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DYNAMICS OF TERNARY STATISTICAL EXPERIMENTS
WITH EQUILIBRIUM STATE
M. L. BERTOTTI,

S. O. DOVGYI,

D. KOROLIOUK

Âèâ÷àþòüñÿ ñöåíàði¨ äèíàìiêè ìîäåëi òðèíàðíèõ ñòàòèñòè÷íèõ
åêñïåðèìåíòiâ. Âàæëèâîþ îñîáëèâiñòþ ìîäåëi ¹ óìîâà áàëàíñó i íàÿâíiñòü
ñòàöiîíàðíîãî ñòàíó ðiâíîâàãè (ρ). Öå äîçâîëÿ¹ âèêîðèñòîâóâàòè ðiçíèöåâi
ðiâíÿííÿ äëÿ ïðèðîñòiâ éìîâiðíîñòåé äëÿ âèâ÷åííÿ äèíàìiêè ìîäåëi. Äà¹òüñÿ êëàñèôiêàöiÿ ñöåíàði¨â åâîëþöi¨ ìîäåëi, ÿêi çíà÷íî âiäðiçíÿþòüñÿ
îäèí âiä îäíîãî â çàëåæíîñòi âiä îáëàñòi çíà÷åíü îñíîâíèõ ïàðàìåòðiâ
ìîäåëi V0 i ρ0 .
Abstract. We study the scenarios of the dynamics of ternary statistical
experiments modeled by means of dierence equations.
Important features are a balance condition and the presence of steady state
(equilibrium).
We give a classication of scenarios of the model's evolution which are
signicantly dierent one from another depending on the domain of the values
of the model basic parameters V0 and ρ0 (see Proposition 1).
Ðåçþìå.

1. Building a model

We consider statistical experiments (SE) with persistent linear regression [1]
with additional alternatives.
The basic idea of the model construction is to choose a main factor that
determines the essential state of SE, supplemented by additional alternatives
in the way that the aggregation of the principal factor and its complementary
alternatives completely describe the dynamics of SE on time.
The basic characteristic of the main factor and of the additional alternatives
are their probabilities (frequencies): P0 of the main factor and P1 , P2 of the
additional alternatives, for which the balance condition takes place:

P0 + P1 + P2 = 1.

(1)

The dynamics of SE characteristics is determined by a linear regression function which species the values of SE characteristics in the next stage of observation, for given value probability at the present stage.
Consider a sequence of SE characteristics values which depends on the stage
of observation, or, equivalently, on a discrete time parameter k ≥ 0:

P (k) := (P0 (k), P1 (k), P2 (k)) , k ≥ 0,
and their increments at k -th time instant:
∆P (k + 1) := P (k + 1) − P (k) , k ≥ 0.
Key words. Binary statistical experiment, persistent regression, stabilization, stochas-tic
approximation, exponential statistical experiment, exponential autoregression process.
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The linear regression function of increments is dened by a matrix which is
generated by directing action parameters:
b (k) , k ≥ 0,
∆P (k + 1) = −VP
(2)
where

b := [Vbmn ; 0 ≤ m, n ≤ 2],
V
Vbmm = 2Vm , Vbmn = −Vn , 0 ≤ n ≤ 2 , n 6= m.

(3)

The directing action parameters V0 , V1 , V2 satisfy the following inequality:

|Vm | ≤ 1 , 0 ≤ m ≤ 2.

(4)

An important feature of SE is the presence of a steady state ρ (equilibrium),
which is determined by zero of the regression function of increments :
b = 0,
Vρ
(5)
or in scalar form:
Vbm ρ := Vbm0 ρ0 + Vbm1 ρ1 + Vbm2 ρ2 = 0 , 0 ≤ m ≤ 2.

(6)

Of course, the following balance condition takes place:

ρ0 + ρ1 + ρ2 = 1.

(7)

Next, we consider the uctuations probabilities relative to equilibrium value
Pbm (k) := Pm (k) − ρm , 0 ≤ m ≤ 2.
(8)

The basic assumption. The SE dynamics is determined by a dierence equation for the main factor probabilities Pb0 (k), and by the probabilities of additional alternatives Pb1 (k) and Pb2 (k)

b Pb(k) , k ≥ 0,
∆Pb(k + 1) = −V

(9)

or in scalar form:
∆Pbm (k + 1) = Vbm0 Pb0 (k) + Vbm1 Pb1 (k) + Vbm2 Pb2 (k) , 0 ≤ m ≤ 2 , k ≥ 0. (10)
Also the initial values have to be xed:
Pb(0) = (Pb0 (0), Pb1 (0), Pb2 (0)).

