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Ðåçþìå. Äëÿ íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî
ïîðÿäêó ç ïîõiäíîþ â ïðàâié ÷àñòèíi òà êðàéîâèìè óìîâàìè òðåòüîãî ðîäó
ïîáóäîâàíî òà îá ðóíòîâàíî òðèòî÷êîâi ðiçíèöåâi ñõåìè âèñîêîãî ïîðÿäêó
òî÷íîñòi íà íåðiâíîìiðíié ñiòöi. Ïîáóäîâàíî òàêîæ àïðîêñèìàöiþ ïîòîêó
êðàéîâî¨ çàäà÷i ó âóçëàõ ñiòêè. Äëÿ îá÷èñëåííÿ ðîçâ'ÿçêó ðiçíèöåâèõ ñõåì
âèêîðèñòîâóþòüñÿ iòåðàöiéíi ìåòîäè. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü
ðîçâ'ÿçêó öèõ ñõåì, âñòàíîâëåíî îöiíêó òî÷íîñòi. Åôåêòèâíiñòü òðèòî÷êî-
âèõ ðiçíèöåâèõ ñõåì øîñòîãî ïîðÿäêó òî÷íîñòi ïðîiëþñòðîâàíà íà ïðèê-
ëàäàõ.
Abstract. Three-point di�erence schemes of hight-order accuracy on a non-
equidistant grid for the second-order nonlinear ordinary di�erential equations
with derivative in the right-hand side and boundary conditions of the third
kind is constructed and justi�ed. We also construct an approximation of
�ow for boundary value problem at grid nodes. Iterative methods were used
to compute the solution of di�erence schemes. We prove the existence and
uniqueness of the solution of this schemes and determine the order of accuracy.
The e�ciency of a three-point di�erence schemes of sixth-order accuracy is
illustrated by an examples.

1. Introduction
An approach for construction of exact three-point di�erence scheme (ETDS)

and three-point di�erence schemes (TDS) of high-order accuracy on a equidis-
tant grid for the nonlinear problems of the form

d

dx

[
k(x)

du

dx

]
= −f (x, u) , x ∈ (0, 1), u(0) = µ1, u(1) = µ2

was suggested in [8, 7]. These results on a non-equidistant grid were generalized
and developed in [6] and for monotone boundary value problems in [5, 1].

In the present paper the e�ective algorithmic implementation ETDS, pro-
posed in [9], was developed via the truncated TDS for a nonlinear ODEs

d

dx

[
k(x)

du

dx

]
= −f

(
x, u,

du

dx

)
, x ∈ (0, 1), (1)

Key words. Nonlinear ordinary di�erential equations, boundary conditions of third kind,
exact three-point di�erence schemes, three-point di�erence schemes of hight-order accuracy,
iterative methods.
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with a boundary conditions

k(0)
du(0)
dx

− β1u(0) = −µ1, −k(1)
du(1)
dx

− β2u(1) = −µ2, (2)

where k(x), f (x, u, ξ) are given functions, a β1, β2, µ1, µ2 are given numbers.
To �nd the coe�cients and right-hand side of TDS at each node's xj , j =
1, 2, ..., N −1 of the non-equidistance grid we need to solve two auxiliary initial
value problems for nonlinear ODEs and two initial value problems for linear
ODEs on the intervals [xj−1, xj ] (forward) and [xj , xj+1] (backward). Moreover,
to �nd right-hand sides di�erence boundary conditions we need to solve initial
value problems for nonlinear and linear ODEs on the intervals [x0, x1] (forward)
and [xN−1, xN ] (backward). These initial value problems can be solved by
executing only one step with an arbitrary one-step method order of accuracy
m̄ = 2[(m + 1)/2] (m is a given the positive integer, [·] denotes the entire part
of the number in this brackets). As a result the implementations ETDS which
received from truncated TDS of rank m̄, for which it is proved that it has
an order of accuracy m̄. Constructed approaching �ow k(x)du/dx at the grid
nodes, the order of accuracy of which is the same as the solution, that is of m̄.

2. Existence and uniqueness of the solution
Su�cient conditions for the existence and uniqueness of weak solutions of

the problem (1), (2) are given by following statement.
Theorem 1. Let the following assumptions be satis�ed

0 < c1 ≤ k(x) ≤ c2 ∀x ∈ [0, 1], k(x) ∈ Q1[0, 1], (3)
fuξ(x) ≡ f (x, u, ξ) ∈ Q0[0, 1] ∀u, ξ ∈ R1,

fx (u, ξ) ≡ f (x, u, ξ) ∈ C(R2) ∀x ∈ [0, 1],
(4)

|f (x, u, ξ)− f0(x)| ≤ c(|u|)[g(x) + |ξ|] ∀x ∈ [0, 1], u, ξ ∈ R1, (5)
[f (x, u, ξ)− f (x, v, η)] (u− v) ≤ 0 ∀x ∈ [0, 1], u, v, ξ, η ∈ R1, (6)

β1 > 0, β2 > 0. (7)
Then the problem (1),(2) has a unique solution u(x) ∈ W 1

2 (0, 1), with
u(x), k(x)

du

dx
∈ C[0, 1].

Here c(t) is a continuous function, f0(x) ∈ L2(0, 1), g(x) ∈ L1(0, 1), c1 , c2 , c3

are some real constants, Qp[0, 1] is the class of functions having p piece-wise
continuous derivatives and a �nite number of discontinuity points of �rst kind.

The proof can be found in [9].

3. Algorithmic implementation of the exact
three-point difference schemes

On the interval (0, 1) we introduce the non-equidistant grid
ω̂h = {xj ∈ (0, 1), j = 1, 2, ..., N − 1, hj = xj − xj−1 > 0, h1 + h2 + ... + hN}
such the discontinuity points of functions k(x), f (x, u, ξ) coincide with the
nodes of the grid ω̂h. Denote by ρ the set of all discontinuity points and assume
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that N in such that ρ ⊆ ω̂h. At discontinuity points the solution of problem
(1),(2) should satisfy the continuity conditions

u(xi − 0) = u(xi + 0), k(x)
du

dx

∣∣∣∣
x=xi−0

= k(x)
du

dx

∣∣∣∣
x=xi+0

∀xi ∈ ρ.

