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Ðåçþìå. Ìè ðîçãëÿäà¹ìî íàáëèæåíå ðîçâ'ÿçóâàííÿ íåñòàöiîíàðíèõ çà-
äà÷ Äiðiõëå äëÿ õâèëüîâîãî ðiâíÿííÿ i ðiâíÿííÿ òåïëîïðîâiäíîñòi ó äâîâè-
ìiðíèõ i òðèâèìiðíèõ äâîçâ'ÿçíèõ îáëàñòÿõ çà ìåòîäîì ôóíäàìåíòàëüíèõ
ðîçâ'ÿçêiâ (ÌÔÐ). Ïåðåòâîðåííÿ Ëàããåðà i ìåòîä Ãóáîëüòà çàñòîñîâàíi
íåçàëåæíî äëÿ äèñêðåòèçàöi¨ âèõiäíî¨ çàäà÷i ïî ÷àñîâié çìiííié äî ïîñëi-
äîâíîñòi åëiïòè÷íèõ çàäà÷. Â ñâîþ ÷åðãó ñòàöiîíàðíi çàäà÷i ïîâíiñòþ
äèñêðåòèçîâàíî äî ðåêóðåíòíî¨ ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü, âèêîðèñòî-
âóþ÷è ÌÔÐ. Íàâåäåíî àëãîðèòì ìåòîäó, âèáið òî÷îê êîëîêàöi¨ i äæåðåëà
äëÿ êîíêðåòíèõ âèïàäêiâ ãðàíèöü, à òàêîæ ðåçóëüòàòè ÷èñåëüíèõ åêñïå-
ðèìåíòiâ, ÿêi ïiäòâåðäæóþòü çàñòîñîâíiñòü äàíîãî ïiäõîäó.

Abstract. We consider the approximation of the solution of non-stationary
Dirichlet problems for the wave and heat equations in 2-dimensional and 3-
dimensional double connected domains, by the method of fundamental so-
lutions (MFS). The Laguerre transformation and the Houbolt method are
applied independently to reduce the initial problem by a time to a sequence
of elliptic problems. In turn, stationary problems are completely discretized
to a recurrent system of algebraic equations using MFS. The algorithm of
the method, the choice of collocation and source points for speci�c cases of
boundaries, as well as the results of numerical experiments, that con�rm the
applicability of this approach, are provided.

1. Introduction

The method of fundamental solutions is one of the common-used ap-
proaches for numerical solving of the elliptic problems, see, for example, in [2,3,
10]. The case of the hyperbolic and parabolic problems is less studied. For that
class of problems a few studies already developed, using the Laplace transfor-
mation in time, �nite di�erence approximations, Laguerre transformation with
a combination of method of the boundary integral equations or other methods,
see [7,8,12]. Also, there is a studies when the MFS is directly applied (for heat
equation), without time transformation, see [16].

The non-stationary problems govern many important physical problems and
are widely used in di�erent applications. The Dirichlet problem is one of the
classical well�posed problem which has owns application and commonly used
for generation of the input data for ill-posed problems, see [4, 7]. Important
to have an e�cient way of numerical solution for that problem. We build the
algorithm on the study [7].

Key words. Dirichlet problem; heat equation; wave equation; Laguerre transformation;
Houbolt method; method fundamental solutions.
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Let us consider the Dirichlet problem for the wave equation
1

a2
∂2u

∂t2
= ∆u in D × (0,∞),

u = fℓ on Γℓ × (0,∞), ℓ = 1, 2,

∂u

∂t
(x, 0) = u(x, 0) = 0 for x ∈ D,

(1)

where a > 0 is the given constant speed of sound, D is an annular domain
in Rd, d = 2, 3, bounded by two simple closed non-intersecting boundaries Γ1

(inner) and Γ2 (outer) with ν the outward unit normal to these boundaries, f1
and f2 are given smooth functions.

Similarly let's consider Dirichlet problem for the heat equation
1

c

∂u

∂t
= ∆u in D × (0,∞),

u = fℓ on Γℓ × (0,∞), ℓ = 1, 2,

u(x, 0) = 0 for x ∈ D,

(2)

where c > 0 a given constant specifying the heat di�usivity and f1, f2 and
domain D de�ned as for the wave problem.

