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THREE-POINT DIFFERENCE SCHEMES OF
HIGH-ORDER ACCURACY FOR SECOND-ORDER
NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS
WITH BOUNDARY CONDITIONS OF THIRD KIND

MARTA KROL, MYROSLAV KUTNIV

PE3OME. [ mHeninifiHUX 3BHYaiHUX IudepeHIaJ bHIX PIBHAHBb APYTOro
MOPAAKY 3 MOXiTHOIO B IIPaBiil YaCTUHI Ta KPAUOBUMH YMOBAMU TPETHOTO POIY
100y/10BaHO Ta 0OI'PYHTOBAHO TPUTOYKOBI PI3HUIEBI CXEMH BUCOKOTO IOPSIKY
TOYHOCTL HA HepiBHOMIipHIiH citri. [IoOymoBaHO Tak0XK AMPOKCHMAIIIIO TOTOKY
KpaitoBoi 33129l y By3j1ax citku. [[jist 00UNCIeHHs O3B’ 3Ky PI3HUIIEBUX CXEM
BUKODHUCTOBYIOTbCA iTepamiiiHi MeTonu. /JloBeneHO iCHyBaHHA Ta €IUHICTH
PO3B’A3KY IIUX CXeM, BCTAHOBJIEHO OIIHKY TOYHOCTL. EdeKTUBHICTS TPUTOUIKO-
BUX DI3HHIIEBUX CXeM IIOCTOTO MOPSIKY TOYHOCTI IPOLTIOCTPOBAHA Ha IMPUK-
JTaZax.

ABsTRACT. Three-point difference schemes of hight-order accuracy on a non-
equidistant grid for the second-order nonlinear ordinary differential equations
with derivative in the right-hand side and boundary conditions of the third
kind is constructed and justified. We also construct an approximation of
flow for boundary value problem at grid nodes. Iterative methods were used
to compute the solution of difference schemes. We prove the existence and
uniqueness of the solution of this schemes and determine the order of accuracy.
The efficiency of a three-point difference schemes of sixth-order accuracy is
illustrated by an examples.

1. INTRODUCTION
An approach for construction of exact three-point difference scheme (ETDS)
and three-point difference schemes (TDS) of high-order accuracy on a equidis-
tant grid for the nonlinear problems of the form

i [HO%| = f@w, se @D w0 =, wb) =

was suggested in [8, 7|. These results on a non-equidistant grid were generalized
and developed in [6] and for monotone boundary value problems in [5, 1].

In the present paper the effective algorithmic implementation ETDS, pro-
posed in [9], was developed via the truncated TDS for a nonlinear ODEs

% [’“(:”)ZZ] _ (mu le e (0,1), (1)

Key words. Nonlinear ordinary differential equations, boundary conditions of third kind,
exact three-point difference schemes, three-point difference schemes of hight-order accuracy,
iterative methods.
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with a boundary conditions

dzg’) ~ Bru(0) = —pu, —k(l)dzg) = Bou(l) =~y (2)

where k(x), f (z,u,§) are given functions, a (1, B2, 1, 42 are given numbers.
To find the coefficients and right-hand side of TDS at each node’s z;,7 =
1,2,..., N —1 of the non-equidistance grid we need to solve two auxiliary initial
value problems for nonlinear ODEs and two initial value problems for linear
ODEs on the intervals [x;_1, z;] (forward) and [z}, z41] (backward). Moreover,
to find right-hand sides difference boundary conditions we need to solve initial
value problems for nonlinear and linear ODEs on the intervals [z, z1] (forward)
and [zny_1,2zn] (backward). These initial value problems can be solved by
executing only one step with an arbitrary one-step method order of accuracy
m = 2[(m+1)/2] (m is a given the positive integer, [-] denotes the entire part
of the number in this brackets). As a result the implementations ETDS which
received from truncated TDS of rank m, for which it is proved that it has
an order of accuracy m. Constructed approaching flow k(z)du/dx at the grid
nodes, the order of accuracy of which is the same as the solution, that is of m.

k(0)

2. EXISTENCE AND UNIQUENESS OF THE SOLUTION
Sufficient conditions for the existence and uniqueness of weak solutions of
the problem (1), (2) are given by following statement.