For problem (1),(2) in paper [9] is constructed ETDS of the form

(aux̄)x̂,j = −ϕ(xj , u), j = 1, 2, ..., N − 1, (8)

1
~0

(a1ux,0 − β1u0) = −ϕ(x0, u),

− 1
~N

(aNux̄,N + β2uN ) = −ϕ(xN , u),
(9)

where

ux̄,j =
uj − uj−1

hj
, ux̂,j =

uj+1 − uj

~j
, ux,j =

uj+1 − uj

hj+1
,

a(xj) =
[

1
hj

V j
1 (xj)

]−1

, ~j =
hj + hj+1

2
, ~0 = 0, 5h1, ~N = 0, 5hN ,

ϕ(xj , u) = [~jV
j
1 (xj)]−1

xj∫

xj−1

V j
1 (ξ)f

(
ξ, u,

du

dξ

)
dξ+

+ [~jV
j
2 (xj)]−1

xj+1∫

xj

V j
2 (ξ)f

(
ξ, u,

du

dξ

)
dξ,

ϕ(x0, u) = [~0V
1
1 (x1)]−1

x1∫

x0

V 0
2 (ξ)f

(
ξ, u,

du

dξ

)
dξ + ~−1

0 µ1,

ϕ(xN , u) = [~NV N
1 (xN )]−1

xN∫

xN−1

V N
1 (ξ)f

(
ξ, u,

du

dξ

)
dξ + ~−1

N µ2,

V j
1 (x) =

x∫

xj−1

dt

k(t)
, V j

2 (x) =

xj+1∫

x

dt

k(t)
.

First of all, take into account, that since

(−1)α+1

xj∫

xj+(−1)α

V j
α (ξ)f

(
ξ, u(ξ),

du

dξ

)
dξ =

= (−1)αV j
α (xj)Zj

α(xj , u) + Y j
α (xj , u)− uj+(−1)α ,
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where Y j
α (x, u), Zj

α(x, u), j = 2 − α, 3 − α, ..., N + 1 − α, α = 1, 2 are the
solutions of the initial value problems

dY j
α (x, u)
dx

=
Zj

α(x, u)
k(x)

,
dZj

α(x, u)
dx

= −f

(
x, Y j

α (x, u),
Zj

α(x, u)
k(x)

)
,

xj−2+α < x < xj−1+α,

Y j
α (xj+(−1)α , u) = uj+(−1)α , Zj

α(xj+(−1)α , u) = k(x)
du

dx

∣∣∣∣
x=xj+(−1)α

,

(10)

and V̄ j
α (x) = (−1)α+1V j

α (x) are the solutions of the initial value problems
dV̄ j

α (x)
dx

=
1

k(x)
, xj−2+α < x < xj−1+α,

V̄ j
α (xj+(−1)α) = 0, j = 2− α, 3− α, ..., N + 1− α, α = 1, 2.

(11)

Obviously, the right-hand side of the ETDS can be written as

ϕ(xj , u) =
1
~j

2∑

α=1

(−1)α

[
Zj

α(xj , u) + (−1)α Y j
α (xj , u)− uj+(−1)α

V j
α (xj)

]
, (12)

ϕ(x0, u) =
1
~0

[
Z0

2 (x0, u) +
Y 0

2 (x0, u)− u1

V 0
2 (x0)

+ µ1

]
, (13)

ϕ(xN , u) =
1
~N

[
−ZN

1 (xN , u) +
Y N

1 (xN , u)− uN−1

V N
1 (xN )

+ µ2

]
. (14)

Therefore, to construct the ETDS (8), (9), (12)-(14) for j = 2 − α, 3 −
α, ..., N + 1− α it is necessary to solve initial value problems (10), (11) in the
forward direction (α = 1), and in the backward direction (α = 2). We will
solve then numerically by using one-step methods:

Y (m̄)j
α (xj , u) = uj+(−1)α + (−1)α+1hj−1+α×

× Φ1

(
xj+(−1)α , uj+(−1)α ,

(
k
du

dx

)

j+(−1)α

, (−1)α+1hj−1+α

)
, (15)

Z(m)j
α (xj , u) =

(
k
du

dx

)

j+(−1)α

+ (−1)α+1hj−1+α×

× Φ2

(
xj+(−1)α , uj+(−1)α ,

(
k
du

dx

)

j+(−1)α

, (−1)α+1hj−1+α

)
, (16)

V̄ (m̄)j
α (xj) = (−1)α+1hj−1+αΦ3(xj+(−1)α , 0, (−1)α+1hj−1+α), (17)

where Φ1 (x, u, v, h) , Φ2 (x, u, v, h) , Φ3 (x, u, h) are increment functions,(
k
du

dx

)

j+(−1)α

= k(x)
du

dx

∣∣∣∣
x=xj+(−1)α

,

Z
(m)j
α (xj , u) approximates the values Zj

α(xj , u) with an order of accuracy m,
Y

(m̄)j
α (xj , u) and V̄

(m̄)j
α (xj) approximate Y j

α (xj , u) and V̄ j
α (xj), respectively,

with accuracy order m̄.

46



THREE-POINT DIFFERENCE SCHEMES OF HIGH-ORDER ACCURACY ...

If k(x) and the right-hand side of the di�erential equation f(x, u, ξ) are
di�erentiated a su�cient number of times, then there exist expansions

Y j
α (xj , u) =Y (m̄)j

α (xj , u)+

+ [(−1)α+1hj−1+α]m̄+1ψj
α(xj+(−1)α , u) + O(hm̄+2

j−1+α), (18)
Zj

α(xj , u) =Z(m)j
α (xj , u)+

+ [(−1)α+1hj−1+α]m+1ψ̃j
α(xj+(−1)α , u) + O(hm+2

j−1+α), (19)
V̄ j

α (xj) =V̄ (m̄)j
α (xj)+

+ [(−1)α+1hj−1+α]m̄+1ψ̄j
α(xj+(−1)α) + O(hm̄+2

j−1+α). (20)

If in the ETDS (8), (9), (12)-(14) the exact solutions of the corresponding
initial value problems (10), (11) are approximated by numerical solutions, the
following truncated TDS of rank m̄ is obtained:

(a(m̄)y
(m̄)
x̄ )x̂,j = −ϕ(m̄)(xj , y

(m̄)), j = 1, 2, . . . , N − 1, (21)

1
~0

(
a

(m̄)
1 y

(m̄)
x,0 − β1y

(m̄)
0

)
= −ϕ(m̄)(x0, y

(m̄)),

− 1
~N

(
a

(m̄)
N y

(m̄)
x̄,N + β2y

(m̄)
N

)
= −ϕ(m̄)(xN , y(m̄)),

(22)

where

a(m̄)(xj) =
[

1
hj

V
(m̄)
1 (xj)

]−1

, j = 1, 2, . . . , N,

ϕ(m̄)(xj , u) = ~−1
j

2∑

α=1

(−1)α

[
Z(m)j

α (xj , u) + (−1)α Y
(m̄)j
α (xj , u)− uj+(−1)α)

V
(m̄)j
α (xj)

]
,

ϕ(m̄)(x0, u) =
1
~0

[
Z

(m)0
2 (x0, u) +

Y
(m̄)0
2 (x0, u)− u1

V
(m̄)0
2 (x0)

+ µ1

]
,

ϕ(m̄)(xN , u) =
1
~N

[
−Z

(m)N
1 (xN , u) +

Y
(m̄)N
1 (xN , u)− uN−1

V
(m̄)N
1 (xN )

+ µ2

]
.