We reduce the non-stationary Dirichlet problem to a sequence of boundary
value problems for elliptic equations, using either the Laguerre transformation
[9] or the Houbolt method [14]. The set of fundamental solutions is known, thus
it is possible to use the MFS without the need to transform the inhomogeneous
right-hand side to a homogeneous one, like it has been done in previous studies.
The solution of the elliptic problems is approximated by the linear combination
of fundamental solutions with unknown coe�cients, which in turn are obtained
by the collocation method. In the end, we obtain the recursive system of linear
equations for the unknown coe�cients.

An outline of the work is: in section 2 we apply the Laguerre transformation
and Houbolt method for time discretisation of the Dirichlet problem for the
heat and wave equations. MFS for the obtained sequence of elliptic problems is
developed in section 3. The de�nition of fundamental solutions and main steps
of the algorithm is provided in that section. In section 4 we show algorithm
of distribution of the source and collocation points for the MFS for speci�c
domains together with the some numerical results, that show the applicability
of the proposed approaches both for the wave and heat equations.

2. Time discretization

In the section we use two approaches to reduce (1) and (2) to a sequence
of stationary elliptic Dirichlet problems. Let us start from the Laguerre trans-
formation, see [7, 9].

2.1. Laguerre transformation. Recall the de�nition and the main result of
the Laguerre transform for our problems.
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De�nition 1. The Laguerre transformation with respect to the time-variable
of an element u(x, t) has the following representation:

u(x, t) = κ

∞∑
p=0

up(x)Lp(κt), (3)

where Lp(t) =
∑p

k=0

(
p
k

) (−t)k

k! is the Laguerre polynomial of order p ([1, Chapt.
22]), κ > 0 is a given constant and the Fourier-Laguerre coe�cients up are
de�ned as:

up(x) =

∫ ∞

0
e−κtLp(κt)u(x, t) dt, p = 0, 1, 2, . . . . (4)

Theorem 1. The function u de�ned in (3) is a solution of the Dirichlet problem
for the wave equation (1) respectively the heat equation (2) provided that the
Fourier-Laguerre coe�cients up, p = 0, 1, 2, . . ., are the solution of the following
sequence of elliptic Dirichlet problems:∆up − γ2up =

p−1∑
m=0

βp−mum in D,

up = fℓ,p on Γℓ, ℓ = 1, 2,

(5)

where

fℓ,p(x) =

∞∫
0

e−κtLp(κt)fℓ(x, t) dt, ℓ = 1, 2, p = 0, 1, 2, . . . ,

with γ2 = β0 and the coe�cients βp being: in the case of the wave equation:

βp =
κ2

a2
(p+ 1), p = 0, 1, 2, . . ., and in the case of the heat equation: βp =

κ

c
,

p = 0, 1, 2, . . . .

The approximation with respect to the time variable of the exact solution of
the Dirichlet problems is obtained as a partial sum of the representation (3),
that is limiting the value of p = 0, 1, 2, . . . , N > 0.

2.2. Houbolt method. In another hand, we can use the �nite di�erence meth-
ods for time discretization. A commonly used method is the Rothe method [7,8].
But in our work we approximate time derivatives using Houbolt method [14],
which is an unconditionally stable and second-order accurate linear scheme for
second-order equations; properties and comparison with various second-order
schemes are given in [11, 15, 17, 18]. Thus, start developing from the wave
equation (1). The generic form of the Houbolt scheme is

Ẍt+δt =
1

δt2

(
2Xt+δt − 5Xt + 4Xt−δt −Xt−2δt

)
,

where X is a twice continuously di�erentiable function, Ẍ note the second
derivative of the function, δt � time interval, Xt+kδt = X(t + kδt), k ∈ N. To
start this method, knowledge of the initial condition X0 is required together
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withX−δt and X−2δt. Therefore, a separate procedure is needed for the starting
values; for an investigation of various initial strategies and consequences, see [6].

