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SOLVING SYSTEMS OF NONLINEAR EQUATIONS
WITH MATRIX CONTINUED FRACTIONS

A.S. CHERNIKOVA, A. M. NEDASHKOVSKA

PE3IOME. AKTyaJIbHICTB JIOCJIL/IZKEHHsI Ta BUKOPUCTAHHS JIAHITIONOBUX JIPOOiB
B YHCEJBbHUX METOJaX € OYEBUIHOK. TaK JIAHITIOroBi JpobuU 3aCTOCOBYBAJIHA
IpY PO3POOII COHSTIHOrO KAJEHIAPs, A/l JOBEICHHS ipPaIiiOHATHLHOCTI YUCE T
(manmpmkiaz, 3a IOMOMOrOIO JIAHIOTOBHX JIPOGIB MOBEIEHA 1PPAIiOHAIBHICTD
mzera-dyukmil Pivanra ¢ aucma ), B aaroputMi JlaHmponra, sskuii BAKOPACTO-
BY€ JIAHITIOTOBL Apo0u M1 06YMC/IeHHsT BAACHAX 3HAYEHDb BEJIMKUX PO3Piake-
HUX MaTPHUIlb, B JeAKUX ajropurmax ¢pakropusarii i T.;. Baxkko nepeorinm-
TH POJIb JIAHIIOTOBUX ApobiB i mpm po3B’sizyBanHi cucTeM piBHAHL. B maHiit
poboti OyayTh PO3TIAHYTI CHCTEMH HEJIHIMHWX piBHAHD. Jag ix po3s’s3y-
BaHHA OyJe BUKODHCTAHA BLIHOCHO IPOCTA CXE€Ma, 3AMPOIOHOBAHA PAHIIIE Y
pobori [1]. Po3e’s130k cuctemu HeliHIHHUX DIBHSHB OJAHO Y BUIJIS I MaTpAY-
HOT'O JIAHITIOTOBOTO P00y Ta chHOPMYTHLOBAHO JOCTATHIO YMOBY HOT0 306iKHOC-
1i. Pe3synpraTn 064unciienHs: TECTOBUX 33434 HiATBEPAUIN 301KHICTD Ta edek-
TUBHICTH 3aCTOCYBAHHS 3AITPOIIOHOBAHOI CXEMU.

ABsTRACT. The relevance of the research and the use of continued fractions
in numerical methods is obvious. Thus, continued fractions were used in
the development of the solar calendar, to prove the irrationality of numbers
(for example, with the help of continued fractions proved the irrationality of
the Riemann zeta function ¢ number 7), in the Lanczos algorithm, which
uses continued fractions to calculate eigenvalues of large sparse matrices, in
some factorization algorithms, etc. It is difficult to overestimate the role of
continued fractions in solving systems of equations. In this paper, systems
of nonlinear equations are considered. To solve them, a relatively simple
scheme proposed earlier in [1] will be used. The solution of the problem is
given in the form of a matrix continued fraction and a sufficient condition
of its convergence is formulated. The calculation’s results of test problems
confirmed the convergence and effectiveness of the proposed scheme.

1. INTRODUCTION
The importance of developing methods for solving nonlinear systems is due
to the wide range of their application in practice. Bright examples of the usage
of such schemes are the problems of the ballistics of rocket engines and their
utilization, as well as the problems of virology and immunology, which are more
important than ever today.
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Consider a system of n nonlinear equations with n unknowns:

f1 (331,1'2, . ,(L‘n) = 0;
f2 (wl,xg, N ,xn) = 0;
(1)
fn ('1"17'1"27 tet axn) = 07
where f; (i = 1,n) are functions of real variables z1, o, ..., Tp,. o
Let the functions of the n variables y; = fi(x1,22...,2,),(i = 1,n) be

definite and continuous together with all their partial derivatives up to and

including the second order in some d-neighborhood of the point (%) = (x§0)7
2.