We need the following assertion to prove the existence and uniqueness of a
solution to TDS (21), (22) and to establish its accuracy.

Lemma 1. Let
0 < c1 ≤ k(x) ≤ c2 ∀x ∈ [0, 1], k(x) ∈ Qm+1[0, 1],

f(x, u, ξ) ∈ N∪
j=1

Cm
(
[xj−1, xj ]×R2

)
.

Then one has the following estimates
∣∣∣a(m̄)(xj)− a(xj)

∣∣∣ ≤ M |h|m̄ , j = 1, 2, . . . , N, (23)
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ϕ(m̄)(xj , u)− ϕ(xj , u) =

=

{
hm+1

j

[
k(x)

(
ψj

1(x, u)− ψ̄j
1(x)k(x)

du

dx

)
− ψ̃j

1(x, u)
]

x=xj+0

}

x̂

+

+ O

(
hm+2

j + hm+2
j+1

~j

)
, j = 1, 2, . . . , N − 1,

(24)

ϕ(m̄)(x0, u)− ϕ(x0, u) =

=
hm+1

1

~0

[
k(x)

(
ψ1

1(x, u)− ψ̄1
1(x)k(x)

du

dx

)
− ψ̃1

1(x, u)
]

x=x1

+

+ O

(
hm+2

1

~0

)
,

(25)

ϕ(m̄)(xN , u)− ϕ(xN , u) =

= −hm+1
N

~N

[
k(x)

(
ψN

1 (x, u)− ψ̄N
1 (x)k(x)

du

dx

)
− ψ̃N

1 (x, u)
]

x=xN

+

+ O

(
hm+2

N

~N

)
,

(26)

if m is odd and

ϕ(m̄)(xj , u)− ϕ(xj , u) =

=

{
hm

j

[
k(x)

(
ψj

1(x, u)− ψ̄j
1(x)k(x)

du

dx

)]

x=xj+0

}

x̂

+

+ O

(
hm+1

j + hm+1
j+1

~j

)
, j = 1, 2, . . . , N − 1,

(27)

ϕ(m̄)(x0, u)− ϕ(x0, u) =

=
hm

1

~0

[
k(x)

(
ψ1

1(x, u)− ψ̄1
1(x)k(x)

du

dx

)]

x=x1

+ O

(
hm+1

1

~0

)
,

(28)

ϕ(m̄)(xN , u)− ϕ(xN , u) =

= −hm
N

~N

[
k(x)

(
ψN

1 (x, u)− ψ̄N
1 (x)k(x)

du

dx

)]

x=xN

+ O

(
hm+1

N

~N

)
,

(29)

if m is even.

Proof. The estimate (23) follows from relation (20). Actually,

a(m̄)(xj)− a(xj) =
hj [V

j
1 (xj)− V

(m̄)j
1 (xj)]

V j
1 (xj)V

(m̄)j
1 (xj)

= O(hm̄
j ).
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Let us prove (24)-(29). Note that

ϕ(m̄)(xj , u)− ϕ(xj , u) = ~−1
j

2∑

α=1

(−1)α
{

Z(m)j
α (xj , u)− Zj

α(xj , u)+

+(−1)α

[
Y

(m̄)j
α (xj , u)− uj+(−1)α

V
(m̄)j
α (xj)

− Y j
α (xj , u)− uj+(−1)α

V j
α (xj)

]}
.

(30)

ϕ(m̄)(x0, u)− ϕ(x0, u) =
1
~0

{
Z

(m)0
2 (x0, u)− Z0

2 (x0, u) +

+
Y

(m̄)0
2 (x0, u)− u1

V
(m̄)0
2 (x0)

− Y 0
2 (x0, u)− u1

V 0
2 (x0)

}
,

(31)

ϕ(m̄)(xN , u)− ϕ(xN , u) =
1
~N

{
−Z

(m)N
1 (xN , u) + ZN

1 (xN , u) +

+
Y

(m̄)N
1 (xN , u)− uN−1

V
(m̄)N
1 (xN )

− Y N
1 (xN , u)− uN−1

V N
1 (xN )

}
.

(32)

From Lemma 3.4 (see [4, p.102] ) and the equalities

V j
α (xj) =

hj−1+α

kj+(−1)α
+ O(h2

j−1+α),

Y j
α (xj , u)− uj+(−1)α = (−1)α+1hj−1+α

du

dx

∣∣∣∣
x=xj+(−1)α

+ O(h2
j−1+α),

j = 2− α, 3− α, ..., N + 1− α, α = 1, 2

we obtain

Z(m)j
α (xj , u)− Zj

α(xj , u) =

= −[(−1)α+1hj−1+α]m+1ψ̃j−1+α
1 (xj+(−1)α , u) + O(hm+2

j−1+α),
(33)

Y
(m̄)j
α (xj , u)− uj+(−1)α

V
(m̄)j
α (xj)

− Y j
α (xj , u)− uj+(−1)α

V j
α (xj)

= −(−1)α+1hm̄
j−1+α×

×
[
k(x)

(
ψj−1+α

1 (x, u)− ψ̄j−1+α
1 (x)k(x)

du

dx

)]

x=xj+(−1)α

+

+ O(hm̄+1
j−1+α), j = 2− α, 3− α, ..., N + 1− α, α = 1, 2.