To apply the above discretisation to (1), we use the equidistant grid

tp = (p+ 3)ht, for p = −3,−2, . . . , N > 0,

with ht =
T

N + 3
, and N ∈ N,

(6)

where T > 0 is the given �nal time. We approximate the solution u by the
sequence

up ≈ u(·, tp), p = −3, . . . , N. (7)

Using the above Houbolt scheme, the elements {up} satisfy

∆up =
1

a2h2t
(2up − 5up−1 + 4up−2 − up−3). (8)

Applying the standard Euler scheme and initial conditions from (1), we obtain
an approximation of the �rst three elements of the sequence:

u−3 = u(·, 0) = 0,

u−2 ≈ u−3 + ht
∂u

∂t
(·, 0) = 0,

u−1 ≈ u−3 + 2ht
∂u

∂t
(·, 0) = 0.

We note that (8) can be written as

∆up − γ2up = β1up−1 + β2up−2 + β3up−3, (9)

where

γ2 = β0 =
2

a2h2t
, β1 = − 5

a2h2t
, β2 =

4

a2h2t
, and β3 = − 1

a2h2t
. (10)

Let us consider the application of the Houbolt method for the Dirichlet prob-
lem for the heat equation (2). For generating of the starting values we have to

assume that
∂u

∂t
(x, 0) = 0, for x ∈ D. Then, based on [13] coe�cients βp will

be as following:

γ2 = β0 =
11

6a2ht
, β1 = − 3

a2ht
, β2 =

3

2a2ht
, and β3 = − 1

3a2ht
. (11)

In total, after applying the above time-discretisation to (1) or to (2), we get
the following sequence of elliptic Dirichlet problems.

Theorem 2. The function u approximated in (7) is a solution of the Dirichlet
problem for the wave equation (1) when the coe�cients up, p = 0, 1, 2, . . ., are
the solution of the following sequence of elliptic Dirichlet problems:∆up − γ2up =

p−1∑
m=0

βp−mum in D,

up = fℓ,p on Γℓ,

(12)
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with fℓ,p = fℓ(·, tp) for ℓ = 1, 2, p = 0, 1, . . . , N . The coe�cients γ, β1, β2, β3
for wave equation are de�ned in (10) and for heat equation � in (11), and
β4, . . . , βN−1 = 0.

3. Method of fundamental solutions

Elliptic Dirichlet problems, obtained by the Laguerre transformation (5) or
by the Houbolt method (12) has the same de�nition, the only di�erence is in
the calculation of the coe�cients βp and fℓ,p, p = 0, 1, ..., N, ℓ = 1, 2. In that
section we will focus on (5). To build the MFS for approximating a solution
to (5), explicit expressions are needed for what is known as a fundamental
sequence. We recall such expressions in IRd, d = 2, 3.

3.1. 2-dimensional case. The results are recalled from [7]. The functions Φp

with

Φp(x, y) = K0(γ|x− y|)vp(|x− y|) +K1(γ|x− y|)wp(|x− y|), x ̸= y (13)

for p = 0, 1, 2, . . . , N , are a fundamental sequence of the elliptic equations (5)
in the case of planar domains.

The elements K0 and K1 are what is known as modi�ed Bessel functions [1].
The polynomials vp and wp for p = 0, 1, . . ., are given by

vp(r) =

[ p2 ]∑
m=0

ap,2mr2m and wp(r) =

[ p−1
2 ]∑

m=0

ap,2m+1r
2m+1, w0 = 0,

with [q] the largest integer not greater than q. The coe�cients ap for p =
0, 1, . . ., are obtained from the recurrence relations

ap,0 = 1;

ap,p = − 1

2γp
β1ap−1,p−1;

ap,k =
1

2γk

{
4

[
k + 1

2

]2
ap,k+1 −

p−1∑
m=k−1

βp−mam,k−1

}
, k = p− 1, . . . , 1.

3.2. 3-dimensional case. In [8] shown that the functions Φp with

Φp(x, y) =
e−γ|x−y|

|x− y|
ṽp(|x− y|), x ̸= y (14)

for p = 0, 1, 2, . . ., are a fundamental sequence of the elliptic equations (5) in
the case of 3-dimensional domains.