Suppose that x(lk),q:gk) .. ,xq(zk), (k =0,1,...) are the approximate roots of

the system of equations (1). Suppose that for step k, that is, for approximations

x&k),xg )2 the system equation (1) is not executed. Then we will look

for corrections hﬁk), (j = T,n) at which as a result of substitution z\*™ =

J
(k) + h( ) the equations should be contented:

fi (2 4 002 £l 4 ) =
f(§)+h§), g)—khé),.. (k)—i-h(k)) 0;
: (2)
fo (28 4 22 0P, ) =0,
Let’s write Taylor’s formula for the function of n variables like this:
fi ( I I R O I ) fz( ), nglk))Jr
n_Jf; (3:1 ,xgk). $q(@k)) ")
+) R0 hit+
j=1 j
(3)
non_ 9%f; (as(k) 8 x(k))
l A 1 49 y4n (k) (k)
a2 PRCPNC) hy“he” |+

j=1 q:l 7 q

+ o(h?), h—\/(h(k)> (hg’“))2+...+( g”)Q, i=1,2,...n.

Then based on the system (2) and the Taylor’s formula (3) to determine

DTG

the corrections hg vhe 7o, with an accuracy of o(h?) we can write the
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following system of equations:

n_ 9f; (:cl : (’”...,xg’“))h(k)

k
fl (.%'1 7 ( )a 7m£1k)>+z a (k’) +
i=1 i
n_n_ 9%f; (x(k) 2P :E(k)) (4)
1 A 1 49 y4n (k) (k)
+ = hy”’h +

+o(h?) =0, i=1,2,...,n

Therefore, we obtain a method for solving systems of second-order algebraic
equations with multiple unknowns.

2. COMPUTATIONAL SCHEME OF THE METHOD
The essence of the proposed method is to use periodic matrix continued
fractions to calculate the solutions of the original system by certain elementary
transformations that reduce it to some recurrent relation. Apply this approach
to (4).
The system (4) can be represented as:

k k k k
182f1(:ﬁ1 ,:cé),...,xg)) P\ 2 162f1<:1;1 ,a:g),...,a:,(l)) N
2 2 (1) ty GRQ) CRCE
8<x§k)) Oy 1y
1 0% f; (:ch ),q:g’“),...,xﬁf)>
o+ PRk 4
2 axgk)x,(f)
k) (k k k
10 (2P0l 10 (el
_® hy hi 43 (h2 ) +
2 Oxs 2 <8x(k))

182f (xg ),xg ),...,.ZUq(@k)
+ —
2 (%ng)x%k)

82fz (xl ,xgk),..wx?(lk)
+3 5 ) nh Ty PRONE) noha Tt

n Ty n’ Ly
0% f; x(k),x(k),.. w%k) afi |z ,x(k),.. x%k)
o A ) g ),
+8fi (xgk)’xgk)""’xg”k)) N ofi (xl S 7:,355)) B —
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or
(k) (k) (k) (k) (k)
182}01'(371 y Lo Tyt Ty )h(k)+182f’<x1 y Lo "5ty Ty )h(k)
5 2 1 B (k 2
2 9 (ﬁk)) 2 3955 ) ( )
82fZ (xl ,xgk), .. xf@k)) af; (xgk),x(;), .. ZL‘ng))
Rk k)
+2 GRG n ® bt
Oxy" xy, a(xl )

k k k k k k
(0, ) (0l el
2 (k), (k) 1 9 o 2

Oy ) (&vé ))

82f; (P 2 . W afi (2™ 2 . 2P
; ( axg’jw;’“) )hglk) ( 1 . (ig@) )) oM

2¢ (k) (k) (k) 9 *) *
++(18 fl(xl )332 R ) )h(k) 18 fl<l'1 ,fL'2 NN i) )h(k)
2

+ ...+

Y+ (5)

+ ...+ +

P 1Ty PN 2

n Ty

182fl <a;l ,J;ék),...,x,(f)
+...+ =

2 a(x%’”) ” 0 («) '
—fi (ml ) (k)...,:z:,(f)>, i

The system (5) in matrix form can be written as

— (k)
ailr a2 ... Qin hgk i 951 ,x2 ...,xn
x2 ..