(34)
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Then the equalities (30)-(32) are reduced to estimates (25), (26), and

ϕ(m̄)(xj , u)− ϕ(xj , u) =
1
~j

{
hm+1

j+1 ×

×
[
k(x)

(
ψj+1

1 (x, u)− ψ̄j+1
1 (x)k(x)

du

dx

)
− ψ̃j+1

1 (x, u)
]

x=xj+1

−

−hm+1
j

[
k(x)

(
ψj

1(x, u)− ψ̄j
1(x)k(x)

du

dx

)
− ψ̃j

1(x, u)
]

x=xj−1

}
+

+ O

(
hm+2

j + hm+2
j+1

~j

)
,

(35)

for odd m, and to (28), (29), and

ϕ(m̄)(xj , u)− ϕ(xj , u) =

=
1
~j

{
hm

j+1

[
k(x)

(
ψj+1

1 (x, u)− ψ̄j+1
1 (x)k(x)

du

dx

)]

x=xj+1

−

−hm
j

[
k(x)

(
ψj

1(x, u)− ψ̄j
1(x)k(x)

du

dx

)]

x=xj−1

}
+

+ O

(
hm+1

j + hm+1
j+1

~j

)
,

(36)

for even m.
Since

[
k(x)

(
ψj

1(x, u)− ψ̄j
1(x)k(x)

du

dx

)]

x=xj−1

=

=
[
k(x)

(
ψj

1(x, u)− ψ̄j
1(x)k(x)

du

dx

)]

x=xj

+ O(hj),

ψ̃j
1(xj−1, u) = ψ̃j

1(xj , u) + O(hj),

it follows from (35) and (36) that the estimates (24) and (27) hold.
On the basis of the above-obtained results, one can prove the following as-

sertion.

Theorem 2. Let the assumptions of Theorem 1 and Lemma 1 hold. Then
there exists an h0 > 0 such that for all {hj}N

j=1 with |h| = max
1≤j≤N

hj ≤ h0 and
TDS (21), (22) has a unique solution, whose accuracy is characterized by the
estimate

∥∥∥y(m̄) − u
∥∥∥
∗

1,2, ˆ̄ωh

=




∥∥∥y(m̄) − u
∥∥∥

2

0,2, ˆ̄ωh

+

∥∥∥∥∥k
dy(m̄)

dx
− k

du

dx

∥∥∥∥∥
2

0,2, ˆ̄ωh




1/2

≤ M |h|m̄ ,
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where

‖u‖0,2, ˆ̄ωh
=





N∑

j=0

~ju
2
j





1/2

,

k(x)
dy(m̄)

dx

∣∣∣∣∣
x=xj

=aj−1+αy
(m̄)
x̄,j−1+α + Z(m)j

α

(
xj , y

(m̄)
)

+

+ (−1)α
Y

(m̄)j
α

(
xj , y

(m̄)
)− y

(m̄)
j+(−1)α

V
(m̄)j
α (xj)

, α = 1, 2,

j = 1, 2, ..., N − 1,

k(x)
dy(m̄)

dx

∣∣∣∣∣
x=x0

= β1y
(m̄)
0 − µ1, k(x)

dy(m̄)

dx

∣∣∣∣∣
x=xN

= −β2y
(m̄)
N + µ2,

and M is a constant independent of |h| .
Proof. Let us consider the operators

B
(m̄)
h uj =





− 1
~0

(
a

(m̄)
1 ux,0 − β1u0

)
, j = 0,

−(a(m̄)ux̄)x̂,j , j = 1, 2, ..., N − 1,

1
~N

(
a

(m̄)
N ux̄,N + β2uN

)
, j = N,

(37)

A
(m̄)
h (xj , u) =





− 1
~0

(
a

(m̄)
1 ux,0 − β1u0

)
− ϕ(m̄)(x0, u), j = 0,

−(a(m̄)ux̄)x̂,j − ϕ(m̄)(xj , u), j = 1, 2, ..., N − 1,

1
~N

(
a

(m̄)
N ux̄,N + β2uN

)
− ϕ(m̄)(xN , u), j = N,

(38)

which is de�ned in the �nite-dimensional space of grid functions H(ˆ̄ωh) with
the scalar products

(u, v) ˆ̄ωh
=

∑

ξ∈ω̂h

~(ξ)u(ξ)v(ξ) + ~0u0v0 + ~NuNvN ,

(u, v)ω̂+
h

=
∑

ξ∈ω̂+
h

h(ξ)u(ξ)v(ξ), ω̂+
h = ω̂h ∪ xN ,

and the norms
‖u‖0,2, ˆ̄ωh

= (u, u)1/2
ˆ̄ωh

, ‖u‖0,2,ω̂+
h

= (u, u)1/2

ω̂+
h

,

‖u‖1,2, ˆ̄ωh
=

(
‖u‖2

0,2, ˆ̄ωh
+ ‖ux̄‖2

0,2,ω̂+
h

)1/2
, ‖u‖

B
(m̄)
h

=
(
B

(m̄)
h u, u

)1/2

ˆ̄ωh

.

Because (see proof of Theorem 2 in [9])

(ϕ(x, u)− ϕ(x, v), u− v) ˆ̄ωh
≤ −c1

1∫

0

{
d

dη
[û(η)− v̂(η)− u(η) + v(η)]

}2

dη,
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û(η) = u(xj)
V j

1 (η)

V j
1 (xj)

+ u(xj−1)
V j−1

2 (η)

V j
1 (xj)

, xj−1 ≤ η ≤ xj ,

then due to (23)-(29) ∃h0 > 0 such that ∀ {hj}N
j=1 with |h| = max

1≤j≤N
hj ≤ h0

the following estimation holds:

0 < c̃1 ≤ a(m̄)(x) ∀x ∈ ω̂+
h ,

(
ϕ(m̄)(x, u)− ϕ(m̄)(x, v), u− v

)
ˆ̄ωh

≤ 0.

Then, from the Green's �rst di�erence formula [3, p.26]) and inequality (see [3,
p.39])

γ1 ‖u‖2
0,2, ˆ̄ωh

≤ (
u2

x̄, 1
)
ω̂+

h
+ β1u

2
0 + β2u

2
N , γ1 > 0, (39)

it follows that
(
A

(m̄)
h (x, u)−A

(m̄)
h (x, v), u− v

)
ˆ̄ωh

=
(
a(m̄) (ux̄ − vx̄)2 , 1

)
ω̂+

h

+

+ β1 (u0 − v0)
2 + β2 (uN − vN )2−

−
(
ϕ(m̄)(x, u)− ϕ(m̄)(x, v), u− v

)
ˆ̄ωh

≥ ‖u− v‖2

B
(m̄)
h

=

=
(
a(m̄) (ux̄ − vx̄)2 , 1

)
ω̂+

h

+ β1 (u0 − v0)
2 + β2 (uN − vN )2 ≥

≥ min {c̃1, 1}
[(

(ux̄ − vx̄)2, 1
)
ω̂+

h
+ β1(u0 − v0)2 + β2(uN − vN )2

]
≥

≥ min {c̃1, 1} γ1 ‖u− v‖2
0,2, ˆ̄ωh

. (40)

