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SOLVING SYSTEMS OF NONLINEAR EQUATIONS
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Ðåçþìå. Àêòóàëüíiñòü äîñëiäæåííÿ òà âèêîðèñòàííÿ ëàíöþãîâèõ äðîáiâ
â ÷èñåëüíèõ ìåòîäàõ ¹ î÷åâèäíîþ. Òàê ëàíöþãîâi äðîáè çàñòîñîâóâàëè
ïðè ðîçðîáöi ñîíÿ÷íîãî êàëåíäàðÿ, äëÿ äîâåäåííÿ iððàöiîíàëüíîñòi ÷èñåë
(íàïðèêëàä, çà äîïîìîãîþ ëàíöþãîâèõ äðîáiâ äîâåäåíà iððàöiîíàëüíiñòü
äçåòà-ôóíêöi¨ Ðiìàíà ζ ÷èñëà π), â àëãîðèòìi Ëàíöüîøà, ÿêèé âèêîðèñòî-
âó¹ ëàíöþãîâi äðîáè äëÿ îá÷èñëåííÿ âëàñíèõ çíà÷åíü âåëèêèõ ðîçðiäæå-
íèõ ìàòðèöü, â äåÿêèõ àëãîðèòìàõ ôàêòîðèçàöi¨ i ò.ä. Âàæêî ïåðåîöiíè-
òè ðîëü ëàíöþãîâèõ äðîáiâ i ïðè ðîçâ'ÿçóâàííi ñèñòåì ðiâíÿíü. Â äàíié
ðîáîòi áóäóòü ðîçãëÿíóòi ñèñòåìè íåëiíiéíèõ ðiâíÿíü. Äëÿ ¨õ ðîçâ'ÿçó-
âàííÿ áóäå âèêîðèñòàíà âiäíîñíî ïðîñòà ñõåìà, çàïðîïîíîâàíà ðàíiøå ó
ðîáîòi [1]. Ðîçâ'ÿçîê ñèñòåìè íåëiíiéíèõ ðiâíÿíü ïîäàíî ó âèãëÿäi ìàòðè÷-
íîãî ëàíöþãîâîãî äðîáó òà ñôîðìóëüîâàíî äîñòàòíþ óìîâó éîãî çáiæíîñ-
òi. Ðåçóëüòàòè îá÷èñëåííÿ òåñòîâèõ çàäà÷ ïiäòâåðäèëè çáiæíiñòü òà åôåê-
òèâíiñòü çàñòîñóâàííÿ çàïðîïîíîâàíî¨ ñõåìè.

Abstract. The relevance of the research and the use of continued fractions
in numerical methods is obvious. Thus, continued fractions were used in
the development of the solar calendar, to prove the irrationality of numbers
(for example, with the help of continued fractions proved the irrationality of
the Riemann zeta function ζ number π), in the Lanczos algorithm, which
uses continued fractions to calculate eigenvalues of large sparse matrices, in
some factorization algorithms, etc. It is di�cult to overestimate the role of
continued fractions in solving systems of equations. In this paper, systems
of nonlinear equations are considered. To solve them, a relatively simple
scheme proposed earlier in [1] will be used. The solution of the problem is
given in the form of a matrix continued fraction and a su�cient condition
of its convergence is formulated. The calculation's results of test problems
con�rmed the convergence and e�ectiveness of the proposed scheme.

1. Introduction

The importance of developing methods for solving nonlinear systems is due
to the wide range of their application in practice. Bright examples of the usage
of such schemes are the problems of the ballistics of rocket engines and their
utilization, as well as the problems of virology and immunology, which are more
important than ever today.

