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ON THE APPROXIMATION OF URYSOHN
OPERATOR ON A SYMMETRICAL INTERVAL WITH
BERNSTEIN-TYPE OPERATOR POLYNOMIALS

I.I. DEMKIV, YA. O. BARANETSKIJ

PEe3toME. llpm 3actocyBamHI mosiHoMiB BepHmiTeifHa KpiM CTaEZapTHOTO
punagky [0, 1] mpupomso BugiaTy cumerpuanuii Biapizok [—1, 1], Ha skomy
nostinHomu BepHiuiTefina paHilie Maii>ke He BUBYaJIUCA. ZICHO, 1110 CuMeTpuIHmIi
BIAPI30K TICHO MOB’s13aHUI 3 MIDKYBAHHSIMHY IAapPHOCTI i HemapHocTi. Y po6oTti
ana omeparopa Ypucona (F), mo 3ama€ThCAa HA CHMETPHIHOMY BIIPI3KY 3
HEBLZIOMUM SpPOM, TIPO BJIACTUBOCTI SIKOTO MU MOXKEMO CYJHUTH Ti/IbKU AHAJI-
3yI09H pe3ysbTaT Horo mil Ha Oyab-gaki QYHKIHI 3 AegKoro KJacy, OyIayeTbes
Ta BUBYAEThCA oneparopuuii nosinom turmy C.H. Beprmreiina, skwuii 3 pocTom
MOro creneHs fK 3aBrOJHO TOYHO HabJsmkae F.

ABSTRACT. During the application of Bernstein-type polynomials, with the
exception of the generalized case [0, 1], it is natural to define a symmetrical
interval [—1,1]. Bernstein-type polynomials, defined on this interval, were
not much studied in the literature. It is clear that a symmetrical interval is
closely tied with the ideas on paired and unpaired functions. In this paper the
Urysohn (F) operator is defined on a symmetrical interval with an unknown
kernel. Properties of it we can identify only by analyzing its effect on any
functions from a specific class. For such operator, a Bernstein-type polyno-
mial approximates F' with arbitrary high accuracy, depending on polynomial’s
degree, is built and studied.

1. INTRODUCTION
Functional approximation F : L1(0,1) — R! on a continual set of nodes

x"(2,&") = wo(z) + ZH (z = &) [2i(2) — zi—1(2)] (1)

=1

€ = (61,&0, .. &) EQun ={2":0< 5 < ... < 2, <1}

is studied in multiple papers, e.g., see [1-12].

Let z;(z) € Q[0,1], i = 0,1,... be arbitrary fixed elements of the space
Q|[0, 1] of piecewise continuous functions on a segment [0, 1] with a finite number
of discontinuity points of the first kind. The set of such functions is called the
interpolant framework and H(t) is a Heaviside function.

In the works [1-4] research the approximation of Urison operator by Bern-
stein-type and Stancu-type polynomials, the works [5-7] study the polynomial
functional approximation. The works [8-12] are dedicated to integral continued
fractions.

Key words. Bernstein-type polynomials; symmetrical interval; continual set of nodes; com-
binatorial correlations.
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Let us consider the usage of a continual set of nodes during the approximation
of Urysohn operator with Bernstein-type polynomials.

2. ON BERNSTEIN-TYPE POLYNOMIALS
For functions f(z), continuous on the interval [0,1] C R, we get standard
Bernstein-type polynomials

Zf )C*k(1 —2)" % neN
where z is a real variable, and Cﬁ are binomial coefficients

k(™) n! B 0
Cn—<k‘>—m neN, k=0,1,2...,n, Co—l
These polynomials are used usually for approximation of the function f(x)
(e.g., see [1-4]).
The work [1] considers the Urysohn operator

1
= /0 f(t,z,2(2))dz (2)

with an unknown kernel f(t,z,z), the properties of which we can identify only
by analyzing its effect on any functions x(z) of a particular class. A situation
like this is sometimes called "grey box".

The task lied in building a relatively simple approximation to the operator
F| in our case, Bernstein-type operator polynomials, which with any growth of
its degree, would beyond doubt approximate F'.

Let us assume that the following interpolation conditions are valid

F(t,x;(- /ftzxZ i

xi(z) = %H(z -§), £€[0,1], i=1,n. (4)

Il
=
S

(3)

where

Based on the known functions F'(¢,z;(-)), approximation to the Urysohn
operator (2.1) with an unknown function f(t, z,z(z)) needed to be built. Bern-
stein-type operator polynomials was taken for this approximation

1 Epp(.
Bn(F,z(-)) = F(t,0) — /0 Z OF(t, , H( ))Cﬁxk(z)(l — x(2))" *dz. (5)

0z

Let us introduce the following function (operator)

Fi(t,z,z() = 8F(t,x(gf(- —2) = f(t,2,0) = f(t,2,2(-)), (6)

and assume that

Fi(t,z,x) € C([0,1] x [0,1] x [0,1]). (7)
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This paper proves the theorem about a uniform convergence and the speed
of convergence for constructed the approximations.

