gives us opportunity to obtain the existence and
uniqueness of solution.

1. Functional spaces and trace operators
Let Ω+ ⊂ R3 be a bounded connected Lipschitz domain. This means that

its boundary Σ is locally the graph of a Lipschitz function [1, 2]. Let us note
that Σ can be piecewise smooth and have edges and corners. Ω+ = Ω+ ∪ Σ.
We suppose that S is an open Lipschitz surface bounded by closed curve Γ,
S = S ∪ Γ and S ⊂ Ω+. We denote Ω = Ω+ \ S and consider S as a part of a
some closed bounded Lipschitz surface Σ0 = S ∪ S0, Σ0 ⊂ Ω+.

Since Σ and S are the Lipschitz surfaces almost everywhere we can de�ne
outward pointing vector of the normal ~nx, x ∈ Σ, and depend on the direction
of ~nx, x ∈ S, we consider S as a double sided surface with sides S+ and S−.

In Ω+ we consider the elliptic operator of the second order

Lu = −
3∑

i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
+ a0u,

and connected bilinear form

a(u, v) =
∫

Ω
{

3∑

i,j=1

aij
∂v

∂xi

∂u

∂xj
+ a0uv}dx.

Here aij , a0 ∈ C1(Ω+) are real functions which satisfy the following condi-
tions for x ∈ Ω+:

3∑

i,j=1

aijtitj ≥ c1

3∑

i=1

t2i , ti ∈ R, i = 1, 3 , c1 > 0, a0(x) ≥ c2 > 0.

We use the Hilbert spaces H1(Ω+) and H1(Ω+, L) of real functions with
norms and inner products

‖u‖2
H1(Ω+) =

∫

Ω+

{|∇u|2 + u2
}

dx, (u, v)H1(Ω+) =
∫

Ω+

{(∇u,∇v) + uv} dx,

‖u‖2
H1(Ω+,L) = ‖u‖2

H1(Ω+) + ‖Lu‖2
L2(Ω+),

(u, v)H1(Ω+,L) = (u, v)H1(Ω+) + (Lu,Lv)L2(Ω+).

The following trace operators γ+
0,Σ : H1(Ω+) → H1/2(Σ) and

γ+
1,Σ : H1(Ω+, L) → H−1/2(Σ) are continuous and surjective [1, 4]. Here

γ+
1,Σu ∈ H−1/2(Σ) and coincides with ∂u

∂nx
for u ∈ C1(Ω+) where ∂

∂nx
=∑3

i,j=1 cos(~nx, ~xi)aij
∂

∂xj
is a conormal derivative, cos(~nx, xi) are the coordi-

nates of the almost everywhere de�ned outward pointing vector of the normal
~nx to Σ.

Let us denote by C∞
0 (Ω) the class of in�nitely di�erentiable functions with

compact support in Ω. We introduce the Hilbert spaces H1(Ω) and H1(Ω, L)
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of real functions with norms

‖u‖2
H1(Ω) =

∫

Ω

{|∇u|2 + u2
}

dx, (1)

‖u‖2
H1(Ω,L) = ‖u‖2

H1(Ω) + ‖Lu‖2
L2(Ω),

where derivatives ∂u
∂xi

∈ L2(Ω) are de�ned as
(

∂u

∂xi
, ϕ

)

L2(Ω)

= −
∫

Ω
u

∂ϕ

∂xi
dx = −

(
u,

∂ϕ

∂xi

)

L2(Ω)

for all ϕ ∈ C∞
0 (Ω).

We consider some trace maps in Ω. We denote γ±0,S and γ±1,S the restrictions
of trace maps γ±0,Σ0

and γ±1,Σ0
on S respectively [6]. Then we have

γ±0,S : H1(Ω) → H1/2(S) and γ±1,S : H1(Ω, L) → H−1/2(S).

H1
0 (Ω) =

{
u ∈ H1(Ω) : γ±0,Su = 0, γ+

0,Σu = 0
}

, H−1(Ω) = (H1
0 (Ω))′.

We also have that H1
0 (Ω) is a closure of C∞

0 (Ω) in the norm (1).
In what follows we use the next trace maps: [γ0,S ] = γ+

0,S − γ−0,S , [γ1,S ] =

γ+
1,S − γ−1,S . As it was shown in [6, 7] [γ0,S ] : H1(Ω) → H

1/2
00 (S) and [γ1,S ] :

H1(Ω, L) → H
−1/2
00 (S), where H

1/2
00 (S) = {g ∈ H1/2(S) : p0g ∈ H1/2(Σ0)}.

