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INTERPOLATING FUNCTIONAL POLYNOMIAL
FOR THE APPROXIMATE SOLUTION OF

THE BOUNDARY VALUE PROBLEM

Volodymyr Makarov, Igor Demkiv

Ðåçþìå. Ó ðîáîòi, çàñòîñîâóþ÷è ôóíêöiîíàëüíèé ïîëiíîì Íüþòîíà ïî-
áóäîâàíèé íà êîíòèíóàëüíié ìíîæèíi âóçëiâ, áóäó¹òüñÿ iíòåðïîëÿöiéíèé
ôóíêöiîíàëüíèé ïîëiíîì n-ãî ïîðÿäêó äëÿ íàáëèæåííÿ äî ðîçâ'ÿçêó êðà-
éîâî¨ çàäà÷i äðóãîãî ïîðÿäêó.
Abstract. Interpolating functional polynomial of order for the approxima-
tion to the solution of the boundary value problem of the second order is
constructed and justi�ed in this paper. This is done using Newton functional
polynomial constructed on a continual set of knots.

1. Introduction
Many authors investigated the generalization of the classical theory of one

variable functions interpolation to the case of nonlinear functionals and opera-
tors (see for example [1, 2, 3, 4, 5, 6, 7, 8] ). In particular, in [9] it is suggested
to seek for Newton-type interpolants in the class of functional polynomials of
the following form

Pn(x(·)) = K0+

+
n∑

s=1

∫ 1

0

∫ 1

z1

...

∫ 1

zs−1

Ks(−→z s)
s∏

i=1

[x(zi)− xi−1(zi)] dzs . . . dz1,
(1)

where xi (z) ∈ Q[0, 1], i = 0, 1, . . . are arbitrary, �xed elements from the space
Q[0, 1]. Which is a space of piecewise continuous on the interval [0, 1] functions
with a �nite number of discontinuity points of the �rst kind. For determination
of the kernels K0, Ks (−→z s), s = 1, n a following continual set of knots

xn
(
z, ~ξn

)
= x0 (z) +

n∑

i=1

H (z − ξi) [xi (z)− xi−1 (z)] , z ∈ [0, 1] , (2)

~ξn = (ξ1, ξ2, . . . , ξn) ∈ Ωn =

= {~zn = (z1, z2, . . . , zn) : 0 ≤ z1 ≤ z2 ≤ . . . ≤ zn ≤ 1} ,

was introduced and continual interpolation conditions of the form
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P I
n

(
xn

(
·, ~ξn

))
= F

(
xn

(
·, ~ξn

))
, ∀~ξn ∈ Ωn,

were set, where H (z) is a Heaviside function.
In the above-mentioned work, it was shown that the necessary conditions for

polynomial (1) to be interpolating on the continual knots (2) are the determi-
nation of its kernels according to the following formulas

K0 = F (x0 (·)) ,

Ks (~zs) = (−1)s
s∏

i=1

[xi (zi)− xi−1 (zi)]
−1 ∂s

∂z1 . . . ∂zs
F (xs (·, ~zs)) ,

s = 1, n .

To ensure su�cient condition for polynomial Pn (x (·)) to be interpolating on
continual knots (2) the following substitution rules satisfaction

∂p

∂z1∂z2 . . . ∂zp

[
F

(
xp+1

(·, ~zp+1
))∣∣

zp+1=zp

]
=

=
[

∂p

∂z1∂z2 . . . ∂zp
F

(
xp+1

(·, ~zp+1
))]∣∣∣∣

zp+1=zp

xp+1 (zp)− xp−1 (zp)
xp (zp)− xp−1 (zp)

,

p = 1, n− 1

(3)

were required.
The purpose of this paper is to develop and study the interpolating functional

polynomial for approximation of the solution of the second order boundary
value problem.

2. Statement of the problem
One must apply the Newton type functional polynomial of the form (1),

(2) and construct the approximation to the solution of the following boundary
value problem.

U ′′ (x; q (·))− q (x) U (x; q (·)) = −f (x) , x ∈ (0, 1) , (4)

U (0; q (·)) = 0, U (1; q (·)) = 0. (5)

3. Solution of the problem
When the function f (x) is �xed, one can consider solution of the problem

(4), (5) as non-linear operator with respect to q (x) . We introduce the following
continual interpolating knots

qn
(
x,
−→
ξ n

)
=

n∑

i=1

1
n

H (x− ξi) , (6)

where
0 ≤ ξ1 ≤ ξ2 ≤ . . . ≤ ξn ≤ 1 (7)
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and the frame of these knots are

qi (x) =
i

n
, i = 0, n.

Let us write the following n− degree interpolating functional polynomial of
Newton type

Un (x; q (·)) =
n∑

i=0

∫ 1

0

∫ 1

z1

. . .

∫ 1

zi−1

Ki (x; q (·))
i∏

p=1

n
(
q (zp)− p

n

)
d−→z p, (8)

where
Ki (x; q (·)) = (−1)i ∂i

∂z1 . . . ∂zi
U

(
x; qi

(
x;−→z i

))
, (9)

i = 1, n, K0 (x; q (·)) = U (x; 0) .