Theorem 1. Let the following assumptions be satisfied
0<ec <k(x)<cy Vrel01], k(z)eQ'o,1], (3)
fue(@) = £ (,0,6) € QU0 1] Vu,€ € RY,
fr(u,€) = f(z,u,€) € C(R?) Yz €[0,1],
|f (2,1, €) = fo(2)| < c(lul)lg(@) +[€]] Vo€ [0,1], u,& € R, (5)
[f (2,0, 8) = f (@, 0,m)] (u—v) <0 Vze[0,1], u,v,&ne R, (6)

Bl > Oa BZ > 0. (7)
Then  the problem (1),(2) has a unique solution wu(z) € W3(0,1), with

du
k(z) — € C|0,1].
u(@), (z) 5+ € C0,1]
Here c(t) is a continuous function, fo(z) € L2(0,1), g(x) € L1(0,1), ¢s, ca, c3
are some real constants, Q”[0, 1] is the class of functions having p piece-wise

continuous derivatives and a finite number of discontinuity points of first kind.
The proof can be found in [9].

3. ALGORITHMIC IMPLEMENTATION OF THE EXACT
THREE-POINT DIFFERENCE SCHEMES
On the interval (0, 1) we introduce the non-equidistant grid

(Dh:{xjé(o,l), j=12 . .N—-1, hj:$j_$jfl >0, hy + ha+ ...+ hy}

such the discontinuity points of functions k(z), f (z,u,&) coincide with the
nodes of the grid wy. Denote by p the set of all discontinuity points and assume

44



THREE-POINT DIFFERENCE SCHEMES OF HIGH-ORDER ACCURACY ...

that IV in such that p C @p. At discontinuity points the solution of problem
(1),(2) should satisfy the continuity conditions

d d
u(z; —0) = u(x; +0), k:(x)d—z = k:(x)% V; € p.
—0 r=x;+0

T=x;

For problem (1),(2) in paper [9] is constructed ETDS of the form

(auz)z; = —p(xj,u), j=1,2,..,N—1, (8)
7 (a1uz,0 — Bruo) = —p(xo, u),
! (9)
7 (anuz N + Poun) = —p(TN,u),
N
where
Y T Ui o Wi T Uy _ Uit T Uy
Uzg,j h] y  Ugj hj y  Ugj hj+1 ,
1 -t hi+h
a(z;) = [th(%)} , hj=- +2 L hg=0,5m, hy =0,5hy,
j
zj
plajon) = V@) [ WO (5, 5) dé+
Tj—1
Tj+1
HViept [ Vs (s, f) de,
z;

(oo, = BV ™ [ V31 (s, g) aé + iy,

o) = ¥ el [ VO (6 ) de e
o ta T a
vmm-l ot v2<x>—x/k(t).

First of all, take into account, that since

1ot / Vi (£u(6). 5 ) de -

Tit(-n

= (—D)*VI () ZL(xj,u) + Y (x5, u) — wjj(_1)a,
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where Y (z,u), Zi(z,u),j =2 —a, 3—a,..N+1—a, a = 1,2 are the
solutions of the initial value problems

dYOZ(x,u) _ Zgl(a:,u) dZZY(x,u) . (x,YO{(a:,u), Z&(x,u)) 7

dx k(z) dzx k()
Tj-240 < T < Tj—lta (10)

) . du
Yi(Tjqp(—1)es ) = Ujp(—1ye,  Zo(Tjp—1ye,u) = k(z )d:r

Y
T=T ) (~1)a

and VI (z) = (=1)*"1V{ () are the solutions of the initial value problems
dvi(z) 1
dr k()
Vi(Tjp(—1)e) =0, j=2-a,3-a,..N+1l-a, a=12

Obviously, the right-hand side of the ETDS can be written as

Tj—24+a < T < Tj-14a; (11)

(o) = L3 0 [ Zia + (e s |
Tj,u) = — - T (zj,u - , ,
¥ J h] —~ J Vdj (Z'])
(0 0) = - [ 28 (o, u) + 2@ U1 (13)
To,U) = — R
©\Zo, hO 2 05 ‘/QO(LUO) M1,
1 YN($N u) —UN_1 :|
u) = — |—ZN (zn, 1 ’ + izl - 14
o) = oo | =2 o) 4 T 1y
Therefore, to construct the ETDS (8), (9), (12)-(14) for j = 2 — a,3 —
a,...,N +1 — « it is necessary to solve initial value problems (10), (1 ) in the
forward direction (o = 1), and in the backward direction (o = 2). We will

solve then numerically by using one-step methods:

