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ON ACOUSTIC EQUILIBRIA

E. V. TKACHENKO, A.N. TIMOKHA

PE3IOME. Crarrs y3arajpHIOE MaTeMaTU4dHy TEOPilo BIOpOpiBHOBAru Ha Bu-
MaJ0K aKyCTHIHO-KEPOBAHO! IOBEPXHI PO3JALILY MiXK BHIADOBHHM Ta30M Ta
PiIMHOIO B KOHTEHHEDI.

ABSTRACT. The present paper generalises mathematical theory of vibroequi-
libria onto the case of the acoustically-driven interface between ullage gas and
liquid in a container.

1. INTRODUCTION

Using high-frequency vibrations and acoustic waves for the contactless con-
trol of a limited liquid volume is a relatively-old technologic idea coming from
the 70-90’s. In this context, one should mention the so-called acoustical levita-
tion (of liquid drops) utilised in chemical and pharmaceutical industries as well
as for getting ultra-pure (smart) materials [4,6,15]. A mathematical theory of
acoustically-levitated liquid drops can be found in [5]. Other popular studies
deal with mean (time-averaged) shapes of the contained liquid in tanks under-
going a high-frequency vibration. These are associated with novel microgravity
technologies, whose fundamentals were recently developed in experiments [7,12]
(see, also, references therein). To explain the experimental vibro-phenomena,
the authors extensively employ theoretical concept of vibroequilibria, which
were first considered and analysed in the applied mathematical works [1,2, 8].
The vibroeqilibria (time-averaged, mean liquid shapes in vibrating containers)
may dramatically differ from those caused by Newtonian gravitation and sur-
face tension. The difference is clarified by vibrational forces introduced by
Blekhman [3]|. The extra (in addition to gravitation and surface tension) forces
affect both the mean liquid shape and its hydrodynamic stability, i.e., the
high-frequency tank vibrations may make the mean free surface unstable, or,
contrary, stabilise it. Using the mathematical theory from [1,2,8], even though
it was based on a rather simple hydrodynamic model of ideal compressible flu-
ids, demonstrates a rather adequate prediction of the experimentally-observed
vibrational phenomena.

Along with technologies of acoustical levitation and vibrational control of a
limited liquid volume in a shaken tank, there exists another class of contactless
(acoustic) techniques in microgravity, whose idea comes from famous experi-
mental observations by Wesseln [16]. These experiments showed that generat-
ing an acoustic field in the ullage gas (vapour) makes it possible to destabilise
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(stabilise) the liquid-gas interface for certain input acoustic frequencies. For
cryogenic two-layer fluids, the destabilisation leads to extensive evaporations of
the condensed component, an increase of the mean pressure in the gas domain,
and, thereby, it causes the so-called acoustic pumping. A physical theory of
the acoustic pumping can be found in [10,13]. By utilising [5], the present pa-
per develops elements of a mathematical theory of the acoustic destabilisation
(stabilisation).

After formulating the non-dimensional mathematical statement of the con-
sidered hydrodynamic problem in § 2, which adopts the model of ideal com-
pressible barotropic two-layer fluids, we introduce small parameters (and re-
lations between them) in § 3 to apply the two-timing (separation of slow and
fast time) asymptotic technique and derive the free-surface problem describing
slow (modulated) motions of the liquid exposed to acoustic loads from the gas
side. Mathematically, the latter problem looks identical to those appearing in
the liquid sloshing dynamics for a motionless container when Newtonian grav-
itation, surface tension and acoustic radiation pressure become comparable on
the introduced asymptotic scale. This makes it possible to generalise classical
results [11] on sloshing of a capillary liquid. § 4 introduces acoustic equilib-
ria (generalisation of capillary equilibria) and spectral theory of linear relative
(natural) harmonic standing waves (natural sloshing modes and frequencies).
Spectral criterion of stability for the acoustic equilibria is formulated and ap-
plied to show that acoustic field can destabilise the flat liquid-gas interface (if
exists) for certain input acoustic frequencies. In § 5, we derive an analogy of
(pseudo-)potential energy for the acoustic equilibria.