Key words. Systems of nonlinear equations; matrix equations; continued fractions.
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Consider a system of n nonlinear equations with n unknowns:

f1 (x1, x2, . . . , xn) = 0;

f2 (x1, x2, . . . , xn) = 0;

...

fn (x1, x2, . . . , xn) = 0,

(1)

where fi (i = 1, n) are functions of real variables x1, x2, . . . , xn.
Let the functions of the n variables yi = fi (x1, x2 . . . , xn) , (i = 1, n) be

de�nite and continuous together with all their partial derivatives up to and

including the second order in some δ-neighborhood of the point x(0) =
(
x
(0)
1 ,

x
(0)
2 . . . , x

(0)
n

)
.

Suppose that x
(k)
1 , x

(k)
2 . . . , x

(k)
n , (k = 0, 1, . . .) are the approximate roots of

the system of equations (1). Suppose that for step k, that is, for approximations

x
(k)
1 , x

(k)
2 . . . , x

(k)
n , the system equation (1) is not executed. Then we will look

for corrections h
(k)
j , (j = 1, n) at which as a result of substitution x

(k+1)
j =

x
(k)
j + h

(k)
j the equations should be contented:

f1

(
x
(k)
1 + h

(k)
1 , x

(k)
2 + h

(k)
2 , . . . , x

(k)
n + h

(k)
n

)
= 0;

f2

(
x
(k)
1 + h

(k)
1 , x

(k)
2 + h

(k)
2 , . . . , x

(k)
n + h

(k)
n

)
= 0;

...

fn

(
x
(k)
1 + h

(k)
1 , x

(k)
2 + h

(k)
2 , . . . , x

(k)
n + h

(k)
n

)
= 0.

(2)

Let's write Taylor's formula for the function of n variables like this:

fi

(
x
(k)
1 + h

(k)
1 , x

(k)
2 + h

(k)
2 , . . . , x(k)n + h(k)n

)
= fi

(
x
(k)
1 , x

(k)
2 , . . . , x(k)n

)
+

+
n∑

j=1

∂fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j

h
(k)
j +

+
1

2!

 n∑
j=1

n∑
q=1

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
q

h
(k)
j h(k)q

+

+ o(h2), h =

√(
h
(k)
1

)2
+
(
h
(k)
2

)2
+ . . .+

(
h
(k)
n

)2
, i = 1, 2, . . . , n.

(3)

Then based on the system (2) and the Taylor's formula (3) to determine

the corrections h
(k)
1 , h

(k)
2 , . . . , h

(k)
n with an accuracy of o(h2) we can write the
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following system of equations:

fi

(
x
(k)
1 , x

(k)
2 , . . . , x(k)n

)
+

n∑
j=1

∂fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j

h
(k)
j +

+
1

2!

 n∑
j=1

n∑
q=1

∂2fi

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
j ∂x

(k)
q

h
(k)
j h(k)q

+

+ o(h2) = 0, i = 1, 2, . . . , n.

(4)

Therefore, we obtain a method for solving systems of second-order algebraic
equations with multiple unknowns.

2. Computational scheme of the method

The essence of the proposed method is to use periodic matrix continued
fractions to calculate the solutions of the original system by certain elementary
transformations that reduce it to some recurrent relation. Apply this approach
to (4).

The system (4) can be represented as:

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2 (
h
(k)
1

)2
+

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 x

(k)
2

h
(k)
1 h

(k)
2 +

+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 x

(k)
n

h
(k)
1 h(k)n +

+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2 x

(k)
1

h
(k)
2 h

(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
(
∂x

(k)
2

)2 (
h
(k)
2

)2
+

+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2 x

(k)
n

h
(k)
2 h(k)n + . . .+

+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n x

(k)
1

h(k)n h
(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n x

(k)
2

h(k)n h
(k)
2 +

+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
n

)2 (
h(k)n

)2
+

∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

) h
(k)
1 +

+
∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
2

) h
(k)
2 + . . .+

∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
n

) h(k)n =

= −fi

(
x
(k)
1 , x

(k)
2 . . . , x(k)n

)
, i = 1, n
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or1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2 h
(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 x