Here p0g is extension by zero of the function g on S0. The norm in H
1/2
00 (S)

is given as ‖g‖
H

1/2
00 (S)

= ‖p0g‖H1/2(Σ0). H
−1/2
00 (S) = (H1/2(S))′, H−1/2(S) =

(H1/2
00 (S))′.
Let us denote H1

S(Ω) = {u ∈ H1(Ω) : γ−0,Su = 0}. If u ∈ H1
S(Ω) then

γ+
0,Su ∈ H

1/2
00 (S) [8].

In [6] we obtained the �rst Green's formula for domain with an open surface
which in presented case for u ∈ H1(Ω, L) and v ∈ H1(Ω) has the following
form:
a(u, v) = (Lu, v)L2(Ω) + 〈γ+

1,Su, [γ0,S ]v〉+ 〈[γ1,S ]u, γ−0,S ]v〉+ 〈γ+
1,Σu, γ+

0,Σv〉. (2)

Here 〈·, ·〉 are relations of duality between H
1/2
00 (S) and H−1/2(S), H1/2(S) and

H
−1/2
00 (S), H1/2(Σ) and H−1/2(Σ) respectively.
We assume that Ω1 is a Lipschitz domain bounded by the closed surface Σ0.

Ω1 = Ω1 ∪Σ0, Ω2 = Ω+ \Ω1. We denote by ui the restriction of u ∈ H1(Ω) to
Ωi, i = 1, 2. It's obviously that ui ∈ H1(Ωi), i = 1, 2.

In ([8], Lemma 5) we obtained the next proposition.
Lemma 1. Let u ∈ H1(Ω). Then the norm (1) can be presented in the following
form:

‖u‖2
H1(Ω) = ‖u1‖2

H1(Ω1) + ‖u2‖2
H1(Ω2)

and this norm doesn't depend on the choice of S0.

Lemma 2. The operator γ0,S = (γ+
0,Σ, γ+

0,S) : H1
S(Ω) → H1/2(Σ) ×H

1/2
00 (S) is

continuous and surjective.
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Proof. Let g ∈ H1/2(Σ), g0 ∈ H
1/2
00 (S) are arbitrary functions. We denote by

g̃0 ∈ H1/2(Σ0) the extension g0 by zero on S0. Operator γ+
0,Σ0

: H1(Ω1) →
H1/2(Σ0) is continuous and surjective [1]. Thus we have function u1 ∈ H1(Ω1)
with trace meaning γ+

0,Σ0
u1 = g̃0 and

‖g̃0‖H1/2(Σ0) = ‖g0‖H
1/2
00 (S)

≤ c1‖u1‖H1(Ω1). (3)

Analogously there exists u2 ∈ H1(Ω2) that γ−0,Σ0
u2 = 0, γ+

0,Σu2 = g and

‖g‖H1/2(Σ) ≤ c2‖u2‖H1(Ω2). (4)

As a result we obtained the function u ∈ L2(Ω) with restrictions ui ∈ H1(Ωi)
to Ωi, i = 1, 2. Then [γ0,S0 ]u = γ+

0,S0
u1 − γ−0,S0

u2 = 0 and by ([8], Lemma 4)
we have u ∈ H1(Ω). Since γ−0,Su = 0 it follows that u ∈ H1

S(Ω).
In order to prove continuity of the trace map γ0,S we consider function u ∈

H1
S(Ω) with γ+

0,Σu = g ∈ H1/2(Σ) and γ+
0,Su = g0 ∈ H

1/2
00 (S).

Then from (3), (4) and Lemma 1 we obtain
‖g‖H1/2(Σ) + ‖g0‖H

1/2
00 (S)

≤ c1‖u1‖H1(Ω1) + c2‖u2‖H1(Ω2) ≤ c‖u‖H1(Ω).

Here c, c1, c2 are some positive constants. ¤

2. Mixed boundary value problem and
it's variational formulation

Let us state a Dirichlet-Neumann mixed boundary value problem in domain
Ω.
Problem M . Find a function u ∈ H1(Ω, L) that satis�es

Lu = h, γ−0,Su = g, γ+
1,Su = f, γ+

1,Σu = z.

Here h ∈ L2(Ω), g ∈ H1/2(S), f ∈ H−1/2(S), z ∈ H−1/2(Σ) are given functions.
A partial case of the problem M when g = 0 we denote as problem M0.
With problem M0 it's closely connected the following variational problem.
Problem V M0. Find a function u ∈ H1

S(Ω) that satis�es
a(u, v) = l(v) (5)

for every v ∈ H1
S(Ω).

Here
l(v) = (h, v)L2(Ω) + 〈f, γ+

0,Sv〉+ 〈z, γ+
0,Σv〉, (6)

h ∈ L2(Ω), f ∈ H−1/2(S), z ∈ H−1/2(Σ) are given functions.
Lemma 3. Bilinear form a(u, v) : H1

S(Ω) × H1
S(Ω) → R is continuous and

H1
S(Ω)-elliptic.