2. STATEMENT OF THE PROBLEM
Following [1], we consider the rigid container

Q = Ql(t) a QZ(t) = {($,y,2)|W($,y, Z) < O}v

which is filled by a two-layer fluid where the upper fluid is associated with the
ullage (ideal compressible barotropic) gas (domain Q1(t)) but the lower one
is an ideal compressible barotropic liquid (domain Q2(t)). The gas and liquid
domains are time-dependent and the interface

E(t) = 8Q2(t) N 6Q1(t) = {(m,y,z)\ﬁ(z,y,z,t) = O}

is implicitly specified by the preliminary unknown function £ such that V&/|V¢|
is the outer normal to Q2(t) on X(t). The gravitational acceleration is directed
downward, against the Oz-axis. Furthermore, we assume an acoustic field
generated in QQ1(¢) by means of a vibrator on a piece of the time-independent
gas boundary

So C an(t), So N E(t) = @,

which is, in fact, a part of the tank wall contacting with Q1(¢).

Asin [1,5], the two-layer fluid dynamics is described by the velocity potentials
vi(z,y, z,t), the pressure p;(z,y, z,t) and density p;(x,y, z,t) fields in ullage
gas (i = 1) and liquid (¢ = 2), respectively. Henceforth, the corresponding
boundary value problem is considered in the non-dimensional statement, which
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appears after choosing the characteristic dimension (length) ! and time 27 /0,
where o is the circular frequency of the acoustic field in the gas. This non-
dimensional mathematical statement takes then the form [5]:

1 ; L/vi
piV (% + §(Vg0i)2 + 0, 2Bo m) =—Vpi; pi= <p> in Q;(t), (1)

Poi
p'z‘ + diV(in(pZ’) =0 in Qi(t); / pidQ = my, (2)
Qi(t)

Onpi =0 on Si(t);  Onpi = — &/|VE| on X(t), (3)
—p2+0;2 (K1+K2) =—0yp1 oOn E(t), (4)

(VW, V¢E)
—————>~ —cosa on 0X(1), 5
VIVe] $ ®)
p1 Opp1 =epok 1 V(z,y,2) sint  on Sp, (6)

where S;(t) = 0Q N 0Q; (i = 1,2) are the time-depending wetted (contacted)
walls of @ by gas and liquid, respectively, 0% (t) is the contact (gas-liquid-tank)
line (curve), « is the contact angle (we assume that o =const), K; are the main
curvatures of 3(t), po; are the mean densities of gas and liquid, respectively, 7;
are the adiabatic indices for the barotropic fluids, pg; are the non-dimensional
mean (static) pressures in the fluids (i = 1,2), m; and mg are (constant)
masses of gas and liquid, respectively; the dot implies the time-derivative and
Op, is the (outer) normal derivative. Furthermore, o, = 0+/po2l/Ts is the non-
dimensional (normalised) acoustic frequency, where Ty is the surface tension,
Bo = gl%pg2/Ts is the Bond number, where g is the gravity acceleration, k =
ol/c is the wave number of the acoustic field in the gas, where ¢ is the sound
speed in the gas, dg = po1/po2 < 1 is the ratio between the mean densities.

Originally, Vo (z,y, z) sin(ot) is the given dimensional distribution of the nor-
mal velocity on the acoustic vibrator Sg C S1 but the normalisation intro-
duces the non-dimensional distribution V' = Vj/sup|Vp|, the small parameter
e = sup|W|/(cpo) < 1 (ratio of the maximum vibration velocity and the sound
speed, an analogy of the Mach number) as well as the non-dimensional param-
eter pp = O(1).

Remark 2. Since the fluids (gas and liquid) are barotropic, equations (1) admit
the Lagrange-Cauchy integral. However, this does not simplify the asymptotic
procedure below.