(k)
2

h
(k)
2 + . . .+

+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 x

(k)
n

h(k)n +
∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)
h

(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2 x

(k)
1

h
(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
(
∂x

(k)
2

)2 h
(k)
2 + (5)

+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2 x

(k)
n

h(k)n +
∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
2

)
h

(k)
2 +

+ . . .+

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n x

(k)
1

h
(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n x

(k)
2

h
(k)
2 +

+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
n

)2 h(k)n +
∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
n

)
h(k)n =

= −fi

(
x
(k)
1 , x

(k)
2 . . . , x(k)n

)
, i = 1, n.

The system (5) in matrix form can be written as
a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann




h
(k)
1

h
(k)
2
...

h
(k)
n

 =


−f1

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
−f2

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
...

−fn

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)

 , (6)

where

ai1 =
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

)2 h
(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 x

(k)
2

h
(k)
2

+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 x

(k)
n

h(k)n +
∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
1

) ;

ai2 =
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2 x

(k)
1

h
(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
(
∂x

(k)
2

)2 h
(k)
2 +
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+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2 x

(k)
n

h(k)n +
∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
2

) ;

...

ain =
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n x

(k)
1

h
(k)
1 +

1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n x

(k)
2

h
(k)
2 +

+ . . .+
1

2

∂2fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
n

)2 h(k)n +
∂fi

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
n

) ; i = 1, n.

We introduce the following notation:

A1 =
1

2



∂2f1
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂
(
x
(k)
1

)2

∂2f1
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
2

. . .
∂2f1

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
n

∂2f2
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂
(
x
(k)
1

)2

∂2f2
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
2

. . .
∂2f2

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
n

...
...

. . .
...

∂2fn
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂
(
x
(k)
1

)2

∂2fn
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
2

. . .
∂2fn

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
1 ∂x

(k)
n



,

A2 =
1

2



∂2f1
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
1

∂2f1
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
2

)2
. . .

∂2f1
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
n

∂2f2
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
1

∂2f2
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
2

)2
. . .

∂2f2
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
n

...
...

. . .
...

∂2fn
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
1

∂2fn
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂
(
x
(k)
2

)2
. . .

∂2fn
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
2 ∂x

(k)
n



,

...

An =
1

2



∂2f1
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
n ∂x

(k)
1

∂2f1
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n ∂x

(k)
2

. . .
∂2f1

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂
(
x
(k)
n

)2

∂2f2
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
n ∂x

(k)
1

∂2f2
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n ∂x

(k)
2

. . .
∂2f2

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂
(
x
(k)
n

)2

...
...

. . .
...

∂2fn
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
n ∂x

(k)
1

∂2fn
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n ∂x

(k)
2

. . .
∂2fn

(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂
(
x
(k)
n

)2



,
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An+1 =



∂f1
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
1

∂f1
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2

. . .
∂f1

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n

∂f2
(
x
(k)
1 , x

(k)
2 . . . , x

(k)
n

)
∂x

(k)
1

∂f2
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2

. . .
∂f2

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n

...
...

. . .
...

∂fn
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
1

∂fn
(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
2

. . .
∂fn

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
∂x

(k)
n


,

b =


−f1

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
−f2

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)
...

−fn

(
x
(k)
1 , x

(k)
2 , . . . , x

(k)
n

)

 . (7)

Then (6) can be written as follows:(
A1h

(k)
1 +A2h

(k)
2 . . .+Anh

(k)
n +An+1

)(
h
(k)
1 h

(k)
2 . . . h

(k)
n

)T
= b. (8)

The entry (
A1 A2 . . . An

)
◦
(
h
(k)
1 h

(k)
1 . . . h

(k)
n

)T
denotes the functionality

n∑
i=1

Aih
(k)
i , then (8) can be represented as:((

A1 A2 . . . An

)
◦
(
h
(k)
1 h

(k)
2 . . . h

(k)
n

)T
+An+1

)
×

×
(
h
(k)
1 h

(k)
1 . . . h

(k)
n

)T
= b.