Afterwards, using (2.2) — (2.6) and the method of proof from [1-4], a number
of Harun Karsli works emerged, dedicated to the Bernstein-type polynomials
(see,e.g., [13-15]).

Apart from the standard case [0, 1], it is natural to define a symmetrical
interval [—1,1]. On this interval the Bernstein-type polynomials have been
insufficiently studied in the scientific literature. It is clear that the symmetrical
interval is closely tied with the ideas on paired and unpaired functions which
are crucial for the analysis but not very natural on a standard interval [0, 1].

For the function f(z), which is continuous on the interval [a,b] C R, Bern-
stein-type polynomials are introduced using the following formula

By (f,x) = Zf ak—ka)C’,’f(w—a)k(b—:v)”*k, n € N.

At the moment, we are interested in the case of the symmetrical interval
[—1,1] which has its particulars (see [16]). The case of the symmetrical interval
is important for practical tasks. The structure of many functions manifests
itself more naturally on [—1, 1] than during their transfer on [0, 1].

According to the general definition, Bernstein-type polynomials for the func-
tion f € C[—1,1] are introduced using formula

n f7 QRZf 7_1 Cﬁ(l"i_l’)k(l_:v)n_ka n € N. (8)

Additionally to the preceding definition (2.7), it is convenient to use an
equivalent formula

1

Qan 1—— )CFA — o) (1 +2)" %, neN

with the summation from the right boundary of the interval [—1,1] instead of
the left one, as used in formula (2.7).
The basic transition between formulas is done by using equation C?~* = CF,

3. TASK STATEMENT
We obtained the following problem. Let us consider the following Urysohn

operator
1
- [ st 9)

an unknown kernel f(¢,z,x), the properties of which we can identify only by
analyzing its effect on any functions z(z) of a particular class.

The task lied in building Bernstein-type operator polynomial which with any
growth of its degree, would approximate F' with arbitrary high accuracy.
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Let us define interpolation conditions

F(t,xi(- / f(t,z,zi(z i=0,n

where continual set of nodes is defined by the formula

wi(e) = (-1+ HE -6, €e[-11], i

Il
o
S

4. APPROXIMATION SELECTION
Let us use the Bernstein-type operator polynomial for such approximation

By (F, / Zf CCE + 2(2)E(1 — 2(2)"Fdz. (10)

However, on of its items is an unknown function f(¢, z, % —1), k=0,n. Let
us define them in the same way as in work [17]. We get

Fltz 20 1) = OF(t, (5 —82>H<- )

+ f(t, 2,0),

which allows defining (3.1) as follows

By(F,x(-)) = F(t,0 / ZaF ) (=2,

Lk=0
x CF(1 4 x(z))k(l — z(2))" *dz.

Let us introduce the following function (operator)

OF (t,x(-)H(- - 2))

Fi(t,z,z(+)) = o = f(t,2,0) — f(t,z,2(2))

and assume that

Fi(t,z,z) € C([-1,1] x [-1,1] x [-1,1]) (11)
is true.

Theorem 1. Let the Urysohn operator (3.1) be such that the function-operator
Fi(t,z,x2(2)) built by it, satisfies condition (4.2), and let operator (3.1) be con-
sidered on compact ® C [—1,1]. Then

litn o0 | Ba(F, () = F(ts () opp. = 0
uniformly relative to x(-) € ®, where ® = {z(z) € C[-1,1]: =1 < z(z) < 1}.

Proof is obtained in the same way as in [1].
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5. THOUGHTS ON EVEN AND ODD FUNCTIONS
Let us further generalize the qualitative properties of Bernstein-type polyno-
mials reflected in the paper [16] on Bernstein-type operator polynomials that
approximate the Urysohn operator.

Lemma 1. (see [16]). Let us take f € C[—1,1] with Bernstein-type polynomials
B, (F,z), defined using formula (2.7). Then the following statements are true:
1) If f(—x) = f(x) for all x € [—1,1], then B,(f,—z) = B,(f,x), © € R,
n e N;
2) If f(—x) = —f(x) for all x € [—-1,1], then B,(f,—x) = —B,(f,z), x € R,
n € N.

The symmetrical interval [—1,1] is suited naturally to the study of paired
and unpaired functions. It is logical to assume that polynomials (4.1) inherit
OF(t,(3*—1)H(—2)) .

the properties of whether the function 5 is paired or unpaired.
This is truly so.