Yogm)j(.fU], u) = Uj+(_1)a + ( )a+1hj 14+a X

du o
x @, (xj+(1)a,uj+(1)a, <kd$> o (1) hy,i 1+a> ,  (15)
] — «

. d
24 (25, u) = (k “) O
10(

dzr

du o

X g <1‘j+(1)%uj+(1)a> <kd> ,(=1) i hj— 1+a> ) (16)
T/ (-1

V(m)J( _( )a+1h’j l+aq)3( j+(—1)a,0,( )a+1h] 1+a) (17)

o (@)
where @4 (xz,u,v, h), P (x,u,v,h), P (z,u,h) are increment functions,

(), -w
dx (1) dx

Z{mi (xj,u) approximates the values Zg[(mj, u) with an order of accuracy m,

)
T=Tj+ (-

Ya(m)](xj,u) and Vém)j(xj) approximate Yoz(xj,u) and Vg(mj), respectively,
with accuracy order m.
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If k(xz) and the right-hand side of the differential equation f(x,u,§) are
differentiated a sufficient number of times, then there exist expansions

Yo{ (Ij7 U) :Yogm” (xjv u)+
+ [(—1)a+1hj—1+a]m+1¢g¢(xj+(—1)a7u) + O(h;”ﬁra) (18)
Z3(wj,u) =Z5™ (@), u)+
+ (1) 1] " (g 1o w) + O(RTHR ), (19)
Vi (x5) =V (z))+
+ (=D 1) " (4 (1)0) + O(RTHE ). (20)

If in the ETDS (8), (9), (12)-(14) the exact solutions of the corresponding
initial value problems (10), (11) are approximated by numerical solutions, the
following truncated TDS of rank m is obtained:

(a(m)y@))m = _tp(m)(xjvy(m))a J=12,...,N -1, (21)

x

1 I I
hi[] (ag ya:O 51y ): _90( )(':U()ay( ))7

L/ (m) (m) (m) 7 - (22)
—— (WU + By ) = =™ @,y ™),
N
where
; 1oy, 7
) = [V @) L=z,
]
2 J
. 3 N o Yo (@), u) = ujp(—1)a)
" g w) = 113 (1) | 24 0) + (1) Lo,
a=1 Va ( ])
() 1| mo Y™ (o, u) — u
2 (.’IJ(), )_7 ZQ (IE(], >+ (m)0 +M B
o V"™ ()
()N
7 1 m Y, TN, U) — UN_
w(m)(xN,u):f? ~ 2" (e, u) + L ((m];fN) AR
N Vi (xN)

We need the following assertion to prove the existence and uniqueness of a
solution to TDS (21), (22) and to establish its accuracy.

Lemma 1. Let

0<c <k(z)<ec; Vzel0,1], k(z)e@m™0,1],

f(z,u, ) € ]9 C™ ([wj—1, 5] X RQ).
Then one has the following estimates

o™ (a;) —ala;)| < MIA™, j =12, N, (23)
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So(m) (xjv ’LL) - (P(xj, u) =

_ {h;.n+1 k(o) (w0 - k) ) - W“Lw} "

AR e
+Oo|L—L ), j=1,2.. N1,
h;

o™ (20, 1) — (0, u) =
=M k@) (vl - R0 ) ]|+

r=x1

if m is odd and

o™ (25, u) — p(xj,u) =
— {h;ﬂ [k(x) (WK%U) - w{(x)k(x)zihﬂj)]zzxj+0}@+

hm+ 1 + hm+ 1
+O<J”1 , j=1,2,....,N—1,
hy

Sp(m)(:v()? U) - SO(Z'(), U) =
_ W

=58 [ (vt - oo )] o ().

So(m) (xNv u) - SO(xNv u) =
hiy

hy [km (w{V (2, u) — 97 <w>k<l‘>jz>]m e <h§; 1> |

if m is even.