(9)

Suppose now that

((
A1 A2 . . . An

)
◦
(
h
(k)
1 h

(k)
2 . . . h

(k)
n

)T
+An+1

)
is non degenerate matrix. From the relation (9) we obtain:(

h
(k)
1 h

(k)
2 . . . h

(k)
n

)T
=

=

((
A1 A2 . . . An

)
◦
(
h
(k)
1 h

(k)
2 . . . h

(k)
n

)T
+An+1

)−1

b.

(10)

In addition, there is a representation (10) in the form of a matrix continued
fraction(

h
(k)
1 . . . h

(k)
n

)T
=

b

An+1 +
(
A1 . . . An

)
◦

b

An+1 +
(
A1 . . . An

)
◦

b

An+1 + . . .

.
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or in the form of Pringsheim(
h
(k)
1 . . . h

(k)
n

)T
=

b|
|An+1

+
(
A1 . . . An

)
◦ b|
|An+1

+

+
(
A1 . . . An

)
◦ b|
|An+1

+ . . . .

(11)

So, we can write a recurrent formula for calculating the approximate solution
of the system (1) using matrix continued fractions:h

(m+1)
1
...

h
(m+1)
n

 = −

(A1 . . . An

)
◦

h
(m)
1
...

h
(m)
n

+An+1


−1

×

×


f1

(
x
(m)
1 , . . . , x

(m)
n

)
...

fn

(
x
(m)
1 , . . . , x

(m)
n

)
 , m = 1, 2... .

(12)

Thus, to �nd the solution of the system of equations (1) we can construct
the following algorithm on the basis of (12):

1. Set error ε > 0;

2. Set the initial approximation, x
(0)
1 , . . . , x

(0)
n ∈ R , h

(0)
1 , . . . , h

(0)
n ∈ R;

3. Set counter m = 1;
4. Find the next correction using the formula (12):h

(m+1)
1
...

h
(m+1)
n

 = −

(A1 . . . An

)
◦

h
(m)
1
...

h
(m)
n

+An+1


−1

×

×


f1

(
x
(m)
1 , . . . , x

(m)
n

)
...

fn

(
x
(m)
1 , . . . , x

(m)
n

)
 , m = 1, 2...

5. Calculate new approximations x
(m+1)
1 = x

(m)
1 + h

(m)
1 , . . . , x

(m+1)
n =

x
(m)
n + h

(m)
n ;

6. Check the condition
∥∥∥x(k+1)

i − x
(k)
i

∥∥∥ ≤ ε (i = 1, 2, . . . , n) . If the condi-

tion is not satis�ed, set the counter m = m+1, assign values x
(m+1)
i (i =

1, 2, . . . , n) to elements x
(m)
i and go to step 4, otherwise return x

(m)
i (i =

1, 2, . . . , n).

3. On the convergence of the computational scheme

Ñonvergence of the matrix periodic continued fraction (11) is a necessary
condition for the convergence of the iterative process (12).
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In the work [2] a su�cient condition for the convergence of Vorpitsky was
generalized and later it was proved in [3]. This feature can be used in the
analysis of the convergence of the matrix continued fraction (11):

Theorem 1. Matrix branched continued fraction

n∑
k1=1

Ak1 |
|E

+

n∑
k2=1

Ak1k2 |
|E

+ . . .+

n∑
kl=1

Ak1k2...kl |
|E

+ . . .

is absolutely convergent if the condition

∥Ak1k2...kl∥ ≤ 1

4n
(i = 1, 2, 3, . . . ; kl = 1, 2, . . . , n)

is valid.