According to Theorem 2.1 from [9] the necessary and su�cient condition for
polynomial (8), (9) to be interpolating for solution of the boundary problem
(4), (5) on a continual set of interpolating knots (6), (7), i.e. the following
conditions were met

U
(
x; qn

(
·,−→ξ n

))
= Un

(
x; qn

(
·,−→ξ n

))
, ∀ −→ξ n ∈ Ωn, (10)

is the following substitution rules to be applicable

[
∂

∂ξi−1
U

(
x; qi

(
·,−→ξ i

))]

ξi=ξi−1

=
1
2

∂

∂ξi−1
U

(
x; qi

(
·; −→ξ i

∣∣∣
ξi=ξi−1

))
,

i = 2, n.

(11)

The following statement is ful�lled.

Lemma 1. Let the solution of boundary value problem (4), (5) be considered
as non-linear operator with respect to q (x). Then it satis�es the substitution
rule (11).

Proof. Consider the following boundary problem

U ′′
(
x; qi

(
·;−→ξ i

))
−

i∑

p=1

1
n

H (x− ξp) U
(
x; qi

(
x;
−→
ξ i

))
= −f (x) ,

x ∈ (0, 1) ,

(12)

U
(
0; qi

(
·;−→ξ i

))
= 0, U

(
1; qi

(
·;−→ξ i

))
= 0. (13)

As consequences from (12), (13) we have following two boundary value prob-
lems with the same di�erential operator

d2

dx2

[
∂

∂ξi−1
U

(
x; qi

(
·;−→ξ i

))]

ξi=ξi−1

−
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−
i∑

p=1

1
n

H (x− ξp)|ξi=ξi−1

[
∂

∂ξi−1
U

(
x; qi

(
·;−→ξ i

))]

ξi=ξi−1

= (14)

=
1
n

d

dξi−1
H (x− ξi−1) U

(
x; qi

(
·,−→ξ i

))∣∣∣
ξi=ξi−1

,

[
∂

∂ξi−1
U

(
x; qi

(
·;−→ξ i

))]

ξi=ξi−1

∣∣∣∣∣
x=0,1

= 0, (15)

d2

dx2

[
∂

∂ξi−1
U

(
x; qi

(
·;−→ξ i

))]

ξi=ξi−1

−

−
i∑

p=1

1
n

H (x− ξp)|ξi=ξi−1

∂

∂ξi−1
U

(
x; qi

(
·; −→ξ i

∣∣∣
ξi=ξi−1

))
= (16)

=
2
n

d

dξi−1
H (x− ξi−1) U

(
x; qi

(
·, −→ξ i

∣∣∣
ξi=ξi−1

))
,

∂

∂ξi−1
U

(
x; qi

(
·; −→ξ i

∣∣∣
ξi=ξi−1

))∣∣∣∣
x=0,1

= 0. (17)

Note that right hand sides of their di�erential equations di�er only by numer-
ical multiplier. Comparison of boundary value problems (14), (15) and (16),
(17) proves the lemma.

To construct the interpolant (8), (9) one must �nd the solution of the prob-
lems (12), (13) at i = 0, n. Then we have

U (x; 0) = K0 (x; q (·)) =
∫ 1

0
G0 (x, ξ) f (ξ) dξ,

U
(
x; qi

(
·;−→ξ i

))
=

∫ 1

0
Gi (x, ξ) f (ξ) dξ, i = 1, n,

where Gi (x, ξ) , i = 0, n are Green's functions of the corresponding boundary
value problems

G0 (x, ξ) =

{
x (1− ξ) , 0 ≤ x ≤ ξ,

ξ (1− x) , ξ ≤ x ≤ 1,
.

Gi (x, ξ) =
1

V1,i (1)

{
V1,i (x) V2,i (ξ) , 0 ≤ x ≤ ξ,

V2,i (x) V1,i (ξ) , ξ ≤ x ≤ 1.

Here V1,i (x) , V2,i (x) are solutions of the following Cauchy problems:

d2Vαi (x)
dx2

−
i∑

p=1

1
n

H (x− ξp) Vαi (x) = 0, x ∈ (0, 1) , α = 1, 2;

V1i (0) = 0;
dV1i (0)

dx
= 1; V2i (1) = 0;

dV2i (1)
dx

= −1.
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It is quite simple to �nd functions V1,i (x) , V2,i (x) in explicit form because
the di�erential equations which they satisfy have a piecewise constant coe�-
cient. In particular at i = 1 we obtain

V11 (x) =





x, 0 ≤ x ≤ ξ1,

√
n sinh

1√
n

(x− ξ1) + x cosh
1√
n

(x− ξ1) , ξ1 ≤ x ≤ 1,

V21 (x) =





√
n sinh

1√
n

(1− x) , ξ1 ≤ x ≤ 1,

− cosh
1√
n

(1− ξ1) (x− ξ1) +
√

n sinh
(1− ξ1)√

n
, 0 ≤ x ≤ ξ1.

4. Conclusions
Thus, Newton type interpolating functional polynomial of n−degree of form

(8), (9) was obtained. This polynomial will be the approximation to the solution
of the boundary value problem (4), (5).
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