I
—
N

k k
azy a2 ... a2y hé) —f2 371, ,377(1)

Apl Gp2 ... Qpp Rk

¥ al)
where

k k k k
1% (xﬁ),xé),..-,xé))h(k) | 02 (afﬁ),xé),.-.,xé>)h(k>
M= 1t PRCRD 2

2 3(3:&“) 1 T2
1 0% f; (:L‘l ,xgk), ... ,:cﬁf)) ® af; <x§k),xék), .. ,l'ng))
k) (k) ho” + *) ;
VP (0 ) g (a0 )l
2 ®_® M +2 2
2
Oxy ' xy (8372 )

a;2 =
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k) (k k k k
10%fi (965 ),ch),...,wg)>h(k)+3fz‘ (xg) x§)7...,m7(z))

9 axgk)x;k) n 5 (mgk)) ;

+...+

2 (B (k) (k) 2¢ (k) (k) (k)
18fz(x1 y Ly "5y T >h(k) 1a fz<m1 y Lo "5y T >h

(k)
Ain = 7 = +
k) (k 1 k 2
2 83:,(1 )xg ) 2 83:% )arg )
2 (k) (k) k k) (k k
10 f2<x1 , T ,...,xg) ® df; :cg),:cg),...,x%) '
+...+= 5 hy + it=1,n
2 9 ( (k)) 9 (w(k)>
In n
We introduce the following notation:
o (o0 o a) o (P a) o ()
5 zgk) 2 amgc)axgk) o amgk)axgﬂ)
02 (e o) o (o) 02 ()
1 2 k k k k
A = 3 9 (xgk)) 8x§ )8:0% ) Gxg ) 9P ,
025, (o000 .. a®) O () 0 (o al)
9 (ng))Q axgk)aaz(Qk) o Bzgk)ax;k)
025 (o o) o2y (5P a) gy (a9 o)
8x§k)az(1k) 1} xgk)> o Bxgk)ax%k)
02 fa (acgm, xék) AN a;SL’”) 02 fa (acgk) :E(2k), .. Z’SLM) 02 fo (xgk) , acék) e x&p)
Ay = 3 61:; )Bxg ) 9 (x(Zk)> Bzg ) 9P ,
o (a9, ) g (o0 ) g (a0 o)
81:&“81%16) 9 (x(Qk)> o Bxgk)ax;k)
92 f1 (zgk), a:;k) . ,z,(lk)> 92 f1 (xgk), x;k), e I»Elk>) 92 f1 (xgk) ") :1:5?)
PROPRO) PROPRE) g (x<k)>2
02 f, (azgk),x;k’...,xﬁf)) 02 f, ( (k) 5),...,x%">) 82f2< <k)_._7xgc>)
A, =L o' oz (F) oz o 9 (xﬁl’“))
2 b
25 (40 o) g (o el) 02 (00 el)
0z oM oz o) 9 (xﬁl“>>2
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o (00 o) on (s o) o (e, )
Bzgk) ax;k) ax;’“)
on (10l o) 0 (0P a®) o (o)
Apt1 = Bmgk) Bxék) o 8z£1k)
05 (40,6 ) 0 (0,0, a) o (o)
8m(1k) ax;k) o 8ac£Lk>
k k (k
A (2t a0, )
(k) (k) (k)
f xl 7'%'2 9 7$n
b= (7)

Then (6) can be written as follows:

T
(Alhgk) + Aoh§” .+ Anh{F) + An+1) (hg"f) I hg’“)) =b (8
The entry
T
(A1 A2 . An) o (hgk) hgk) L hg@))

denotes the functionality ) Aihl(k), then (8) can be represented as:
=1

1=

((Al Ay... Ap)o (hgk) hiE h,&’f))i An+1> X

x (n® B h,(f))T: b. Y
Suppose now that <(A1 Ay .. An) o (hgk) hék)... h%k)>T+An+1>
is non degenerate matrix. From the relation (9) we obtain:
(hg’“) h h;’“))Tz
4 (10)