Remark 1. Considering equations (5) - (6) and the balance condition (7), we

have explicit formulas for equilibrium:

ρm = Vm−1 /V , 0 ≤ m ≤ 2,
V := V0−1 + V1−1 + V2−1 ,

or in other form:
ρ0 = V1 V2 /V , ρ1 = V0 V2 /V , ρ2 = V0 V1 /V,
V := V1 V2 + V0 V2 + V0 V1 .

(11)

The validity of the formulas (11) can be easily conrmed by their substitution
in equations (6) - (7). Obviously this holds true under the additional condition:
V 6= 0.
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Remark 2. The dynamics determination by the linear regression function (9) (10) in regression model of statistic experiments, does not envolves the balance
condition (1), and the equilibrium (5) with additional restrictions:
0 ≤ Pm (k) ≤ 1 , 0 ≤ m ≤ 2 , k ≥ 0 ; 0 ≤ ρm ≤ 1 , 0 ≤ m ≤ 2

for solutions of dierence equations (2) or, equivalently (9) and equations (5)
- (7) for equilibriums.
2. Model interpretation

The model of SE is constructed in several stages. First, the main factor
should be chosen, characterized by probability (or frequency, concentration
etc.). So there exist supplementary alternatives, whose probabilities are complement to the main factor probability. In particular, having only one alternative, the binary models of SE are considered in the works [1,2] (see also [3,4]).
The presence of two or more alternatives brings more diculties in the analysis
of SE.
With a full set of SE characteristics, the probabilities of the main factor
and of additional alternatives satisfy the balance condition (1) or, equivalently,
the balance condition (7) and the dynamics of the main factor probability P0 ,
as well as of supplementary factors P1 , P2 is given by the following dierence
equations for the probabilities of uctuations for all k ≥ 0:

∆Pb0 (k + 1) = V1 Pb1 (k) + V2 Pb2 (k) − 2V0 Pb0 (k) ,
∆Pb1 (k + 1) = V0 Pb0 (k) + V2 Pb2 (k) − 2V1 Pb1 (k) ,

(12)

∆Pb2 (k + 1) = V0 Pb0 (k) + V1 Pb1 (k) − 2V2 Pb2 (k) .
The increment of probabilities uctuations of the main and supplementary factors
∆Pbm (k + 1) := Pbm (k + 1) − Pbm (k) , 0 ≤ m ≤ 2 , k ≥ 0,
is determined by the values of guide action parameters V0 , V1 , V2 .

Remark 3. The uctuations of probabilities in (8) satisfy the balance condition:
Pb0 (k) + Pb1 (k) + Pb2 (k) = 0 , k ≥ 0,

(13)

and by formula (8) one has:
∆Pbm (k) = ∆Pm (k) , 0 ≤ m ≤ 2 , k ≥ 0.

(14)

The equation (12) characterizes two basic principles of alternatives interaction: stimulation (positive terms) and containment (negative term).
3. Model analysis

The existence of an equilibrium point for the uctuations increments regression function (5) provides the possibility to analyze the dynamics of SE
(by k → ∞) in view of the possible guide parameter values which satisfy the
constraint (4).
The dynamics of the main factor probability is described by several scenarios.
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Proposition 1. The main factor probability P0 (k), k ≥ 0, determined by the

solution of the dierence equation (12), as well as by the basic assumption
(9), with equilibrium (11), changes when k → ∞ according to the following
scenarios:
Attractive equilibrium: V0 > 0, 0 < ρ0 < 1:
lim P0 (k) = ρ0 ;

k→∞

(15)

Repulsive equilibrium: V0 < 0, 0 < ρ0 < 1:
(

lim P0 (k) =

k→∞

1
0

if
if

P0 (0) > ρ0 ;
P0 (0) < ρ0 .

(16)

Dominant equilibrium: ρ0 6∈ (0, 1), V0 < 0:
lim P0 (k) = 1;

k→∞

(17)

Degenerate equilibrium: ρ0 6∈ (0, 1), V0 > 0:
lim P0 (k) = 0;

k→∞

(18)

Remark 4. Of course, the main factor dynamics scenarios can be formulated
by domain of values of the guide parameters V0 , V1 , V2 .
Remark 5. Similar scenarios for additional alternative dynamics take place by
considering the values of parameters V1 , ρ1 or V2 , ρ2 .
4. Annexes

Fig. 1. Table of scenarios
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Fig. 2. Illustration of Pi limit behaviour
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