Property 1. Assuming that x(z) € ® = {z(z) € C[-1,1]; -1 < z(z) < 1},
then, if [ %} is paired, then B (F,x()) — F(t, 0) is also paired,
that is Bp(F, —x(-)) — F(t,0) = B, (F,z(:)) — F(t,0).

Proof.

B(F () - F(t,0) =

/‘Ezmr “DEC =),

L k=0
x CF(1— (2)) (1+2(2))" "dz = {k =n—m} =

/ZGF (n= )Zl)H( 2)

k=0

X R (1= a(2))" (L + w(2))dz =

_2mypr(. —
STB> 222 oy a1 ale))maz =
1k’ 0 0z
= By(F,z(-)) — F(t,0).
The following property is proved in the same way.
Property 2. Assuming that z(z) € ® = {z(z) € C[-1,1]; -1 < z(z) < 1},
then, if [ %} is unpaired, then By (F,z(-)) — F(t,0) is also un-

paired.

6. MODIFIED TEMPLE FORMULA
The needed formula first appeared in Temple’s work [18] for standard Bern-
stein-type polynomials on [0, 1]. Modification on [—1, 1] looks bulkier but will
be useful during the systematic study of Bernstein-type polynomials on the
symmetrical interval.
Property 3. Let z(z) € ® = {z(z) € C[-1,1]; -1 < xz(z) <1} and for

[_w exisls (41) then

z
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n+1(F 2(+)) = Bn(F, () =

= / ZQM (1 + 2(2)F (1 — a(2)"*+1dz

where o
OF(t, (=% —1)H(- —
Qn,k(F) _ ( (n+1 5 ) ( Z))Cr]erl_
OF(t,(% — DH(-—2)) , OF( (Y - DH(-2) ,
— n cr — n cr.
0z " 0z "
Proof.

Bn(va()) = F(t,O)—
L [P oFCGE-DH(—2) (1-2x(z) +(1+2(z)
0z 2
><Ck( +a(z ))k(l - w(Z))"*de =

w —DH(—2))
/ 5 Cifx

F(t,0)

2n+1

x |1+ ()1 - 96(2:))””“+1 + (14 2(2) 11— a(2)" | dz.

Let us split into two sums, and in the second one, transition to the numera-
tion through &k from 1 to n 4+ 1. We get:

B (F,z(:)) — F(t,0) =
7~ DH( —2)) nim
> b3 = Ch(1 +a(2)H(1 = a(2)"++da
/1 WLOF(t, (2 — )H(-—z))

D=1
Let us take addend k£ = 0 from the first sum, and addend k¥ = n + 1 from
the second sum

T ontl Cﬁfl(l + x(z))k(l — :z:(z))”*kﬂdz,

Bn(va()) - F(t,O) =
1 “H( — &
-5 /_1(8F(t7 0wy

antl 0z
+8F(t, fali — Z)) (1 + :L’(Z))nJrl)dZ—
SRR - Dt 9)
Ch+
2n+1/1k 1[
2(k—1)
L (RPN
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Thus, for Bp41(F,z(-)) — F(t,0) we get
Bn+1(F7x(')) - F(t,O) =

1 n+l 6F n )H(—z)) -
T e /1 — H Cs+1(1+$(2))k(1—x(z)) k+1g, —
1 _H(— »
= g /_1(8F(t7 fi( Dt azyyis

OF (t,H(- —
L OF(tH(

2)) n
P (1+z(2)) +1>dz—

n

” 8F H(-—z
SbTEsT / "H ) ( ) Crk (L4 2(2)* (1 — 2(2))" .

Let us take the difference By 4+1(F,z(+)) — Bn(F, z(+)), and we get the confir-
mation of property 3.
Next, let us examine coefficients @y, x(F). By using identity

Cha=Cy '+ Oy

we get

OF(t, (35 — DH(- — 2))
an( ) Cvk 1( +1 82

_0k<8F<t,<%f— JH(-—2)) _ OF(t, (5 >H<-—z>>>
" 0z 0z ’

Now, let’s use designations for divided differences

1 — Xo

[f7 T, .’I)O] =
It is easy to check that

B 2 OF(t,x(-)H(- — z)) 2k 2k
- (g 2 )

_[8F(t,x(~)H('—z)). 2k 2<’f—1>_1]>.

9

0z "n+1 n
Let us move on to the divided differences of the second order

[f; 22, 21] = [f; 21, 20
Tro — X0 .

[f;$2>$1ax0] =
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We get
_ 4 p—1 [OF(tz()H( — 2)) |
Qni(F) = _mcn—l 5 ;
2% 2% o2k — 1)

, -1, —11.
n-+1 n

n
When working with formulas @, x(F) it is useful to take into account the

positioning of the dots

2(k —1 2k 2k
—1§g—1< —-1<—-1<1, k=1,...,n
n n+1 n
true for any n € N.
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