Proof. Since H1
S(Ω) is a subspace of H1(Ω) this lemma is a corollary of ([8],

Lemma 7). ¤

Theorem 1. Problems M0 and V M0 are equivalent.
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Proof. Let u ∈ H1
S(Ω) be a solution of problem M0. Then from the �rst Green's

formula (1) for any v ∈ H1
S(Ω) we have

a(u, v) = (h, v)L2(Ω) + 〈f, γ+
0,Sv〉+ 〈z, γ+

0,Σ〉.
Thus u is a solution of problem V M0.

Let now u ∈ H1
S(Ω) be a solution of problem V M0. Since H1

0 (Ω) is a subspace
of H1

S(Ω) for any v ∈ H1
0 (Ω) from (5) we obtain

a(u, v) = (h, v)L2(Ω).

But as it was shown in [6, 8] for any u ∈ H1(Ω) and v ∈ H1
0 (Ω) we have

a(u, v) = 〈Lu, v〉, where 〈·, ·〉 is relations of duality between H1
0 (Ω) and H−1(Ω).

Thus 〈Lu, v〉 = 〈h, v〉 or 〈Lu − h, v〉 = 0 for any v ∈ H1
0 (Ω). It means that

Lu = h. So far as f ∈ L2(Ω) we get u ∈ H1(Ω, L).
In Lemma 2 we showed that the trace operator γ0,S = (γ+

0,Σ, γ+
0,S) : H1

S(Ω) →
H1/2(Σ)×H

1/2
00 (S) is surjective. Using (2), (5) and Lu = h we have

〈γ+
1,Su− f, γ+

0,Sv〉+ 〈γ+
1,Σu− z, γ+

0,Σv〉 = 0

which is valid for an arbitrary v ∈ H1
S(Ω). Thus γ+

1,Su = f and γ+
1,Σu = z. It

gives us that u is a solution of problem M0. ¤

Theorem 2. Problem V M0 has a unique solution for arbitrary h ∈ L2(Ω),
f ∈ H−1/2(S), z ∈ H−1/2(Σ).

Proof. Lemma 3 gives us that the bilinear form a(u, v) : H1
S(Ω)×H1

S(Ω) → R
is continuous and H1

S(Ω)-elliptic. Let's show that the functional l : H1
S(Ω) → R

given by (6) is continuous. If v ∈ H1
S(Ω) then using Lemma 2 we have:

|l(v)| ≤ ‖h‖L2(Ω)‖v‖L2(Ω) + ‖f‖H−1/2(S)‖γ+
0,Sv‖

H
1/2
00 (S)

+

‖z‖H−1/2(Σ)‖γ+
0,Σv‖

H1/2(Σ)
≤ ‖h‖L2(Ω)‖v‖H1(Ω) + c1‖f‖H−1/2(S)‖v‖H1(Ω)+

c2‖z‖H−1/2(Σ)‖v‖H1(Ω) ≤ c‖v‖H1(Ω),

where c, c1, c2 some positive constants which do not depend on v. Then by the
Lax-Milgram Lemma we obtain what was to be proved. ¤

Corollary 4. Problem M0 has a unique solution for arbitrary h ∈ L2(Ω),
f ∈ H−1/2(S), z ∈ H−1/2(Σ).

Lemma 4. For every g ∈ H1/2(S) there exists function w ∈ H1(Ω, L) that
γ−0,Sw = g.

Proof. From [8] it follows that for every g ∈ H1/2(S) there exists u1 ∈ H1(Ω)
and Lu1 = 0, γ−0,Su1 = g. Analogously for any h2 ∈ L2(Ω) we have a function
u2 ∈ H1(Ω) that Lu2 = h2 and γ−0,Su2 = 0. Thus we obtain a class of function
w = u1 + u2 that w ∈ H1(Ω, L) and γ−0,Sw = g. ¤
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Now we consider problem M which di�ers from problem M0 only by non-
homogeneous boundary condition on S−. Lemma 4 gives us the function
w ∈ H1(Ω, L) which satis�es boundary condition γ−0,Sw = g. Let the func-
tion u1 be a solution of problem M0:

Lu1 = h1, γ−0,Su1 = 0, γ+
1,Su1 = f1, γ+

1,Σu1 = z1,

where h1 = h − Lw, f1 = f − γ+
1,Sw, z1 = z − γ+

1,Σw. Then the function
u = u1 + w is a solution of problem M . The preceding considerations imply
the following assertion.
Theorem 3. Problem M has a unique solution for arbitrary h ∈ L2(Ω), g ∈
H1/2(S), f ∈ H−1/2(S), z ∈ H−1/2(Σ).
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