Let us apply the theorem (1) to a continued fraction(11). Obviously, this
continued fraction will be absolutely convergent if the condition∥∥∥(A1 A2 . . . An

)
◦ (An+1)

−1 b
∥∥∥ ≤ 1

4
(13)

is executed.
Substitute the values of A1, A2, . . . , An+1, b into the inequality (13) and ob-

tain a su�cient condition for the convergence of the periodic chain fraction
(11).

4. Computational experiments

The proposed scheme was implemented in the language Python by using of
Jupyter Notebook, which is a handy open-source web application.To demon-
strate the applicability of the computational scheme and its e�ciency, consider
the following examples:
Example 1. Consider the following system of polynomial equations{

x21 − 2x22 − x1x2 + 2x1 − x2 + 1 = 0;

2x21 − x22 + x1x2 + 3x2 − 5 = 0.
(14)

Let present the system (14) in the form (8):(
A1h

(k)
1 +A2h

(k)
2 +A3

)(
h
(k)
1 h

(k)
2

)T
= b, (15)

where A1, A2, A3 and b write down the formula (7):

A1 =
1

2

(
2 −1

2 1

)
,

A2 =
1

2

(
−4 −1

−2 1

)
,

A3 =

(
2x1 − x2 + 2 −4x2 − x1 − 1

2x1 + x2 −2x2 + 3 + x1

)
,
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b =

(
x21 − 2x22 − x1x2 + 2x1 − x2 + 1

2x21 − x22 + x1x2 + 3x2 − 5

)
.

Then (15) can be written other ways using the formula (9):((
A1 A2

)
◦
(
h
(k)
1 h

(k)
2

)T
+A3

)(
h
(k)
1 h

(k)
2

)T
= b

So, if the system matrix (14) is nondegenerate, then then to calculate the

unknowns h
(k)
1 and h

(k)
2 we construct the following iterative process, using the

formula (12):(
h
(m+1)
1

h
(m+1)
2

)
= −

((
A1 A2

)
◦

(
h
(m)
1

h
(m)
2

)
+A3

)−1

b, m = 1, 2...

Let n1 denote the number of iterations obtained using the scheme (12), n2

is the number of iterations obtained using Newton's method, and ε is speci�ed
accuracy. The initial approximations for the system (14) and in the case of the
scheme (12), and in the case of Newton's method are given as follows:

� x
(0)
1 = 2.0 and x

(0)
2 = 2.0;

� h
(0)
1 = 0.0 and h

(0)
2 = 0.0.

Then we get the results shown in the table (1).

Tabl. 1. The results of calculations for the system (14) by the
method (12) and Newton's method

Appr. solution Appr. solution Error Error for
ε n1 n2 for scheme (12) for Newton's m. for (12) Newton's

method

0.1 5 5 x̃
(n1)
1 = 0.98047239, x̃

(n2)
1 = 0.9750123, 0.38283455 0.4671275

x̃
(n1)
2 = 0.99107229 x̃

(n2)
2 = 0.98752701

0.01 8 8 x̃
(n1)
1 = 1.00251982, x̃

(n2)
1 = 1.00316779, 0.04491348 0.56773749

x̃
(n1)
2 = 1.00126725 x̃

(n2)
2 = 1.00158390

0.001 11 12 x̃
(n1)
1 = 0.99968647, x̃

(n2)
1 = 1.00019769, 0.00565064 0.00355751

x̃
(n1)
2 = 0.99984335 x̃

(n2)
2 = 1.00009885

0.0001 15 15 x̃
(n1)
1 = 0.99998039, x̃

(n2)
1 = 0.99997529, 0.00035292 0.00044478

x̃
(n1)
2 = 0.99999019 x̃

(n2)
2 = 0.99998765

0.00001 18 18 x̃
(n1)
1 = 1.00000245, x̃

(n2)
1 = 1.00000309, 0.00004411 0.00005559

x̃
(n1)
2 = 1.00000123 x̃

(n2)
2 = 1.00000154

Example 2. Consider a system of nonlinear equations of the form:{
e2x2 + e5x1 + 4x1x