Proof. The estimate (23) follows from relation (20). Actually,

VI () — VI )
o) alay) = ML = 007
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Let us prove (24)-(29). Note that

2

o™ (g u) = plajw) =Bt Y (=1)° {Zém)j(ij) — Zl(wju)+
o o=t , (30)
+(=1)* Yo' (2, u) — Yit(=1> Vi (zj,u) — Ujp(—1)e
V™I () Vi (z))

_ 1 .
@™ (20, u) — @(0,u) {Zé (0, u) — 23 (w0, u) +

)
Vi @) — w1 YP(wo,u) — w (31)
ARNET Viwo) [
_ 1 m
oM (an,u) — plen,u) = o { 2" (@xu) + 2 o w) +

m 32
+Y1( )N(xN,u) —uN-1 YIN(LUN,U) —uN_1 (32)

Vl(m)N(xN) VN (zn)

From Lemma 3.4 (see [4, p.102] ) and the equalities

j h'fl et
V) =3 o O 0
] — [e3

o du
Y (), u) = ujp(—1pe = (=1)**hy :

j=lta oo +O(hj_14a);

T=Tjq(~1)e

=2—-a,3—qa,...N+1—a, a=1,2

we obtain

259 (g, 0) - Zi (x5, u) =

«

« m 77—+« m (33)
= —[(= 1)y 10l ™ T (@ e, u) + O(h™2.,),
y ()i (75, u) = Ujp(—1)e B Yo{(mj,u).— Ui (-1 _ IRERITES I S
Vogm)J ($3) Vg (.fL']) j—1+o
- . d 34
<[k (20 - H @ ) v e
T o= e
+O(ML ), j=2-a,3-a,.,N+1-0a, a=1.2
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Then the equalities (30)-(32) are reduced to estimates (25), (26), and

m 1 m
30( )($]‘,’LL) - @(‘rjau) = hij { hj—i—JElX

<[k (7 @~ R ) ] -

(35)
i i) (Wl - H@k@ )~ H) } '

m+2 m+2
h;j ’

for odd m, and to (28), (29), and

(36)

for even m.
Since

[km <w{<w,u> - ¢5<x>k<x)$>}m_mj_l B

du

= [se) (vt - wﬁx)k(a:)dxﬂx:xj +O(hy),

O (xj-1,u) = $(aj,u) + O(hy),
it follows from (35) and (36) that the estimates (24) and (27) hold.

On the basis of the above-obtained results, one can prove the following as-
sertion.

Theorem 2. Let the assumptions of Theorem 1 and Lemma 1 hold. Then

there exists an hg > 0 such that for all {hj}j.vzl with |h| = max h; < hy and
I<j<N

TDS (21), (22) has a unique solution, whose accuracy is characterized by the
estimate

9 1/2

< M|n|™,

*

SR

0127“:]}7,

dy (™ ok du

k

(m) _
Hy Y dx dzx

1727&)h

0,2,6m
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where
1/2
N
||u||0,2,éh = Zhjug? )
=0
dy™ (m) (m);j (m)
k’(l‘) dx :ajfl+ay5¢7j_1+a + Za (l‘ja Yy ) +
m)i (. . (m)) _ , (")
Yo (25,y Yii( 1ya
+(—1)° ( J (m)j) Jj+(—1) Ca=1,2,
Va " ()
j=1,2,...,N—1,
dy(™) " dy'™ m
(z) . = 51y(() ), k(x) = = —52%(\] )+ po,
T=x0 T=TN

and M is a constant independent of |h|.

Proof. Let us consider the operators

_i ( gm)uzp — ﬁluo) s ] = 07

ho
B}(Lm)uj = —(@™uz)zy, §=1,2,.,N—1, (37)
1 m .
a(ag\, )Uj,N+ﬁ2UN>7 ]:Na
1 7 - .
_fTO <a§ )ul’,O - BIUO> B gp(m)(x()’u)’ J=0,
AT (@) =4 —(0™ug)s g — o™ (5, u), =12 N =1, (38)

1 . . )
<a§\7 )uij‘f‘ﬁQUN) _SO( )(xN7u>7 J= N7
hn

which is defined in the finite-dimensional space of grid functions H (&) with
the scalar products

(,0)g, = Y MEuE)v(E) + hougvo + Anunon,

£ewy,
(u,v)r = D h(©uE)v(€), & =dbnUay,
gew;
and the norms
1/2 1/2
g, = ()’ Nullgger = (wu) 2,
9 9 1/2 () 1/2
Il 2z, = (1l 20, + Nualngr) o Nullggm = (BY™wu)
Because (see proof of Theorem 2 in [9])
1
d R R 2
(ol — el o)u =), < —ar [ {51000 - o) — ula) + olol} an.
0

ol
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Vi)
Vi (z;)