In addition, there is a representation (10) in the form of a matrix continued
fraction

T b
(e o aP) = b
An+1 + (A1 . An) o

b

An A ... A _
+1+( 1 n)oAn+1+~~
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or in the form of Pringsheim

T_ b b|
(k) (k)" —
(hl hn> |An+1+(A1...An)o|An+1+
| (11)
b
+ (A1 ... A, 4.
( ! ° |An+1

So, we can write a recurrent formula for calculating the approximate solution
of the system (1) using matrix continued fractions:

m+1 m 1
(™Y (™

o=@ Ay 4] x
hglm+1) hglm)

f1 (xgm),...,m%m)) (12)

: , m=1,2...
fn (J:gm),...,x%mo

Thus, to find the solution of the system of equations (1) we can construct
the following algorithm on the basis of (12):
1. Set error € > 0;
2. Set the initial approximation, 1‘50), e 1‘1(10) eR, hgo)’ e ,hgbo) e R;
3. Set counter m = 1;
4. Find the next correction using the formula (12):

m—+1 m 1
™Y (™
= — (Al . An) o + Ant1 X
hglm—‘rl) hglm)
()
X : , m=12
o (a7
5. Calculate new approximations $§m+1) = atgm) + hgm), ce :C%mﬂ) =

2™ + ™,
6. Check the condition ngkﬂ) - xfk)H <e (i=1,2,...,n). If the condi-

tion is not satisfied, set the counter m = m+1, assign values $§m+1)(i =

1,2,...,n) to elements xl(m) l(m) (i =

1,2,...,n).

and go to step 4, otherwise return x

3. ON THE CONVERGENCE OF THE COMPUTATIONAL SCHEME
Convergence of the matrix periodic continued fraction (11) is a necessary
condition for the convergence of the iterative process (12).
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In the work [2]| a sufficient condition for the convergence of Vorpitsky was
generalized and later it was proved in [3|. This feature can be used in the
analysis of the convergence of the matrix continued fraction (11):

Theorem 1. Matriz branched continued fraction

. Akl‘ - Ak1k2‘ = Aklkz...kl‘
> iz +> I e Bt

k1=1 ko=1 k=1

is absolutely convergent if the condition

r
| Ak ko tey || < n (1=1,2,3,...; kk=1,2,...,n)

15 valid.

Let us apply the theorem (1) to a continued fraction(11). Obviously, this
continued fraction will be absolutely convergent if the condition

(PR RIWREY P 5

is executed.
Substitute the values of A, Ag, ..., Ay11,b into the inequality (13) and ob-
tain a sufficient condition for the convergence of the periodic chain fraction

(11).

4. COMPUTATIONAL EXPERIMENTS
The proposed scheme was implemented in the language Python by using of
Jupyter Notebook, which is a handy open-source web application.To demon-
strate the applicability of the computational scheme and its efficiency, consider
the following examples:
Example 1. Consider the following system of polynomial equations

l‘% — 21:% — 19+ 221 — 220+ 1=0; (14)
Qx% —x%+x1x2+3x2 —5=0.
Let present the system (14) in the form (8):
T
(An + 4008 + 45) (0 1) =0, (15)

where Ay, Aa, A3 and b write down the formula (7):
2 -1
Al = 1 )
2\2 1
1 /(-4 -1
AZ =35 )
2\-2 1

201 — X9+ 2 —4dxo —x1 — 1
A3: )
221 + 22 —2x0+3+ 11
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b 2?3 — 223 — xyw9 + 271 — w9 + 1
o 222 — 23 + 11w + 3712 — 5 '

Then (15) can be written other ways using the formula (9):