3. ASYMPTOTIC ALMOST-PERIODIC SOLUTION OF (1)-(6)

The problem (1)-(6) contains two small parameters, one of which is asso-
ciated with the density ratio dp < 1 but the second small parameter is the
non-dimensional value o, ? < 1, which physically implies that the sound fre-
quency is much larger than the lowest eigenfrequency of the interfacial (slosh-
ing) waves [11]. To construct an almost-periodic solution, we assume the fol-
lowing asymptotic relations between the two small parameters

po1/poz = 0o = e, 1 =O0(1); 0% =pme’, p=O0(1). (7)
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The asymptotic procedure adopts the multi-timing technique of vibrational
mechanics 3], which introduces fast and slow time scales such that the fast time
is associated with the dimensionless time ¢ appearing in the inhomogeneous
condition (6) (expresses the input acoustic signal) and the slow time scale 7
should be proportional to the square-root of the dimensionless forces of potential
type (Newtonian gravitation and surface tension). The latter forces are of the
order O(e?); they appear in the dynamic interface condition (4) and the Euler
equations (1). Therefore, the slow time is defined as 7 = %2t and the non-
dimensionless solution of (1)-(6), (7) can be posed in the following form

oo oo
k k
Yi = Zek/?) 905 )(CC,y,Z,t,T), Di = ng/g pg )(l‘,y,z,t,T),
k=0

k=0
> 00 (8)
k .
Pi:ZE(k/g) PZ( )(mvyvz,t77_), &= g gh/3 Eu(x,y, 2,6, 7).
k=0 k=0

Substituting (8) into (1)-(6) and using the standard multi-timing technique,
which separates t and 7, derives the free-surface (sloshing-type) problem

Ap =0 in (Q2)(7), (9)
One =0 on (S2)(7), (10)
I = —=0:¢/|V(| on (X)(7), (11)

Drip+ 5 (V) + s (Bo w — (K + Ka) +
+ % (k*®* — (V®)?) = const on (X)(7), (12)

_ m =cosa on I(X)(7); /( } dQ = const

subject to
AP+ K2® =0 in (Q1)(7);
On® =0 on (S1)(7) U (E)(7);

Viz,y,2)

(13)

0n‘1> = ko n S(]a

which describes the wave function ® in the slowly changing gas domain (Q1)(7).

Here, () denotes averaging by the fast time ¢ and, therefore, (Q2)(7), (S2)(7)
and (X)(7) are the fast-time averaged liquid domain, wetted tank surface and
interface, respectively. The boundary value problem (9)-(13) couples the main
terms of the asymptotic representation (8)

Y2 =¢€ SO(IL‘ay?Z’T) + 0(6);
o1 =¢e2/3 O(x,y,2,7)sint + O(e); (14)
é. = C(xayaz77—) + 0(8)7

which are also independent of ¢.
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Remark 3. The boundary value problem (9)-(12) is of the mathematically iden-
tical structure to the classical sloshing problem of a capillary liquid but with extra
pseudo-differential terms in the dynamic boundary condition associated with ®
appearing as solution of the Neumann boundary value problem (13). These ex-
tra terms can be interpreted as the acoustic radiation pressure. The radiation
pressure parametrically depends on the slowly-varying interface (3)(7).

4. ACOUSTIC EQUILIBRIA AND RELATIVE HARMONIC WAVES
If the -time averaged interface does not depend on the slow time 7, i.e.

<E> = Yo :CO = CO(J;’:% Z) =0, <Q2> = <Q2>0 (Z - 172)7
=0, ®=y(z,y,2),

the problem (9)-(13) reduces to the stationary boundary problem

1
— (K1 + K2) — pu Bo z + 1 (k2 P2 — (Vdy)? ) = const on X,

(VW, V() /
————— >~ —cosa on JXg; d@ = const,
VW[Vl (@2)o
where @y comes from the Newman boundary value problem
Ady+ k> &g =0 in (Q1)o;
On®o =0 on <Sl>0 U Xo; (16)
On®o = MOW on S,

(SoUXpU(S1)0 = 9{(Q1)0). Equality (15) expresses a balance between surface
tension, gravitation and the Langevin acoustic radiation. Following [5], solution
of (15), (16) (surface Xo and wave function @) is called the acoustic equilibrium.