Vi (n)
Vi (z;)

a(n) = u(z;) + u(zj_1) , xjo1 <n <y,

then due to (23)-(29) 3hp > 0 such that V{hj}j.vzl with |h| = max hj < hg
<j<

the following estimation holds:

0<é <a™(z) Voe oF,
<cp(m) (x,u) — go(m) (x,v),u— v> . <o.
Wh

Then, from the Green’s first difference formula [3, p.26]) and inequality (see |3,
p-39])

nllulloos, < (3 1)y + Arug + Bauy, 1 >0, (39)

it follows that

(4 @) = AP @) u =), = () (a = 0a)1)
+ 81 (ug — v0)? + o (uy — vn)* —

— (¢ @) = oM@ v) =) > fu— vl =
- (aw) (ug — v2)2, 1)@ + B (uo — vo)® + Ba (uy — vy)* >

> min {é, 1} [((ug—g — vz)?, 1)w; + B1(ug — v0)? + B2(un — vn)?| >

> min{ér, 1}y flu—v|g e, - (40)

Therefore, if |h| < hg, then A;Im) (x,u) is strongly monotone operator, and
the TDS (21), (22) has a unique solution y(™ (z),z € &y, (see [2, p.461]).

For error z(z) = y™ (z) — u(z),z € &y, of difference scheme (21), (22) will
have a problem

~ |[a™ @)z @) - (¢ ™) - o @) =

T

~ B (41)
= %0( )(33>U) —o(z,u) + [(a(m)(ﬂﬁ) - a(:ﬂ)) ugz(:n)]x, T € Oy,
1 = _ _
" T ag 22,0 — 51Z0) - (sO(m)(on,y(m)) - SO(m)(ﬂﬁo,U)) =
(42)
m 1 m
= ¢ (w0, u) = plao,w) + 1= (af” — a1) e,
1 m m m m
— (ag\; )Zz,N - 5221\/) - (90( Ny, y™) — ol )(CEN,U)) =
" (13)

_ 1 -
— ¢(m)(xN,u) — ey, u) — — (agv ) _ aN) Uz, N-
N
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From (41)-(43) we obtain
(A7 @y ™) = AP @), 2) =
= (((a"™ = a) ua); ,2),, — (aﬁ?“) - @N) uz NZN+ (44)
+ (agﬁo - CL1> Uz 020 + (Qp(m) (l’, u) - QD(IE, u)a Z)Lf)h :

Using the relations (23)-(29), Cauchy-Bunyakovsky-Schwartz inequality, for-
mula of summation by parts (see [3, p.25]), evaluate the expression on the
right-hand side equality (44)

(6 ) ), ), (o~ o (67 o) =

= (6 =) ) o ol 1

M |h[™
‘0,2,@;{ < & HZHB,(:_VL) )

020f S (45)

< MI[h™ ||z

(go(m)(:c,u) _ SO(JZU)72> . <M |h|m+1 ||Zi‘”0,2,®;f <
—_— ||z ™)
> él B;L )

if m is odd;

” n M |h]™
(¢ @w) = ol w).2) < MI™ el zp < =2 lelpgm . (47

if m is even.
Taking into account the relations (40), (44)-(47) is the true estimation

2 (M) )y 4 (1) m )
el < (A7 (@) = A @), 2) < MR 2] o

Hence it follows that ||z|| ;om) < M |h|™. So on the basis of equivalence of norms
h

Il 2.6, H'”B}(m), we obtain
1

HZHLQ,i;h <M ’h’m- (48)