Therefore, if |h| ≤ h0, then A
(m̄)
h (x, u) is strongly monotone operator, and

the TDS (21), (22) has a unique solution y(m̄)(x), x ∈ ˆ̄ωh (see [2, p.461]).
For error z(x) = y(m̄)(x) − u(x), x ∈ ˆ̄ωh of di�erence scheme (21), (22) will

have a problem

−
[
a(m̄)(x)zx̄(x)

]
x̂
−

(
ϕ(m̄)(x, y(m̄))− ϕ(m̄)(x, u)

)
=

= ϕ(m̄)(x, u)− ϕ(x, u) +
[(

a(m̄)(x)− a(x)
)

ux̄(x)
]
x̂
, x ∈ ω̂h,

(41)

− 1
~0

(
a

(m̄)
1 zx,0 − β1z0

)
−

(
ϕ(m̄)(x0, y

(m̄))− ϕ(m̄)(x0, u)
)

=

= ϕ(m̄)(x0, u)− ϕ(x0, u) +
1
~0

(
a

(m̄)
1 − a1

)
ux,0,

(42)

1
~N

(
a

(m̄)
N zx,N − β2zN

)
−

(
ϕ(m̄)(xN , y(m̄))− ϕ(m̄)(xN , u)

)
=

= ϕ(m̄)(xN , u)− ϕ(xN , u)− 1
~N

(
a

(m̄)
N − aN

)
ux̄,N .

(43)
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From (41)-(43) we obtain
(
A

(m̄)
h (x, y(m̄))−A

(m̄)
h (x, u), z

)
ˆ̄ωh

=

=
(((

a(m̄) − a
)
ux̄

)
x̂
, z

)
ω̂h
−

(
a

(m̄)
N − aN

)
ux̄,NzN+

+
(
a

(m̄)
1 − a1

)
ux,0z0 +

(
ϕ(m̄)(x, u)− ϕ(x, u), z

)
ˆ̄ωh

.

(44)

Using the relations (23)-(29), Cauchy-Bunyakovsky-Schwartz inequality, for-
mula of summation by parts (see [3, p.25]), evaluate the expression on the
right-hand side equality (44)

(((
a(m̄) − a

)
ux̄

)
x̂
, z

)
ω̂h

−
(
a

(m̄)
N − aN

)
ux̄,NzN +

(
a

(m̄)
1 − a1

)
ux,0z0 =

=
((

a(m̄) − a
)

ux̄, zx̄

)
ω̂+

h

≤
∥∥∥a(m̄) − a

∥∥∥
0,2,ω̂+

h

‖ux̄‖0,2,ω̂+
h
‖zx̄‖0,2,ω̂+

h
≤

≤ M |h|m̄ ‖zx̄‖0,2,ω̂+
h
≤ M |h|m̄

c̃1
‖z‖

B
(m̄)
h

,

(45)

(
ϕ(m̄)(x, u)− ϕ(x, u), z

)
ˆ̄ωh

≤ M |h|m+1 ‖zx̄‖0,2,ω̂+
h
≤

≤ M |h|m+1

c̃1
‖z‖

B
(m̄)
h

,

(46)

if m is odd;

(
ϕ(m̄)(x, u)− ϕ(x, u), z

)
ˆ̄ωh

≤ M |h|m ‖zx̄‖0,2,ω̂+
h
≤ M |h|m

c̃1
‖z‖

B
(m̄)
h

, (47)

if m is even.
Taking into account the relations (40), (44)-(47) is the true estimation

‖z‖2

B
(m̄)
h

≤
(
A

(m̄)
h (x, y(m̄))−A

(m̄)
h (x, u), z

)
ˆ̄ωh

≤ M |h|m̄ ‖z‖
B

(m̄)
h

.

Hence it follows that ‖z‖
B

(m̄)
h

≤ M |h|m̄. So on the basis of equivalence of norms
‖·‖1,2, ˆ̄ωh

, ‖·‖
B

(m̄)
h

, we obtain

‖z‖1,2, ˆ̄ωh
≤ M |h|m̄ . (48)

Due to (23), (48), (33), (34), (15)-(17) we have
∣∣∣∣
(

k
dz

dx

)

0

∣∣∣∣ ≤ β1 |z0| ≤ M |h|m̄ ,

∣∣∣∣
(

k
dz

dx

)

N

∣∣∣∣ ≤ β2 |zN | ≤ M |h|m̄ , (49)
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∣∣∣∣∣
(

k
dz

dx

)

j

∣∣∣∣∣ ≤
∣∣∣a(m̄)

j−1+α − aj−1+α

∣∣∣
∣∣∣y(m̄)

x̄,j−1+α

∣∣∣ + |aj−1+α| |zx̄,j−1+α|+

+

∣∣∣∣∣∣
Z(m)j

α (xj , y
(m̄)) + (−1)α

Y
(m̄)j
α (xj , y

(m̄))− y
(m̄)
j+(−1)α

V
(m̄)j
α (xj)

−

−Z(m)j
α (xj , u)− (−1)α Y

(m̄)j
α (xj , u)− uj+(−1)α

V
(m̄)j
α (xj)

∣∣∣∣∣+

+
∣∣∣Z(m)j

α (xj , u)− Zj
α(xj , u)

∣∣∣+

+

∣∣∣∣∣
Y

(m̄)j
α (xj , u)− uj+(−1)α

V
(m̄)j
α (xj)

− Y j
α (xj , u)− uj+(−1)α

V j
α (xj)

∣∣∣∣∣ ≤

≤ M |h|m̄ +

+

∣∣∣∣∣∣
Φ


xj+(−1)α , y

(m̄)
j+(−1)α ,

(
k
dy(m̄)

dx

)

j+(−1)α

, (−1)α+1hj−1+α


 −

−Φ

(
xj+(−1)α , uj+(−1)α ,

(
k
du

dx

)

j+(−1)α

, (−1)α+1hj−1+α

)∣∣∣∣∣ ,

α = 1, 2, j = 1, 2, ..., N − 1,

where
Φ(x, u, v, h) = v + hΦ2(x, u, v, h)− Φ1(x, u, v, h)

Φ3(x, u, h)
.

Because
Φ1(x, u, v, 0) =

v

k(x)
, Φ3(x, 0, 0) =

1
k(x)

,

so using the Theorem on �nite increments, we obtain

Φ(x, u, v, h) = Φ(x, u, v, 0) + h
∂Φ(x, u, v, h̄)

∂h
= h

∂Φ(x, u, v, h̄)
∂h

, h̄ ∈ (0, h).