The polynomials ṽp for p = 0, 1, . . ., are given by

ṽp(r) =

p∑
m=0

ãp,mrm,

where the coe�cients ãp for p = 0, 1, . . ., are obtained from the recurrence
relations

ãp,0 = 1;
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ãp,p = − 1

2γp
β1ãp−1,p−1;

ãp,k =
1

2γk

{
k(k + 1)ãp,k+1 −

p−1∑
m=k−1

βp−mãm,k−1

}
, k = p− 1, . . . , 1.

In [4] for 2-dimensional domains and in [5] for 3-dimensional domains shown
that the sequence Φp, p = 0, 1, ..., N are linear independent and dense.

3.3. MFS for the sequence of Dirichlet problems (5). The unknown so-
lution of the (5) is approximated by the linear combination of the fundamental
solutions, de�ned in (13) and in (14) for 2-dimensional and 3-dimensional do-
mains respectively. Thus

up(x) ≈ up,n(x) =

p∑
m=0

n∑
k=1

αmkΦp−m(x, yk), x ∈ D (15)

for n > 0 with Φp given by (13) or by (14), and with coe�cients αmk ∈ R,
k = 1, 2, . . . , n, m = 0, 1, . . . , p, to be determined. The so-called source points
yk, k = 1, 2, . . . , n, are located outside of the domain D.

The coe�cients αmk in (15) is determined by collocating on the boundary of
the solution domain D using a set of so-called collocation points, namely from
a recurrent system of linear equations for p = 0, 1, ..., N :

n∑
k=1

αpkΦ0(xℓj , yk) = fℓ,p(xℓj)−
p−1∑
m=0

n∑
k=1

αmkΦp−m(xℓj , yk), (16)

where n > 0, j = 1, ..., n/2, ℓ = 1, 2, xℓj ∈ Γℓ � selected collocation points.
There is no one way of selecting the source points. Since the domain D is

doubly-connected, source points have to be placed, according to [2], both in
the unbounded exterior region of D as well as in the bounded region enclosed
by Γ1. The collocation points are evenly distributed on boundaries Γℓ, ℓ = 1, 2.
More about distribution of the source and collocation points will be noted in
numerical results for known representation of boundaries of D.

Thus the �nal solution of (1) and (2) based on Laguerre transformation (3)
and (15) is approximated by

u(x, t) ≈ uN,n(x, t) =

= κ

N∑
p=0

Lp(κt)

p∑
m=0

n∑
k=1

αmkΦp−m(x, yk), (x, t) ∈ D × (0,∞)
(17)

for N,n > 0 and αmk � solution of the (16).
And in case of Houbolt method (9) for wave equation (1) we have:

u(x, t) ≈ uN,n(x, tp) =

p∑
m=0

n∑
k=1

αmkΦp−m(x, yk), (x, t) ∈ D × (0,∞). (18)
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3.4. The algorithm of the MFS. The summarization of the main steps of
the numerical procedures for solving the Dirichlet problem for the wave (1) or
heat (2) equations is as follows:

� Initialization:
1). Select discretization parameters N > 0 � truncation of the se-

quence (5) or (12).
2). Select discretization parameters n > 0 � number of the collocation

and source point in MFS (15).
3). For the Laguerre transformation approach:

3.1) select scaling parameter κ in (3);
3.2) calculate the constants βp, p = 0, 1, ..., N speci�ed in the the-

orem 1, depends on type of the equation;
3.3) calculate the Laguerre transformation fℓ,p, ℓ = 1, 2, p = 0, 1,

..., N, given in the theorem 1.
For the Houbolt scheme approach:
3.1) calculate the constants βp, p = 0, 1, ..., N speci�ed in the the-

orem 2, depends on type of the equation;
3.2) calculate the functions fℓ,p, ℓ = 1, 2, p = 0, 1, ..., N, given in

the theorem 2.
4). Generate the source points yk and collocation points xℓj for the

MFS (15).
5). Calculate the matrix in the linear system (16), where the fundamen-

tal solutions Φ0 for 2-dimensional domains are given in (13) and for
the 3-dimensional domains are given in (14).

