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ERROR BOUNDS FOR FOURIER-LEGENDRE TRUNCATION
METHOD IN NUMERICAL DIFFERENTIATION

Y. V.SEMENOVA, S. G. SOLODKY

PE3IOME. Posrisimaerscs 3a7ava qmucebHOTO AudepeHIioBands (yHKIiH
f(t,7) ckimwennoi Tnagkocti. Jna BigroBnenns moximuoi f (L) zacTocosamo
craHmapTHUl Ta MoandikoBaHMI BapiaHTH MeTOIy 3pi3KH, IO BUKOPHUCTO-
BYIOTH B 9KOCTI BXimuoI indopmanii HerouHi 3HaueHHsa Koedinientis Pyp’e-
Jlexannapa. s 060x BapiaHTIB METOAY 3Pi3KU JAOCIILIZKEHO aIPOKCAMATT HHI
Ta iHpOpMAaIIiiiHi BJACTUBOCTI, & TAKOXK HABEJIEHO 1X IOPIBHAJIBHUN aHAJII3.

ABSTRACT. The problem of numerical differentiation of functions f(¢,7) with
finite smoothness is considered. For recovery of the derivative FOD we apply
standard and modified variants of the truncation method using perturbed
values of Fourier-Legendre coefficients as input information. For both these
variants some approximation and information properties are investigated, and
their comparative analysis is given.

1. INTRODUCTION

The problem of numerical differentiation is an actual problem arising in
many applied fields such as analytical chemistry, mathematical physics and
pattern recognition. The problem of numerical differentiation of functions is a
classic problem that is unstable to small perturbations and therefore requires
application of regularization to ensure the stability of the approximation. It
should be noted that intensive and effective research of the problem of sta-
ble differentiation began in the 60s of last century due to the development
of the theory of ill-posed problems. The first paper on the differentiation
of functions, which was written in terms of the theory of ill-posed problems,
is [2]. Thus far, many researchers have proposed and substantiated different
methods of numerical differentiation of univariate functions (see, for exam-
ple, [14], [16], [3], [4], [1], [12], [17], [5], [15]). As to the functions of several
(even two) variables, the problem is still studying. Only works can be men-
tioned here [11], [18], [7], [15]. Within this work the questions of numerical
differentiation of bivariate functions with finite smoothness are carried out.

Let C = C(Q) be the space of continuous on Q = [—1,1]? bivariate func-
tions with uniform metric. By {¢x(t)}32, we denote the system of Legendre
polynomials orthonormal on [—1, 1] as

dk
o) =VE+1/2 (2% %[(ﬂ -, k=0,1,2,....
Key words. Numerical differentiation; Legendre polynomials; truncation method.
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By Lo = L2(Q) we mean space of square-summable on @ functions f(t,7) with

inner product
(f,9) / / ft,m)g(t, 7)drdt

I1£113 = Z (fsor4)? < o0,

k,j=0

and standard norm

where
1 1
UF. o) = / / F(t ) on()ps(T)drdt, k. j=0,1,2,...
—1J-1

are Fourier-Legendre coefficients of f.
For any p > 0 we introduce the space of functions

o
L5,(Q) ={f € La(Q) :  IIfIE = D (k)™ [{f, o s)* < 00}
k,j=0
It should be noted that L’z"2 is generalization of the class of bivariate functions
with dominating mixed partial derivative.

Suppose that instead of exact values of Fourier-Legendre coefficients (f, ¢ ;)
we have only their perturbations, the error level § of which is known in the
metric of £2. More accurately, we assume that there is a sequence of numbers
(fs5,¢r,j) such that

Z €y < 0%, (1)
k,j=0
where & ; = (f — f5,¢k4), k,7 =0,1,2,.... As the derivative of f we take the

series
o

FEDET) = Y (Fn)en (D)9 (7)- (2)

k,j=1
In what follows, we need the following auxiliary relations (see Lemma 18 [10])

max |pi(t)|=+Vk+1/2,k=0,1,2,.., (3)

—1<t<1
(k—qr—1)/
4,02;(75) =2Vk+ 1/ Z V 2+ q + 1/2902i+% (t)v (4)
1, k isodd,

where g = .
9k 0, k iseven.

By replacing the variables | = 2i + g, with (4) we have
k—1
= VE+1/2) Vi+1/2¢(t) =
o )

= VEk+1/2 Z 1+1/2¢(t), keN,
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k—1
where in aggregate >."\/l+1/2¢;(t) the summation is extended over
=0

only those terms for whi:ch k41 is odd.

2. STANDARD APPROACH

Our research is devoted to the application of the truncation method for the
numerical differentiation of functions from L} »(Q). The essence of this method
is to replace the Fourier series (2) with a finite Fourier sum using perturbed data
(f5,%r,j)- In the truncation method to ensure the stability of the approximation
and achieve the required order accuracy, it is necessary to choose properly
the discretization parameter, which here serves as a regularization parameter.
So, the process of regularization in method under consideration consists in
matching the discretization parameter with the perturbation level of the input
data. Simplicity of implementation is the main advantage of this method.

By now, there are several approaches to selecting a domain of the coordinate
plane for the indices of the involved Fourier-Legendre coefficients. Our research
will consider the two most effective and popular approaches to select this do-
main, first, the standard variant, when the domain is a square, as well as a
modified variant, which is to apply so-called hyperbolic cross (for more details
on the use of hyperbolic cross in solving ill-posed problems see [13], [8], [9]).