Due to (23), (48), (33), (34), (15)-(17) we have
dz dz
(3),

< B |0] < M A", ’(%) ‘smzmsmhrm (19)
L) N
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dz m
(45) ) < ot~
J

|25 (™) 4+ (1) . -

(m)
ya‘j,?—l—&—a

+ [aj-1+al ‘Z:E’J—l-&-a‘ +

chm)j (aj‘j, u) - Uj+(_1)a

_Z(gm)j(xjvu) - <_1)a (m)](

;)
+ 1 Z8 (), u) — Z5 (g, u)| +

Y™ (25,0) = uji(pya - Yd(mj,0) —ujpcaye
Va™ () Va(ay)
< M|h™+

m dy(m) a
+ 2 (f'fﬁ(l)“’ e (k da ) ,(=1) +1hj1+a> -
JH(=1e

du o
—d <.’Bj+(_1)a,u]'+(_1)a, <kdx> e 7(—1) +1hj_1+a>
j — «@

a=1,2 j=1,2..,N-1,

+

)

where
P h
Because
By ( 0) = ——, &y 00)—L
W w0 = pay SR =y

so using the Theorem on finite increments, we obtain

0P (z,u,v,h) 0P (z,u,v,h)

O (z,u,v,h) = ®(x,u,v,0) + h 5 =h 5 , he(0,h).
Then
<k:dz) < M |h|™ +
dx ) ;

(m) dy(™) a+17,
oo <xj+(—1)‘*? jH(—1) (k ydx )j+(—1)a ) (_1) Jr1hj—1—«—04>

+ hj—1+a oh -

o (wj-i-(—l)a’uj-&-(—l)”" (k%)j-i-(—l)a ) (_1)a+1hj—1+a) -

o (50)
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O*B(@j1(-1)2, Uit (- Bit(-1)2, Aj-1+a)
Ohou

< MIh[™ + hj_11a |2+ (1| +

(%)
4T/ j4 (1o

., a=12 j=12.,N—1,

O*®(@j1(-1)2, Uit (- Bi(-1)2, Aj-1+a)
Ohov

(+z)
dx /) i (~1)a

where @; = uj + 0z, 0 < 0; < 1,05 = (k%) +n; (kE),, 0<m; <1, j=
0,1,2,...,N.
Consistently applying inequalities (49), (50), we obtain

(kdz>
dx /
< M|h|m

|
dzllo s,
Therefore, taking into account (48), we will have ||z||i2@h < M |h|™

For solving the nonlinear TDS order of accuracy m (21), (22) apply the
iteration method.

+ hj—1+a

< M |n|™ + |n| My

<M|n™, j=0,1,2,..,N

Hence

Theorem 3. Let the conditions of Theorem 2 are satisfied. Then
’cp(m)(:c,u) — go(m)(x,v)’ < Llu—v|,
there exist an hg > 0 such that for all {hj}j.vzl with |h| < hg,
0<é <a™(z),

(Al(lm) (x,u) — A,(lm) (z,v),u — v) )

Wh

2
> Jlu = vl
the iteration method
B(m) y( y(
h T

mmn) _ ,,(mn—1)

i Agbm)(x’y(m,nfl)) =0, z€wp n=12.., (51)

S0 (g — Bt d2 BV (@) + V™ (a)
Bi + B2 + BBV (1)

, T Edp,
T J m)k T ol m)k
VM (@) =Y V™ @), i)=Y v )
k=1 k=j+1

~ -2
1+—L
T =70 =
0 ~v1 min {ép, 1}

converges and for the error we have

[y |}, < MOA™+q"), q= V=, (52)

1727(‘%}1

with
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where the operators B,(lm), Agm) (z,u) are determined by the formulas (37), (38),

dy(ﬁz,n) o dy(ﬁv,,n) A
k(x) . = 51y(() ), k(x) . = _/32y](\7 )+ o,
T=m0 T=TN
dy(m’n) (m,n) m)j m,n
k(x) dr :aj—l—&-ozyj’jfpra + Z& )i (Ija y( ’ )>
I::Ej

Ya(m)j x}?y(m,n) _ g, mn) .
F(=1)° ( J - ) J+(=1) Ca=12
Va " ()

)

j=1,2,..,N -1
and M 1is a constant independent of |h|,m,n.