Remark 4. For the introduced asymptotic relations (7), the time-averaged
(mean) surface ¥o may dramatical differ from the capillary surface. The Lan-
gevin acoustic radiation can also influence stability of X as well as the natural
sloshing frequencies and modes by (9)-(13), which are, in fact, small harmonic
waves relative to Y.

Suppose X admits the singe-valued representation, x = Hy(y, z), and lin-
earise (9)—(13) relative to the acoustic equilibrium ¥y. Furthermore, we con-
sider the natural sloshing modes (H,1, ¥) and frequencies (w), which corre-
spond to the harmonic solution

h = exp(iwt)H (y,2); ¢ = iwexp(iwr)Y(x,y,z), ®=iwexp(iwt)¥(z,y,z)

of the linearised problem. The result is the spectral boundary problem with
respect to H and 1

H
(14 (VHo)? )2

A =01in (Q2)0; O =0 on (S9)g; O = on Yy, (17)
—w? Y+ pAH =0 on Xy, (18)
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where w? is the spectral parameter and the linear operator A = A; + Ay takes
the form
AH = [A1H) + [A2H] =

VH (VH,VHy)VH,

B [_div { (14 (VHo)? )2 (1+ (VHo)* )32 H

1
+ [@{k? By Doy H — (VO VOo,) H+

SR B U — (V(PO,V\I/)} +BoH},

(19)

WyH, +W.H, WyHo, + W.Ho, (VH,VH)
(VoW | VoW | (14 (VHp)? )1/?

on 9Xo;
(20)
Hdydz =0,
o
AV 4+ k2T =0 in Qo; 9,¥ =0 on (S1)oUSo,
(I)OmzH - (I)Osz - (I)OyHy - [(I)OxyHOy + q>0:czHOz]H (21)
on Zo.
(1+ (VHp)? )'/2
One can study spectral properties of the pseudo-differential operator A and
show that it is self-conjugated and has a real pointer spectrum with only a finite

set of negative eigenvalues. The following theorem establishes main properties
of (17), (18) with the operator (19)-(21).

o =

Theorem 1. Let Hy, ®g be a solution of the acoustic equilibria problem (9)-
(13) such that Hy € C?*(pXo) and @9 € C%((Q1)o U o) (here, pXo is the
projection of o on the Oyz plane). Then

1. The spectral boundary problem (17)-(21) has a real pointer spectrum con-
sisting of eigenvalues and {H,} is the functional basis in the factor-space
La(pXo)/ const.

2. The set of negative eigevalues {n|w? < 0} is finite.

Proof. Introduce the auxiliary Steklov-Poincare operator T' : H — 1|5, which
is defined by the Neumann problem (17). This operator 7" is precompact and
invertible on the dense set in the factor-space La(pXg)/const. The boundary
condition (18) yields the spectral equation

Co(wHH = (A — W*T)H = 0. (22)

Spectrum of (22) coincides with spectrum of the original problem (17)-(21).

Consider operator Aj, defined by formulas (19). It appears when analysing
the eigenoscillations of the capillary liquid and is unbounded, self-conjugate
and positive in Lo(pXg)/const. Let us introduce the auxiliary operators C
and Cy as

C1(w?) = W AT'T — ppy (B + AT Ag) = Co(w?) — B,

where C1 is due to the action of A7! from the left on operator Cp in (22). The
operator Co(w?) is precompact in the factor-space La(pXo)/const. If w? is the
eigenvalue of (22), then puy is the eigenvalue of the self-conjugate operator Cy,
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and, therefore, w? is the eigenvalue of the original spectral problem (17)-(21).
Because T and A are self-conjugate operators, their eigenvalues are real.