(1 o u )" ) )=

So, if the system matrix (14) is nondegenerate, then then to calculate the

(k)

unknowns hgk) and h,’ we construct the following iterative process, using the
formula (12):
h{™

h(m—i—l) -1
h%m_H) = - (Al AQ) © h(m) + As b, m=1,2..
2 2

Let n1 denote the number of iterations obtained using the scheme (12), no
is the number of iterations obtained using Newton’s method, and ¢ is specified
accuracy. The initial approximations for the system (14) and in the case of the

scheme (12), and in the case of Newton’s method are given as follows:
- J:go) = 2.0 and xéo) = 2.0;

— W9 =0.0 and 1 = 0.0.

Then we get the results shown in the table (1).

TABL. 1. The results of calculations for the system (14) by the
method (12) and Newton’s method

Appr. solution Appr. solution Error Error for

€ n1 |ng| for scheme (12) for Newton’s m. for (12) Newton’s

method

0.1 5 |5 | ") =0.98047239, | #"2) = 0.9750123, | 0.38283455 | 0.4671275
Z') = 0.99107229 | 7*2) = 0.98752701

001 |8 [8 [ &™) =1.00251982, | #"2) = 1.00316779, | 0.04491348 | 0.56773749
701 = 1.00126725 | #8"2) = 1.00158390

0.001 [11]12] ") = 0.99968647, | 3."2) = 1.00019769, | 0.00565064 | 0.00355751
701 = 0.99984335 | #"2) = 1.00009885

0.0001 |15 15 5§"1> = 0.99998039, 5§"2> = 0.99997529, | 0.00035292 | 0.00044478
70" =0.99999019 | 7' = 0.99998765

0.00001|18 [18 | ") = 1.00000245, | ("2} = 1.00000309, | 0.00004411 | 0.00005559
Z') = 1.00000123 | 7,*2) = 1.00000154

Example 2. Consider a system of nonlinear equations of the form:

{

€222 + 5% 4 Agy a3 + 2xiTe + 27 — 2 = 0;

2e2%1 4 52 + 8wy wg + 4ad + 25 — 7 = 0.

Let’s write this system in the form (8):

(Alhﬁ'“) + A2h§k) + A3> (hgk) A

k))T — b,
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where Ay, Ay, A3 and b calculated as (7):

As

(

A — 1 (2571 4 24xfxy + 1227 1223 + 8a7
179 2e™ 8 ’
A — 1 (4e*2 4 24x1235 1223 + 83
27 2 \5e™? 8 4 1243 8 ’

5e571 + 43 + 8xdwg + 4}

2e*! + 8x9

2e%%2 4 127123 + 227
5e*2 4+ 8x1 + 8xg + 430% ’

b— €22 4 5% 4 Agy a3 + 2xiwe + 1 — 2
221 4+ 5e%2 4 8wymo + 423 + a5 — T )

Then using (9) formula (17) can be written otherwise:
T T
<(A1 As)o () BP) " + A3> (n® n)" =0,

Next, if the system matrix (16) is nondegenerate,then to calculate the un-
knowns h; and hg build an iterative process using the formula (12):
(m)

h(m+1) h -1
h%mﬂ) =—| (41 Ao h%’”) T A3 b,om=1,2.
2 2

Let n; be the number of iterations obtained using the scheme (12), ng is the
number of iterations obtained using the Newton method, and ¢ is the specified
accuracy. In the initial approach to the system (16)

- 1:50) = 0.2 and xéo) =0.2;
- hgo) = 0.0 and h;o) =0.0

we obtain the results presented in the table (2).