� Iterative procedure (p = 0, 1, ..., N):
1). Calculate the right-side vector in the linear system (16), where the

sequence of fundamental solutions Φm, m = 0, 1, ..., p are given
in (13) and (14).

2). Solve the (16) and obtain coe�cients αpk, k = 1, ..., n.
� Build the solution:

1). Using obtained coe�cients αpk, p = 0, 1, ..., N, k = 1, ..., n build the
solution of the Dirichlet problem (1) or (2) by (17) for the Laguerre
transformation approach or by (18) for the Houbolt method.

4. Numerical examples

In this section we consider a few results of numerical experiments of �nding
the solution of Dirichlet problem for the wave (1) and heat (2) equations in 2-
and 3-dimensional domains.

The concrete de�nition of the domain D is provided together with the algo-
rithm of the selection of the source and collocation points for the MFS.

4.1. Example 1 (Laguerre transformation for 2D case). Lets con-
sider the application of the Laguerre transformation approach for the Dirichlet
problem for the heat equation (2) with c = 1 in 2-dimensional domain. The

39



I. V.BORACHOK

boundaries of the domain D has following representation (see Fig. 1a.):

Γ1 = {x1(t) = (0.6 cos t, 0.5 sin t), t ∈ [0, 2π]} ,
Γ2 =

{
x2(t) = (cos t, sin t− 0.5 sin2 t+ 0.5), t ∈ [0, 2π]

}
.

For generating of the source points we generate an arti�cial boundary in the

a) The domain D in Ex. 1 b) The distribution of the
yk, xℓ,j in Ex. 1

Fig. 1. Domain, source and collocation points for n = 32, used
in the Ex. 1

unbounded exterior region of the D and in the bounded region enclosed by Γ1

and place evenly distributed source points yk on generated boundaries by the
next rule:

yk =

{
2x2(sk), for even k,

0.5x1(sk), for odd k,
(19)

where sk =
2π

n
k, for k = 1, . . . , n. Note that n should be an even integer.

The collocation points are generated similarly:

xℓj = xℓ(s̃j), s̃j =
4π

n+ 1
j, ℓ = 1, 2, j = 1, ..., n/2. (20)

The distribution of the source and collocation points are given in Fig. 1b.
As the exact solution, we use the fundamental solution of the heat equation:

uex(x, t) =
100

4πt
e−

|x−x∗|2
4t , (x, t) ∈ D × (0,∞), x∗ = (0, 4).

Then the Dirichlet data on the boundaries Γℓ is

fℓ(x, t) = uex(x, t), (x, t) ∈ Γℓ × (0,∞), l = 1, 2.

The Laguerre transformation of fℓ, ℓ = 1, 2 is calculated exactly and is:

fℓp =
50

π
Φp(x, x

∗), p = 0, 1, ..., N.

Scaling parameter κ is equal to 1. The absolute errors |uex(x, t)−uN,n(x, t)| of
the approximation of the solution (2) in the 2-dimensional domain D for test
points are given in Table 1.
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Tabl. 1. Errors for the approximated solution in the domain
D in Ex. 1

x = (0, 0.7)⊤, t = 1 x = (0.6, 0)⊤, t = 2

N/n 8 16 32 8 16 32

0 1.3e− 01 1.3e− 01 1.3e− 01 3.5e− 01 3.5e− 01 3.5e− 01

10 2.8e− 02 2.4e− 02 2.3e− 02 3.4e− 02 1.0e− 02 9.9e− 03

20 2.0e− 02 1.6e− 02 1.5e− 02 9.0e− 03 2.4e− 03 2.3e− 03

30 8.7e− 03 3.8e− 03 3.1e− 03 8.0e− 03 1.6e− 03 1.5e− 03

40 7.7e− 03 2.8e− 03 2.2e− 03 5.9e− 03 5.4e− 04 2.8e− 04

50 5.2e− 03 5.3e− 04 4.0e− 04 6.0e− 03 5.0e− 04 2.4e− 04

4.2. Example 2 (Houbolt scheme for 3D case). Let us consider the
application of the Houbolt scheme for the Dirichlet problem for the wave equa-
tion (1) with wave speed a = 10 in 3-dimensional domain. The boundaries of
the domain D has following representation (see Fig. 2a.):