Proof. According to Theorem 2 we have

* * *

y4Wh

o= _
] (53)

<

1,2,0n 1,2,0n

< M |h|™ + Hy(m’”) —ym

1727‘f"h .

o N ) .
Considering that the f(x,u,§) € AU1 C™([xj—1,2;] x R?), we obtain
]:

@ u) = o) < Llu—vl, @€ b

Using the Cauchy-Bunyakovsky-Schwartz inequality and (39) we get an esti-
mate

(Agm)(ﬂ:,u) - Agm)(%v)’w%h < e =l g Tl o +

e @) — oM@ o)

0,2,&m, <

<l = vll gom llwll o + Ll = vllo 0, 1@llg 5.5, <
1
L
= 1 ~min fer 1V - m m) -
B ( * Vlmin{61,1}> s ”HB; >Hw||B}<L )

We put w = (B,(lm))71 (Aém) (x,u) — Aém) (m,v)), then

m -1 m m
[(57) " (AP e - AP )| <
Bm
. " (54)
< 1+# lu — vl o
- ~v1min {é, 1} By

o6
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From (41), (54) it follows

<A§Lm)(x,U) B Agm)(x,v), (B}(Lm))—l (Al(lm)(x7u) _ A}(f”(;;;,v))) <

- 2
S = of2 oy <
—_—— u— || m
- ~1min {é, 1} By =

wp,
L ?
A7) A ()
< [ . B ‘
> <1+71m1n{51,1}) ( h (:Eyu) h (ZE,U),’LL ’U)Q

Therefore |3, p.353], the iteration method (51) converges in the space H om).
h

As the norms ||-[|1 .5, , Il yom) are equivalent, then the error can be estimated
1< h
as

[y =y < angn.

1 72’éh
In addition

dy (™) dy (™)
0 0

< M; Hy(m’n) —ytm

< Byl ) <

A b
1’27@}1

N

< B i) <

A M
1,2,wp

Yzj—1+a ~ Yzj-1+a

dy (™) dy (™) ()
_ < la'
(k dx ) (k dx 4_‘%_”“‘
j J

) =]+

a2 el e
+ % Y (g, ™)) — Y™ (xy,y(m))’ <

Vo™ J(%’))
sy,
+ ‘iZ&m)j(xj,u) — + Va(m)lj(x])’ %Yogm) (5, u) - X
oo, =

S M3 Hy(m’n) - y(m)Hl 25 5 ] = 1725 "'7N’
y4,Wh

o7
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dy(™m) " dy (™

k _
dx dzx

<y

0,2,wp,

1,2,6n
Hence we get that
Hy(ﬁm) m>H < Mqg". (55)

1,2,
From the inequality (53), (55) implies the following estimate (52).
From a practical point of view to find a solution TDS (21), (22) will eventu-
ally need to use an iteration method of Newton. Linearizing (21), (22) taking
into account the equality

_ (m)
. -1 1+a (m) dy
oM gy ™) =h; Z e |y D T gy

hZ+h
+O<7+1>, j=1,2,.,N—1,

T=Ljp(-1)e

hj

_ _ a dy™)
o™ (o, y™) = f <x1,y§ L=

1
) +—u1+0(h),
ho
T=I1

dy (™ 1
— h
. + ——p2+ O (hn),

So(m) (l'Na y(ﬁl)) = f TN-1, y](\;n)la h

T=TN-1

(m) hs oy
=Yz j—1ta T 0 (JFL]> )

j=2—-a,3—a,.. N+1—qa, a=1,2,

dy (™)
dx

T=Tj+(-1)

then modified Newton iteration method will be a form

1) dylmmn—1)
. of (1:] 17y]mn ) R ) _
g T=rj_1 vy(m,n)
2h; ou j=1

(a(m)Vyg(@m’n))i - +

(m,n—1)
8f <ZE l)y(mn 1)7@7 )

2hj 8u ]+1

m,n— (m,n—1)
n, of <:c] 1,3/]( Y, % >
+ —= i s VA v @.’”)4_
2h; o€ Ya,j

8 T (mn 1)7 M )

hj+1 f < 7+1 yj—i—l dx =z v (m n) _

2h, ¢ ™

— o (g gy mn=1)\ _ (07, (=) i=1,2,.,.N—1
@ ( Y ) ( Yz >Aj’ J > ’

€T,

_l’_

+

(56)