Then∣∣∣∣∣
(

k
dz

dx

)

j

∣∣∣∣∣ ≤ M |h|m̄ +

+ hj−1+α

∣∣∣∣∣∣∣∣

∂Φ
(

xj+(−1)α , y
(m̄)
j+(−1)α ,

(
k dy(m̄)

dx

)
j+(−1)α

, (−1)α+1h̄j−1+α

)

∂h
−

−
∂Φ

(
xj+(−1)α , uj+(−1)α ,

(
k du

dx

)
j+(−1)α , (−1)α+1h̄j−1+α

)

∂h

∣∣∣∣∣∣
≤ (50)
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≤ M |h|m̄ + hj−1+α

∣∣∣∣∣
∂2Φ(xj+(−1)α , ūj+(−1)α , v̄j+(−1)α , h̄j−1+α)

∂h∂u

∣∣∣∣∣
∣∣zj+(−1)α

∣∣+

+ hj−1+α

∣∣∣∣∣
∂2Φ(xj+(−1)α , ūj+(−1)α , v̄j+(−1)α , h̄j−1+α)

∂h∂v

∣∣∣∣∣

∣∣∣∣∣
(

k
dz

dx

)

j+(−1)α

∣∣∣∣∣ ≤

≤ M |h|m̄ + |h|M1

∣∣∣∣∣
(

k
dz

dx

)

j+(−1)α

∣∣∣∣∣ , α = 1, 2, j = 1, 2, ..., N − 1,

where ūj = uj + θjzj , 0 < θj < 1, v̄j =
(
k du

dx

)
j
+ ηj

(
k dz

dx

)
j
, 0 < ηj < 1, j =

0, 1, 2, ..., N .
Consistently applying inequalities (49), (50), we obtain∣∣∣∣∣

(
k

dz

dx

)

j

∣∣∣∣∣ ≤ M |h|m̄ , j = 0, 1, 2, ..., N.

Hence ∥∥∥∥k
dz

dx

∥∥∥∥
0,2, ˆ̄ωh

≤ M |h|m̄ .

Therefore, taking into account (48), we will have ‖z‖∗1,2, ˆ̄ωh
≤ M |h|m̄.

For solving the nonlinear TDS order of accuracy m̄ (21), (22) apply the
iteration method.
Theorem 3. Let the conditions of Theorem 2 are satis�ed. Then∣∣∣ϕ(m̄)(x, u)− ϕ(m̄)(x, v)

∣∣∣ ≤ L̃ |u− v| ,

there exist an h0 > 0 such that for all {hj}N
j=1 with |h| ≤ h0,

0 < c̃1 ≤ a(m̄)(x),
(
A

(m̄)
h (x, u)−A

(m̄)
h (x, v), u− v

)
ˆ̄ωh

≥ ‖u− v‖2

B
(m̄)
h

,

the iteration method

B
(m̄)
h

y(m̄,n) − y(m̄,n−1)

τ
+ A

(m̄)
h (x, y(m̄,n−1)) = 0, x ∈ ˆ̄ωh, n = 1, 2, ..., (51)

y(m̄,0)(x) =
µ1 + µ2 + µ1β2V

(m̄)
2 (x) + µ2β1V

(m̄)
1 (x)

β1 + β2 + β1β2V
(m̄)
1 (1)

, x ∈ ˆ̄ωh,

V
(m̄)
1 (xj) =

j∑

k=1

V
(m̄)k
1 (xk), V

(m̄)
2 (xj) =

N∑

k=j+1

V
(m̄)k
1 (xk)

with

τ = τ0 =

(
1 +

L̃

γ1 min {c̃1, 1}

)−2

converges and for the error we have∥∥∥y(m,n) − u
∥∥∥
∗

1,2, ˆ̄ωh

≤ M(|h|m̄ + qn), q =
√

1− τ0, (52)
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where the operators B
(m̄)
h , A

(m̄)
h (x, u) are determined by the formulas (37), (38),

k(x)
dy(m̄,n)

dx

∣∣∣∣∣
x=x0

= β1y
(m̄,n)
0 − µ1, k(x)

dy(m̄,n)

dx

∣∣∣∣∣
x=xN

= −β2y
(m̄,n)
N + µ2,

k(x)
dy(m̄,n)

dx

∣∣∣∣∣
x=xj

=aj−1+αy
(m̄,n)
x̄,j−1+α + Z(m)j

α

(
xj , y

(m̄,n)
)

+ (−1)α
Y

(m̄)j
α

(
xj , y

(m̄,n)
)− y

(m̄,n)
j+(−1)α

V
(m̄)j
α (xj)

, α = 1, 2,

j = 1, 2, ..., N − 1,

and M is a constant independent of |h| ,m, n.

Proof. According to Theorem 2 we have
∥∥∥y(m̄,n) − u

∥∥∥
∗

1,2, ˆ̄ωh

≤
∥∥∥y(m̄) − u

∥∥∥
∗

1,2, ˆ̄ωh

+
∥∥∥y(m̄,n) − y(m̄)

∥∥∥
∗

1,2, ˆ̄ωh

≤

≤ M |h|m̄ +
∥∥∥y(m̄,n) − y(m̄)

∥∥∥
∗

1,2, ˆ̄ωh

.
(53)

Considering that the f(x, u, ξ) ∈ N∪
j=1

Cm̄([xj−1, xi]×R2), we obtain

∣∣∣ϕ(m̄)(x, u)− ϕ(m̄)(x, v)
∣∣∣ ≤ L̃ |u− v| , x ∈ ˆ̄ωh.

Using the Cauchy-Bunyakovsky-Schwartz inequality and (39) we get an esti-
mate (

A
(m̄)
h (x, u)−A

(m̄)
h (x, v), w

)
ˆ̄ωh

≤ ‖u− v‖
B

(m̄)
h

‖w‖
B

(m̄)
h

+

+
∥∥∥ϕ(m̄)(x, u)− ϕ(m̄)(x, v)

∥∥∥
0,2, ˆ̄ωh

‖w‖0,2, ˆ̄ωh
≤

≤ ‖u− v‖
B

(m̄)
h

‖w‖
B

(m̄)
h

+ L̃ ‖u− v‖0,2, ˆ̄ωh
‖w‖0,2, ˆ̄ωh

≤

≤
(

1 +
L̃

γ1 min {c̃1, 1}

)
‖u− v‖

B
(m̄)
h

‖w‖
B

(m̄)
h

.