Regular set of the spectral boundary problem (17)-(21) is not empty and
contains, at least, complex numbers with non-zero imaginary components. For
a regular point wg , equation (22) is equivalent to the spectral equation

(C+ (W —wj)'E)H =0

where C(w3) = Cy(wd) 'A['T is the compact operator in La(p¥). Because
C is compact, its pointer spectrum consists of eigenvalues. As a consequence,
the first assertion of the theorem holds true.

All eigenvalues of Al_lT are positive and follow from the spectral boundary
problem on the natural sloshing modes and frequencies of the capillary liquid,
i.e. for all admissible H, the inequality

(AT'TH,H) >0
holds true. Therefore,
w721 = ppir (Hyp, Hp) + (A1_1A2anHn))/(A1_lTHna Hy),

where (H,, H,) = 1, (Al_lTHn,Hn) > 0. Because Al_lAg is compact and
{H,} is the functional base in La(pXy), then (A]'AgH,, H,) — 0,n — o0.
Therefore, the second assertion holds.

Corollary 4.2 a. The acoustic equilibria may blow up only due to a finite set
of linearly-independent perturbations.

Corollary 4.2 b. The acoustic equilibria are stable, if and only if, all eigen-
values {w?} of A are positive.

The second corollary is the same as the so-called spectral stability criteria,
which was already used in [11] for analysing the stability of the capillary equi-
libria. The stability was investigated by studying the spectrum of the A;-type
operator.

Example 1. (The flat acoustic equilibrium.) The flat capillary surface in an
upright cylindrical tank is realised for the contact angle a = w/2. The flat Xy is
also possible for the acoustic equilibria when acoustic vibrator on Sy generates
a planar standing wave, namely, when

Vo .
- = — khy),V =1).
c sin(k‘hl)’ 0 sin(kha), V(y, 2) >

The acoustic equilibrium is then associated with the following solution
Ho(y,2) =0;  ®o(x,y,2) =k cos(ka). (23)
According to [11,14], the flat capillary surface corresponds to a unique so-
lution of the capillary problem in an upright circular cylinder, if and only if,
Bo > k?;, where k17 is the minimum root of Jj(k11) = 0 (Jp(-) is the Bessel

function of the first kind). Let us pose solutions of the nonlinear boundary
value problem (15), (16) as the Fourier series by

hpq(r,0) = Jp(“pqr)gloré (p9)

Vo(z,y, z) = Vi = const <€ =
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in the cylindrical coordinate system, i.e.

Ho(r,0) = > ipg hpg(r,6), (24)
pg7#00
and
Do(z,y,2) = k2 cos(kz)+ Y Xpg bpg() hpg(r,0)+X00 cos(k(z—hq)), (25)
pg7#00
where

B cosh(¢p(z — hy)) g >

B cosh(ph1) ¢ tanh(gphy)’ B \/ﬁ
bPCI(x) - COS(¢($ _ hl)) _ ¢ - ”%pq k ’7
— K
cos(¢hy) ¢ tan(phy)’ Pa ’
in which 7,4, Xpq are the unknown coefficients.
Fach index pq corresponds to two unknown coefficients for asymmetric solu-

tions and one for symmetric ones hyq(r, §), namely,

Mo Jp(Kpgr) sinpd + nlt Jy(Kpgr) cospl, p # 0,
g hpq(T,G):{ pa /p\Fpg pa Zp\Fipg (26)

nog Jo(Kog)s p=0.

Inserting (24) and (25) into equations (15) and (16) and using the Fredholm
alternative leads to an infinite system of nonlinear equations with respect to
n = {npe}. To within the o(||n||)-quantities, we have the equalities

Gap = Cap Nap + o(|lnl]) = 0, (27)
where .
Cpg = p(Bo + kpg ) + 5

(Cpq are the eigenvalues of the operator A).