Γ1 = {x1(θ, ϕ) = 0.5(sin θ cosϕ, sin θ sinϕ, cos θ), θ ∈ [0, π], ϕ ∈ [0, 2π]}

and

Γ2 = {x2(θ, ϕ) = ρ(θ, ϕ)(sin θ cosϕ, sin θ sinϕ, cos θ), θ ∈ [0, π], ϕ ∈ [0, 2π]} ,

where ρ(θ, ϕ) =
√
0.8 + 0.2(cos 2ϕ− 1)(cos 4θ − 1).

a) The domain D in Ex. 2 b) The distribution of the
yk, xℓ,j in Ex. 2

Fig. 2. Domain, source and collocation points for n = 32, used
in the Ex. 2

As in previous example, for generating of the source points we generate an
arti�cial boundaries and place evenly distributed points yk by the next rule:

yk =

{
2x2(θk, ϕk), for even k,

0.5x1(θk, ϕk), for odd k,
(21)
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where

θk = π

{
k−1
ñ

}
+ 1

ñ+ 1
, ϕk = π

[
k−1
ñ

]
+ 1

ñ+ 1
,

ñ =

√
n

2
, with {q} = q − [q] for k = 1, . . . , n.

The collocation points are generated similarly:

xℓj =xℓ(θ̃j , ϕ̃j), θ̃j = π

{
2j−1
ñ

}
+ 1

ñ+ 1
,

ϕ̃j =π

[
2j−1
ñ

]
+ 1

ñ+ 1
, for ℓ = 1, 2, j = 1, . . . , n/2.

(22)

The distribution of the source and collocation points are given in Fig. 2b.
We assume that n = 2ξ2, where ξ ∈ N.

The Dirichlet data on the boundaries Γℓ, ℓ = 1, 2 is

fℓ(x, t) = t sin t(x1 + x2 + x3), on Γℓ × (0, T ), ℓ = 1, 2.

The absolute errors |u40,128(x, t) − uN,n(x, t)| of the approximation of the
solution (1) in the 3-dimensional domain D for test points are given in Table 2.
Note that for the current example exact solution is unknown, thus to test our
approach we use as the exact solution the numerical one for N = 40, n = 128
and the �nal time T is equal to 5.

Tabl. 2. Errors for the approximated solution in the domain
D in Ex. 2

x = (0, 0.6, 0.5)⊤, t = 2 x = (0, 0, 7)⊤, t = 5

N/n 18 50 98 18 50 98

0 2.3e− 01 1.9e− 01 1.8e− 01 2.3e− 01 1.4e− 01 1.3e− 01

10 8.7e− 02 1.6e− 02 2.4e− 04 9.4e− 02 6.1e− 02 2.2e− 03

20 6.5e− 02 7.1e− 03 1.2e− 04 8.5e− 02 9.3e− 03 1.1e− 03

30 6.5e− 02 7.0e− 03 3.7e− 05 8.2e− 02 8.1e− 03 3.8e− 04

Numerical results from both examples con�rm the applicability of the pro-
posed approaches for the numerical solution of the time-dependent Dirichlet
problems.

5. Conclusion
MFS has been proposed for the numerical solution of the Dirichlet prob-

lem for the wave and heat equations in 2- and 3-dimensional planar bounded
domains. The original problem is reduced by the Laguerre transform in time
or by the Houbolt method to a sequence of elliptic Dirichlet problems. The
solution of the elliptic problems is approximated by the linear combination of
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the given fundamental sequence with source points evenly distributed outside
the solution domain. By collocating on the boundary of the solution domain,
recurrent linear systems are obtained for �nding the unknown coe�cients in the
MFS approximation. Numerical results are provided for both heat and wave
equations, which con�rms the applicability of the proposed approaches.
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