We put w =
(
B

(m̄)
h

)−1 (
A

(m̄)
h (x, u)−A

(m̄)
h (x, v)

)
, then

∥∥∥∥
(
B

(m̄)
h

)−1 (
A

(m̄)
h (x, u)−A

(m̄)
h (x, v)

)∥∥∥∥
B

(m̄)
h

≤

≤
(

1 +
L̃

γ1 min {c̃1, 1}

)
‖u− v‖

B
(m̄)
h

.

(54)
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From (41), (54) it follows
(

A
(m̄)
h (x, u)−A

(m̄)
h (x, v),

(
B

(m̄)
h

)−1 (
A

(m̄)
h (x, u)−A

(m̄)
h (x, v)

))

ˆ̄ωh

≤

≤
(

1 +
L̃

γ1 min {c̃1, 1}

)2

‖u− v‖2

B
(m̄)
h

≤

≤
(

1 +
L̃

γ1 min {c̃1, 1}

)2 (
A

(m̄)
h (x, u)−A

(m̄)
h (x, v), u− v

)
ˆ̄ωh

.

Therefore [3, p.353], the iteration method (51) converges in the space H
B

(m̄)
h

.
As the norms ‖·‖1,2, ˆ̄ωh

, ‖·‖
B

(m̄)
h

are equivalent, then the error can be estimated
as ∥∥∥y(m̄,n) − y(m̄)

∥∥∥
1,2, ˆ̄ωh

≤ M1q
n.

In addition
∣∣∣∣∣

(
k
dy(m̄,n)

dx

)

0

−
(

k
dy(m̄)

dx

)

0

∣∣∣∣∣ ≤ β1

∣∣∣y(m̄,n)
0 − y

(m̄)
0

∣∣∣ ≤

≤ M1

∥∥∥y(m̄,n) − y(m̄)
∥∥∥

1,2, ˆ̄ωh

,
∣∣∣∣∣

(
k
dy(m̄,n)

dx

)

N

−
(

k
dy(m̄)

dx

)

N

∣∣∣∣∣ ≤ β2

∣∣∣y(m̄,n)
N − y

(m̄)
N

∣∣∣ ≤

≤ M2

∥∥∥y(m̄,n) − y(m̄)
∥∥∥

1,2, ˆ̄ωh

,

∣∣∣∣∣∣

(
k
dy(m̄,n)

dx

)

j

−
(

k
dy(m̄)

dx

)

j

∣∣∣∣∣∣
≤

∣∣∣a(m̄)
j−1+α

∣∣∣
∣∣∣y(m̄,n)

x̄,j−1+α − y
(m̄)
x̄,j−1+α

∣∣∣+

+
∣∣∣Z(m)j

α (xj , y
(m̄,n))− Z(m)j

α (xj , y
(m̄))

∣∣∣ +
1∣∣∣V (m̄)j

α (xj)
∣∣∣

∣∣∣y(m̄,n)
j+(−1)α − y

(m̄)
j+(−1)α

∣∣∣+

+
1∣∣∣V (m̄)j

α (xj)
∣∣∣

∣∣∣Y (m̄)j
α (xj , y

(m̄,n))− Y (m̄)j
α (xj , y

(m̄))
∣∣∣ ≤

≤ M3

∥∥∥y(m̄,n) − y(m̄)
∥∥∥

1,2, ˆ̄ωh

+

+




∣∣∣∣
∂

∂u
Z(m)j

α (xj , u)
∣∣∣∣
u=ỹ

+
1∣∣∣V (m̄)j

α (xj)
∣∣∣

∣∣∣∣
∂

∂u
Y (m̄)j

α (xj , u)
∣∣∣∣
u=ȳ


×

×
∥∥∥y(m̄,n) − y(m̄)

∥∥∥
0,2, ˆ̄ωh

≤

≤ M3

∥∥∥y(m̄,n) − y(m̄)
∥∥∥

1,2, ˆ̄ωh

, j = 1, 2, ..., N,
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∥∥∥∥∥k
dy(m̄,n)

dx
− k

dy(m̄)

dx

∥∥∥∥∥
0,2, ˆ̄ωh

≤ M
∥∥∥y(m̄,n) − y(m̄)

∥∥∥
1,2, ˆ̄ωh

.

Hence we get that ∥∥∥y(m̄,n) − y(m̄)
∥∥∥
∗

1,2, ˆ̄ωh

≤ Mqn. (55)

From the inequality (53), (55) implies the following estimate (52).
From a practical point of view to �nd a solution TDS (21), (22) will eventu-

ally need to use an iteration method of Newton. Linearizing (21), (22) taking
into account the equality

ϕ(m̄)(xj , y
(m̄))=~−1

j

2∑

α=1


hj−1+α

2
f


xj+(−1)α , y

(m̄)
j+(−1)α ,

dy(m̄)

dx

∣∣∣∣∣
x=xj+(−1)α





+

+ O

(
h2

j + h2
j+1

~j

)
, j = 1, 2, ..., N − 1,

ϕ(m̄)(x0, y
(m̄)) = f

(
x1, y

(m̄)
1 ,

dy(m̄)

dx

∣∣∣∣∣
x=x1

)
+

1
~0

µ1 + O (h1) ,

ϕ(m̄)(xN , y(m̄)) = f


xN−1, y

(m̄)
N−1,

dy(m̄)

dx

∣∣∣∣∣
x=xN−1


 +

1
~N

µ2 + O (hN ) ,

dy(m̄)

dx

∣∣∣∣∣
x=xj+(−1)α

= y
(m̄)
x̄,j−1+α + O

(
h2

j−1+α

~j

)
,

j = 2− α, 3− α, ..., N + 1− α, α = 1, 2,

then modi�ed Newton iteration method will be a form

(
a(m̄)∇y

(m̄,n)
x̄

)
x̂,j

+
hj

2~j

∂f

(
xj−1, y

(m̄,n−1)
j−1 , dy(m̄,n−1)

dx

∣∣∣
x=xj−1

)

∂u
∇y

(m̄,n)
j−1 +

+
hj+1

2~j

∂f

(
xj+1, y

(m̄,n−1)
j+1 , dy(m̄,n−1)

dx

∣∣∣
x=xj+1

)

∂u
∇y

(m̄,n)
j+1 +

+
hj

2~j

∂f

(
xj−1, y

(m̄,n−1)
j−1 , dy(m̄,n−1)

dx

∣∣∣
x=xj−1

)

∂ξ
∇y

(m̄,n)
x̄,j +

+
hj+1

2~j

∂f

(
xj+1, y

(m̄,n−1)
j+1 , dy(m̄,n−1)

dx

∣∣∣
x=xj+1

)