_l’_

o8
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1 m,n m,n m,n
P (a§ ’ )Vyi,o’ )~ 81y ))+

ho
of (wyf™ b 85 Y
T=T1 m,n
+ Vy, 7+
e (57
8f <$17y§m7n_1)7 dyT ) ( )
=11 mmn)
+ B¢ Vym’o =
_ 1 _
_ (m) (mmn—1)\ _ * (m,n) (m,n—1) . (m,n—1)
¥ <$07y ) h() (al x.0 /6 ) )
~ b ( (mn + B2 Vy )) +
h N N
m,n— 1 d (m,n—1)
<CCN 17?41(\[ 1 )7 Y dx Ile) ()
5 Vyn_ 1+
( N (58)
< TN— 173/5\7/7”11 1)7dyT > (mm)
T=TN-—-1 m,n)
85 vya’:,N -
_ 1 - _
_ () (m,n—1) L (m,n) (m,n—1) (m,n—1)
) = D gy =1,2, N =1, n=1,2, (59)
4. NUMERICAL EXAMPLES
Example 1. Let us consider boundary value problem
d2
5 =mep), we(01),
(60)
du(0) ™ du(1)
—u(0)=——=+1Inl - —u(l) = — —In2
o —u(0) \/3—&-11,5, o —u(l) V31 —In2,

with the exact solution

= e (3 (1))

Since f(z,u,&) = —m? exp(u) it follows that condition (5) is satisfied if we take
fo(x) = 0,¢(t) = w2 exp(t), g(z) = 1. Besides we have

[f (z,u,&) — f(x,v,m)] (u—v) = =% exp(fu+(1—0)v)(u—v)> <0, 0<6<1.

Thus, due to Theorem 1 the problem has a unique solution.
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For numerical solution of problem (60) on the equidistance grid wy, = {z; =
jh,j=0,1,...., N,h = 1/N} we use TDS of the sixth order of accuracy (m = 6)

g = =@y @), j=1,2... N1,

Yaej =
2
. (yg(f) - ﬁly86)> = = (20,99, (61)
2
- (yg(fj)v + /J’zyj(ﬁ)) = - (zn,y ),
with
2 (6)j
, Yo (zj,u) — uip(_1)e
(6) (. _p1 1) | 26y 1) 7 j+(=1)
o (g, u) = h C;( )" 2o (g, u) 4+ (—1) = ,
(6)0
2 Y. o, U) — U
30()(550771):% Z§6)O($0,u)+ 2 <0h ) 1+,u1 ’
(6)N
2 Y, —Uun_
90(6)($N7u):ﬁ _Z§6)N($N,U)+ - (xN’hU) e tH2 |
ﬁlzl) 52:17 L_ln]_’{)’ M2:\/§7T+11'12,

m=g

and Y%’ (z,u), z% (x,u) are numerical solutions of initial value problems

avd (w,u) dZ3, (,u) - <
T:Zé (CC,U), T:_f ($7Ydj (J,’,’U,),Z(jl (JI,U)),
Tj—24a < T < Tj—2+a, (62)

Ya (@jenerw) = ey 2o (@pnu) = 2 :
T=Tji(-1)e

j=2-a,3—a,..N+1—a, a=12

computed by a explicit Runge-Kutta method of the sixth-order of accuracy (see
Table 6.1 [10, p.189)).

To determine the solution of the difference scheme (61) the modified Newton
method (56)-(59) will be used. System linear algebraic equations (56)-(58) for
the unknowns Vy(©™) (z), = € &), we solved by Gaussian elimination for linear
system with a tridiagonal matrix.

Numerical results are given in Table 1. To evaluate the convergence rate in
practice, we introduced the following quantities
. 12O .,

;D =logy Hz(i

*

er = Hz(ﬁ)

— Hy<6> _

1,2,00p 1,2,0p 6) Hi?,a}h/z

In the following example the implementation of the TDS uses the h — h/2 a
posteriori estimation to achieve a given accuracy FPS. The comparison with
the true error Er shows that this accuracy is actually achieved.
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TABL. 1. Numerical results for problem (60).

N Er p
16 0,2241-107°

32 0,3522-1077 |6
64 0,5514-107° |6
128 0,8642-1071 |6

Example 2. Let us consider the boundary value problem

d?u du
@ = 3U@, x € (0, 1),

du(0

du(0) = —1,5/ cosh?(0, 75), (63)
dx

du(1
- l:l; ) —u(l)=1,5/ coshQ(O, 75) + tanh(0, 75).
1-2
The exact solution is u(x) = tanh 3(4m)

The numerical results which have been obtained for difference scheme of
order of accuracy 6 are given in Table 2

TABL. 2. Numerical results for problem (63).

EPS N Er

1074 2048 0,1323-107°
1076 2048 0,4816 - 10~
108 4096 0,4078 - 107°
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