TABL. 2. The results of calculations for the system (16) by the

54

method (12) and Newton’s method

Appr. solution Appr. solution Error Error for

€ ny |n2 | for scheme (12) for Newton’s m. for (12) Newton’s

method

0.1 2 |2 [3") =—0.01528742, | 3{"2) = 0.01239569, | 0.63213448 | 0.46163384
#") = —0.01569091 | 7"2) = 0.00103799

001 |4 [4 [20") =0.00020276, |% "2 =0.00000054, |0.02604419 | 0.00187028
#0") = 0.00016086 | 752 = —0.00000024

0001 |5 [4 [#") = —0.00000169, | "2 = 0.00000054, |0.00134682 | 0.00187028
7" = —0.00000112 | 75" = —0.00000024

0.0001 [6 [5 | &™) =0.00000000, | ™2 =0.00000000, |0.00001073 |0.00000001
7" = 0.00000000 | 72 = —0.00000000

0.00001[6 [5 [ =0.00000000, | ™2 =0.00000000, |0.00001073 | 0.00000001
70" = 0.00000000 | 72 = —0.00000000
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Example 3. Consider the following system of nonlinear equations:

{

Let’s write this system in the form (8):
T

(4 + Aon87 + 45) () 0" =,

with A1, A2, A3 and b in the form (7):

As

Ay =

Ay

(

2

2

2coswy + 720379 + 8

2 cos w1 + x1sinxg + 3z + 4l + Twy23 + 23 — 2
2sinx + 24305%:):2 + 3cosxo + 8x1 + 4xo + x% -3

1 (—zysinzy + & + 1424
—3cosxo + 629

1 (—2cosz1 + 369@% + 6x1 cosxg + 1ldzo
—2sinxy + 144xz122

Let’s use (12) and write the system (18) like:

<(A1 Ag) o (hgk) h

o) on)

7212

cosTo + 14:U2>

7222

_ (—2sinz1 +sinxg + 1256% + 7x% + 3.1:% r1cosxy + 8xo + 14z 29
- 2423 — 3sinzo + 4 + 323

)

2cosxy + xysinxy + 338‘1l +4x% + 7x1x% —i—m‘i’ —2=0;
2sinxy + 2437:1)’952 + 3cosxy + 8x1 + 4y —i—:cg —3=0.

)

TABL. 3. The results of calculations for the system (18) by the
method (12) and Newton’s method

Appr. solution Appr. solution Error Error for

€ ni |ngz | for scheme (12) for Newton’s m. for (12) Newton’s

method

0.1 2 [2 [3") =—0.01156658, |72 = —0.01649241, | 0.00766547 | 0.00566992
70" = 0.02855345 | #5"2) = 0.04168796

001 |3 [4 [3") = —0.00815887, | "2 = —0.0068928, |0.00238516 | 0.00017725
70" = 0.02048567 | 75"2) = 0.01731047

0.001 |9 [10]z") = —0.00078319, | #{"2) = —0.00049904, | 0.00001099 | 0.00005312
#M) = 0.00195892 | #5"2) = 0.00124801

0.0001 |15 [15] 7™ = —0.00007594, | #"2) = —0.00005587, | 0.00000010 | 0.00000007
7" =0.00018986 | 7" = 0.0001397

0.00001 |15 [15] 7" = —0.00007594, | #."2) = —0.00005587, | 0.00000010 | 0.00000007
7" = 0.00018986 | #5"2) = 0.0001397

Next, check whether the matrix

(12):

(

2

hngrl)
h(erl)

)-—( (1

of the system (18) is nondegenerate, and
to calculate the unknowns h; and hg build an iterative process by the formula

—1
) + A3> b, m=1,2..

h{™
(m)

At initial approximations for the system (18)
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— V=011 =01;

~ w9 =0,0rar =00,
Then we get the results shown in the table (3).
Here np is the number of iterations obtained using the scheme (12), ng is

the number of iterations obtained using the Newton method, and e - specified
accuracy.

5. CONCLUSIONS
In this paper, we have been considered systems of nonlinear equations over
a field of real numbers. A scheme for solving these systems is proposed and re-
current relations are obtained to find their approximate solutions. The conver-
gence of continued fractions used in the computational scheme is investigated.
Numerous experiments have been performed to confirm the applicability and
effectiveness of the proposed approach.
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