3
2 + 2x41x2 + x41 − 2 = 0;

2e2x1 + 5ex2 + 8x1x2 + 4x22 + x42 − 7 = 0.
(16)

Let's write this system in the form (8):(
A1h

(k)
1 +A2h

(k)
2 +A3

)(
h
(k)
1 h

(k)
2

)T
= b, (17)
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where A1, A2, A3 and b calculated as (7):

A1 =
1

2

(
25e5x1 + 24x21x2 + 12x21 12x22 + 8x31

2ex1 8

)
,

A2 =
1

2

(
4e2x2 + 24x1x2 12x22 + 8x31
5ex2 + 8 + 12x22 8

)
,

A3 =

(
5e5x1 + 4x32 + 8x31x2 + 4x31 2e2x2 + 12x1x

2
2 + 2x41

2ex1 + 8x2 5ex2 + 8x1 + 8x2 + 4x32

)
,

b =

(
e2x2 + e5x1 + 4x1x

3
2 + 2x41x2 + x41 − 2

2e2x1 + 5ex2 + 8x1x2 + 4x22 + x42 − 7

)
.

Then using (9) formula (17) can be written otherwise:((
A1 A2

)
◦
(
h
(k)
1 h

(k)
2

)T
+A3

)(
h
(k)
1 h

(k)
2

)T
= b.

Next, if the system matrix (16) is nondegenerate,then to calculate the un-
knowns h1 and h2 build an iterative process using the formula (12):

(
h
(m+1)
1

h
(m+1)
2

)
= −

((
A1 A2

)
◦

(
h
(m)
1

h
(m)
2

)
+A3

)−1

b, m = 1, 2...

Let n1 be the number of iterations obtained using the scheme (12), n2 is the
number of iterations obtained using the Newton method, and ε is the speci�ed
accuracy. In the initial approach to the system (16)

� x
(0)
1 = 0.2 and x

(0)
2 = 0.2 ;

� h
(0)
1 = 0.0 and h

(0)
2 = 0.0

we obtain the results presented in the table (2).

Tabl. 2. The results of calculations for the system (16) by the
method (12) and Newton's method

Appr. solution Appr. solution Error Error for
ε n1 n2 for scheme (12) for Newton's m. for (12) Newton's

method

0.1 2 2 x̃
(n1)
1 =−0.01528742, x̃

(n2)
1 = 0.01239569, 0.63213448 0.46163384

x̃
(n1)
2 = −0.01569091 x̃

(n2)
2 = 0.00103799

0.01 4 4 x̃
(n1)
1 = 0.00020276, x̃

(n2)
1 = 0.00000054, 0.02604419 0.00187028

x̃
(n1)
2 = 0.00016086 x̃

(n2)
2 = −0.00000024

0.001 5 4 x̃
(n1)
1 = −0.00000169, x̃

(n2)
1 = 0.00000054, 0.00134682 0.00187028

x̃
(n1)
2 = −0.00000112 x̃

(n2)
2 = −0.00000024

0.0001 6 5 x̃
(n1)
1 = 0.00000000, x̃

(n2)
1 = 0.00000000, 0.00001073 0.00000001

x̃
(n1)
2 = 0.00000000 x̃

(n2)
2 = −0.00000000

0.00001 6 5 x̃
(n1)
1 = 0.00000000, x̃

(n2)
1 = 0.00000000, 0.00001073 0.00000001

x̃
(n1)
2 = 0.00000000 x̃

(n2)
2 = −0.00000000

54



SOLVING SYSTEMS OF NONLINEAR EQUATIONS WITH MATRIX ...