The system (27) admits the trivial solution n = 0, which corresponds to the
flat acoustic equilibrium. Trivial solution is stable as Cpq > 0. When there
is an index pq, such that Cpq(k) = 0, the trivial solution may not become
unique. For the eigenvalues with p # 0, two equations in (27) do not have
linear components at 7,, but the eigenvalues Coq, ¢ = 1,2,... have the single
multiplicity. In the latter case, the Krasnoselsky theorem [9] gives the sufficient
condition of bifurcation of the trivial solution.

bpe(0), p=0,1,..; ¢=1,2,... (28)

5. PSEUDO-POTENTIAL ENERGY OF ACOUSTIC EQUILIBRIA

The above example shows that finding the stable acoustic equilibria from
its differential statement (15), (16) can be efficient when interface Xy coincides
with the capillary surface. If the acoustic equilibrium ¥y differs from the capil-
lary surface, identifying solutions of (15), (16) and studying their stability may
become a rather complicated task. For the capillary surface, this task suffi-
ciently simplifies by employing the potential energy functional whose minima
correspond to the stable liquid shapes. Finding these shapes reduces to a direct
numerical minimisation of the potential energy functional.
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Theorem 1 in [1] states that the smooth solution of (1)-(6) can follow from
necessary extrema condition of the functional

to v 2
G(&, i, pi) = /t1 {/Q2 P2 ((9202) — Us(pa) — pp1 € Bo :p) dQ—
— 1 & (] = cosalSa|) + (29)

2
+ 5/Q P1 <(V9201) —Ui(p1) — 1 €2 Bo a:) dQ} dt

subject to (1)-(3), (6) and for small variations
0lt1,ta =0, Opily e =0 (30)

where p; = p? dU; /dp;.
By using the multi-timing technique, one can show that

<G(€7 iy Pz)> =const + ¢ g(Cv SO) + O<€4/3)7

where
T2 \V4 2
g((#ﬁ):/ﬁ {/( 2><( ;p) —,u,ulBox> dQ—
— i ((E)] — cos af(S2)|) + (31)
H1 252 2 Mol
+ T o (k: o° — (VD) )dQ T /SO @V(m,y,z)dS} dr,
where

(Vep)?
/( 2) 2 1

implies the pseudo-kinetic energy for the sloshing problem (9)-(13) but the
remaining quantities can be interpreted as the minus pseudo-potential energy.

Theorem 2. The problem on the stable acoustic equilibria X9 : (o = 0 is
equivalent to identifying the minima of the functional

() = p <|Eo + cos a|(S1)] +/ BomdQ) +

2)0
1 (32)
+ <4 / (K2F — (V0)*)dQ + £ / V<a:,y,z)<1>od5) =
(Q1)o So

= —G(C(z,y, 2), Po(z,y,2)),

where g is the solution of (16) subject to the volume conservation condition

/ dQ = const.
(Q2)0

The proof comes from computing the second variation by Hy of the functional
II(z — Hp). The second variation by ¢ for the surface tension quantities was
already derived in [11] (chapter 1). The first variation by ® is equal to zero
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restricted to (16) but the first variation by Hy leads to equation (15), which
links ®¢ and Hy. Furthermore,

I =pt / (ASH,6H)dydz,
j20)

where A is the operator by (19)-(21). Condition §?II > 0 is equivalent to the
spectral stability criteria 4.2 a.

6. CONCLUSIONS
By applying the fast-time averaging of the non-dimensional free-interface
problem for two compressible fluids, the mathematical theory of levitating drops
in |5] is generalised to study how acoustic field in the ullage gas may affect the
mean (time-averaged) liquid-gas interface (called the acoustic equilibrium) and
its stability. The theory includes a spectral theorem on the natural frequencies
and modes and a pseudo-potential energy introduced for the acoustic equilibria.

The second author acknowledges the financial support of the Centre of Au-
tonomous Marine Operations and Systems (AMOS) whose main sponsor is the
Norwegian Research Council (Project number 223254-AMOS).
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