∂ξ
∇y

(m̄,n)
x,j =

= −ϕ(m̄)
(
xj , y

(m̄,n−1)
)
−

(
a(m̄)y

(m̄,n−1)
x̄

)
x̂,j

, j = 1, 2, ..., N − 1,

(56)
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1
~0

(
a

(m̄,n)
1 ∇y

(m̄,n)
x,0 − β1∇y

(m̄,n)
0

)
+

+
∂f

(
x1, y

(m̄,n−1)
1 , dy(m̄,n−1)

dx

∣∣∣
x=x1

)

∂u
∇y

(m̄,n)
1 +

+
∂f

(
x1, y

(m̄,n−1)
1 , dy(m̄,n−1)

dx

∣∣∣
x=x1

)

∂ξ
∇y

(m̄,n)
x,0 =

= −ϕ(m̄)
(
x0, y

(m̄,n−1)
)
− 1
~0

(
a

(m̄,n)
1 y

(m̄,n−1)
x,0 − β1y

(m̄,n−1)
0

)
,

(57)

− 1
~N

(
a

(m̄,n)
N ∇y

(m̄,n)
x̄,N + β2∇y

(m̄,n)
N

)
+

+
∂f

(
xN−1, y

(m̄,n−1)
N−1 , dy(m̄,n−1)

dx

∣∣∣
x=xN−1

)

∂u
∇y

(m̄,n)
N−1 +

+
∂f

(
xN−1, y

(m̄,n−1)
N−1 , dy(m̄,n−1)

dx

∣∣∣
x=xN−1

)

∂ξ
∇y

(m̄,n)
x̄,N =

= −ϕ(m̄)
(
xN , y(m̄,n−1)

)
+

1
~N

(
a

(m̄,n)
N y

(m̄,n−1)
x̄,N + β2y

(m̄,n−1)
N

)
,

(58)

y
(m̄,n)
j = y

(m̄,n−1)
j +∇y

(m̄,n)
j , j = 1, 2, ..., N − 1, n = 1, 2, ... (59)

4. Numerical examples

Example 1. Let us consider boundary value problem

d2u

dx2
= π2 exp(u), x ∈ (0, 1),

du(0)
dx

− u(0) = − π√
3

+ ln 1, 5, −du(1)
dx

− u(1) = −
√

3π − ln 2,
(60)

with the exact solution

u(x) = − ln
(

2 cos2
(

π

2

(
x− 1

3

)))
.

Since f(x, u, ξ) = −π2 exp(u) it follows that condition (5) is satis�ed if we take
f0(x) ≡ 0, c(t) = π2 exp(t), g(x) ≡ 1. Besides we have

[f(x, u, ξ)− f(x, v, η)] (u−v) = −π2 exp(θu+(1−θ)v)(u−v)2 ≤ 0, 0 < θ < 1.

Thus, due to Theorem 1 the problem has a unique solution.
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For numerical solution of problem (60) on the equidistance grid ω̄h = {xj =
jh, j = 0, 1, ..., N, h = 1/N} we use TDS of the sixth order of accuracy (m = 6)

y
(6)
x̄x,j = −ϕ(6)(xj , y

(6)), j = 1, 2, . . . , N − 1,

2
h

(
y

(6)
x,0 − β1y

(6)
0

)
= −ϕ(6)(x0, y

(6)),

−2
h

(
y

(6)
x̄,N + β2y

(6)
N

)
= −ϕ(6)(xN , y(6)),

(61)

with

ϕ(6)(xj , u) = h−1
2∑

α=1

(−1)α

[
Z(6)j

α (xj , u) + (−1)α Y
(6)j
α (xj , u)− uj+(−1)α

h

]
,

ϕ(6)(x0, u) =
2
h

[
Z

(6)0
2 (x0, u) +

Y
(6)0
2 (x0, u)− u1

h
+ µ1

]
,

ϕ(6)(xN , u) =
2
h

[
−Z

(6)N
1 (xN , u) +

Y
(6)N
1 (xN , u)− uN−1

h
+ µ2

]
,

β1 = 1, β2 = 1, µ1 =
π√
3
− ln 1, 5, µ2 =

√
3π + ln 2,

and Y
(6)j
α (x, u), Z(6)j

α (x, u) are numerical solutions of initial value problems

dY j
α (x, u)
dx

= Zj
α (x, u) ,

dZj
α (x, u)
dx

= −f
(
x, Y j

α (x, u) , Zj
α (x, u)

)
,

xj−2+α < x < xj−2+α,

Y j
α

(
xj+(−1)α , u

)
= uj+(−1)α , Zj

α

(
xj+(−1)α , u

)
=

du

dx

∣∣∣∣
x=xj+(−1)α

,

(62)

j = 2− α, 3− α, ..., N + 1− α, α = 1, 2

computed by a explicit Runge-Kutta method of the sixth-order of accuracy (see
Table 6.1 [10, p.189]).

To determine the solution of the di�erence scheme (61) the modi�ed Newton
method (56)-(59) will be used. System linear algebraic equations (56)-(58) for
the unknowns ∇y(6,n)(x), x ∈ ˆ̄ωh we solved by Gaussian elimination for linear
system with a tridiagonal matrix.

Numerical results are given in Table 1. To evaluate the convergence rate in
practice, we introduced the following quantities

er =
∥∥∥z(6)

∥∥∥
∗

1,2,ω̄h

=
∥∥∥y(6) − u

∥∥∥
∗

1,2,ω̄h

, p = log2

∥∥z(6)
∥∥∗

1,2,ω̄h∥∥z(6)
∥∥∗

1,2,ω̄h/2

.

In the following example the implementation of the TDS uses the h− h/2 a
posteriori estimation to achieve a given accuracy EPS. The comparison with
the true error Er shows that this accuracy is actually achieved.
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Tabl. 1. Numerical results for problem (60).

N Er p
16 0, 2241 · 10−5

32 0, 3522 · 10−7 6
64 0, 5514 · 10−9 6
128 0, 8642 · 10−11 6

Example 2. Let us consider the boundary value problem
d2u

dx2
= 3u

du

dx
, x ∈ (0, 1),

du(0)
dx

= −1, 5/ cosh2(0, 75),

−du(1)
dx

− u(1) = 1, 5/ cosh2(0, 75) + tanh(0, 75).

(63)

The exact solution is u(x) = tanh
(

3(1− 2x)
4

)
.

The numerical results which have been obtained for di�erence scheme of
order of accuracy 6 are given in Table 2

Tabl. 2. Numerical results for problem (63).

EPS N Er
10−4 2048 0, 1323 · 10−5

10−6 2048 0, 4816 · 10−7

10−8 4096 0, 4078 · 10−9
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