Example 3. Consider the following system of nonlinear equations:{
2 cosx1 + x1 sinx2 + 3x41 + 4x22 + 7x1x

2
2 + x31 − 2 = 0;

2 sinx1 + 24x31x2 + 3 cosx2 + 8x1 + 4x2 + x32 − 3 = 0.
(18)

Let's write this system in the form (8):(
A1h

(k)
1 +A2h

(k)
2 +A3

)(
h
(k)
1 h

(k)
2

)T
= b, (19)

with A1, A2, A3 and b in the form (7):

A1 =
1

2

(
−2 cosx1 + 36x21 + 6x1 cosx2 + 14x2
−2 sinx1 + 144x1x2 72x21

)
,

A2 =
1

2

(
−x1 sinx2 + 8 + 14x1 cosx2 + 14x2

−3 cosx2 + 6x2 72x21

)
,

A3 =

(
−2 sinx1 + sinx2 + 12x31 + 7x22 + 3x21 x1 cosx2 + 8x2 + 14x1x2

2 cosx1 + 72x21x2 + 8 24x31 − 3 sinx2 + 4 + 3x22

)
,

b =

(
2 cosx1 + x1 sinx2 + 3x41 + 4x22 + 7x1x

2
2 + x31 − 2

2 sinx1 + 24x31x2 + 3 cosx2 + 8x1 + 4x2 + x32 − 3

)
.

Let's use (12) and write the system (18) like:((
A1 A2

)
◦
(
h
(k)
1 h

(k)
2

)T
+A3

)(
h
(k)
1 h

(k)
2

)T
= b.

Tabl. 3. The results of calculations for the system (18) by the
method (12) and Newton's method

Appr. solution Appr. solution Error Error for
ε n1 n2 for scheme (12) for Newton's m. for (12) Newton's

method

0.1 2 2 x̃
(n1)
1 =−0.01156658, x̃

(n2)
1 = −0.01649241, 0.00766547 0.00566992

x̃
(n1)
2 = 0.02855345 x̃

(n2)
2 = 0.04168796

0.01 3 4 x̃
(n1)
1 = −0.00815887, x̃

(n2)
1 = −0.0068928, 0.00238516 0.00017725

x̃
(n1)
2 = 0.02048567 x̃

(n2)
2 = 0.01731047

0.001 9 10 x̃
(n1)
1 = −0.00078319, x̃

(n2)
1 = −0.00049904, 0.00001099 0.00005312

x̃
(n1)
2 = 0.00195892 x̃

(n2)
2 = 0.00124801

0.0001 15 15 x̃
(n1)
1 = −0.00007594, x̃

(n2)
1 = −0.00005587, 0.00000010 0.00000007

x̃
(n1)
2 = 0.00018986 x̃

(n2)
2 = 0.0001397

0.00001 15 15 x̃
(n1)
1 = −0.00007594, x̃

(n2)
1 = −0.00005587, 0.00000010 0.00000007

x̃
(n1)
2 = 0.00018986 x̃

(n2)
2 = 0.0001397

Next, check whether the matrix of the system (18) is nondegenerate, and
to calculate the unknowns h1 and h2 build an iterative process by the formula
(12): (

h
(m+1)
1

h
(m+1)
2

)
= −

((
A1 A2

)
◦

(
h
(m)
1

h
(m)
2

)
+A3

)−1

b, m = 1, 2...

At initial approximations for the system (18)
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� x
(0)
1 = 0, 1 òà x

(0)
2 = 0, 1 ;

� h
(0)
1 = 0, 0 òà h

(0)
2 = 0, 0 ,

Then we get the results shown in the table (3).
Here n1 is the number of iterations obtained using the scheme (12), n2 is

the number of iterations obtained using the Newton method, and ε - speci�ed
accuracy.

5. Conclusions
In this paper, we have been considered systems of nonlinear equations over

a �eld of real numbers. A scheme for solving these systems is proposed and re-
current relations are obtained to �nd their approximate solutions. The conver-
gence of continued fractions used in the computational scheme is investigated.
Numerous experiments have been performed to con�rm the applicability and
e�ectiveness of the proposed approach.
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