At first we consider standard variant of such sum:
n

Dufs(t,7) = D (f5:00.5) 0 (D)$(7). (6)

k,j=1
We give the approximation error in the form
FED ) =D f5(t7) = (FOV (8, 7) =D f (£, 7)+H(Dnf (£, 7)=Dn f5(t,7))- (7)
Let’s present the first term on the right-hand side of (7) as
POV T) = Duf(t,7) = Da(t,7) + Dot 7),
where

Mty = S S o)k (D7), (8)

k=n+1 j=1
k=1 j=n+1
Applying twice the formula (5) to (8) for the derivatives ¢} (t), ¢}(7), we get
k—1

At =Y Y (fery) Z* 2k +1/2v/l + 1/2¢, (1) %
k=n+1 j=1 11=0
7j—1

x> 2T 17212 + 1/2¢1, (7).
1o=0

Here and below, the symbol Y.* means that the summation is extended over
only those terms for which k +1; and j + I are odd.
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Whence, after changing the order of summation, we arrive at the represen-
tation
Al(t, 7‘) = All(t,T) + Alg(t,T),
where

An(tr) =43 Vi 1720, (8) Y Vi + 1720, (1)

11=0 l2=0

x> NVEHL2 D V12 k),

k=n+1 j=la+1

At ) =4 Y VI 120,6) Y Vi + 1/20,(1)x

li=n+1 l2=0

oo o
x > NVEHL2 Y i+ 12(f k)
k=l1+1 j=la+1
This can be written as follows

1) =43 S VI 17200 + 1201 (1)1, (Ta, 1,

11=0 l2=0

(10)

where

i \/m § Vj+1/2<f7§0k,j>v L <n

I j=la+1
1,62 7 o0 o]
> VE+1/2 YT \i+1/2(f, k) L>n.
k=l1+1 Jj=la+1

Lemma 1. For arbitrary function f € LS}Q(Q), > 2, it holds true

11 = Dl < el fln 42
Proof. First of all we estimate the norm of /A1 in the metric of Lo(Q):
(e.o] (0.9}
1A <16 > (h+1/2) (12 + 1/2)af .
11=015=0

Further we should majorize al21
1) Let {1 <n. Then

2 _
apy 1y = z : z :

k= 7’1+1j lo+1

712 '

2

(frerg) | <

kj)H
kj)H

[e.9] o0

DS k“/,f]ﬁfm > R <

k=n+1 j=l2+1 k=n+1 j=l2+1

<HfH,u Z Z 2,u l—

k=n+1j= z2+1
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(e}

1 _ _
<clfIZ > W(UQ + 1) 722 < | fIR (12 + 1) 22
k=n+1
2) Let [y > n. Then

2

<fa§0k]> <

kj)H

kj)H

Z > ]Hl/;jj‘;flﬂ > Z (k) |(f, prg)? <

k=141 j=l2+1 k=l1+1 j=l>+1

aj, g, = Z Z VE+1/2¢/j+

k=l+1j=la+1

o0

k+1/2 S j+1/2 _
<Iflz > o > S el FIR1(1 + 1/2) (1 + 1/2))724F2,
k=l1+1 j=la+1
In order to obtain an estimate for the ||Aq]|2, we note that for u > 2

i b+1/2
(1/2+ D)2 7

l2=0

and with the help of following relations
n
Z(ll + 1/2)n—2u+2 — Cn_2#+4,
11=0
o
> +1/2)72 (1 +1/2) = en” 2,
li=n+1
we get
1812 < el fllan™"+2. (11)

Next, we need to bound As(¢, 7). Thus due to (4) we have

Z Z (fs o) (t) (7 Z Z (f, Pr,j) %

k=1 j=n+1 k=1j=n+1
(k—qr—1)/2
x> 2VE 4 1/2¢/2i+ g + 1/20i14,(£) %
i=0
(G—a;—1)/2
> Z 2/ J+1/24/2m + q; + 1/202mm14;(7T)
m=0

Let’s replace variables I; = 2i + g and lo = 2m + ¢; and change the summa-
tion order. Then we get

n 0 k—1
Lot ) =43 N (foon) Y VEF L2V T 1/20 (1) %

k=1 j=n+1 11=0

J—1
<N VG 12V 1 120,(1) =

l2=0
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= Agl(tﬂ') + Azg(t,T),
where

n—1 n
Dor(t,7) =4 VI 120,1) D Vi + 1/20,(7) %

11=0 l2=0

x > VEF12 Y Vit 172 en),

k=l1+1 j=n+1

n—1 e’}
Dot 1) =43 Vi + 1720, (8) S Vo + 1/20,(7) %

11=0 lo=n+1

<Y VEFIR Y VITIR( ).

k=l1+1 j=la+1

(12)

It can be rewritten by the following way

n—1 oo
2(t,7) =4y > VI 1721+ 1/201, (8) 1, (7)1

11=0 12=0

where

Z VEk+1/2 Z VI +1/2(f,0r4), la<n

~ k=l1+1 j=n+1
Ay ly = n 00
> VE+12 X i+ 12(fekj) la>n
k=l1+1 j=la+1

Further we estimate the norm of Ay in the metric of Lo(Q):

n—1 oo

12203 <16 3" S +1/2)(la + 1/2)af .

11=012=0

So, we should bound &121,12.
1) Let Iy < n. Then
2

T DY VIRV ) | <

k=l1+1j=n+1 )

o0

3> kﬂ/,f]‘lfl/Q > B <

k=l1+1 j=n+1 k=l1+1 j=n+1

n
<cllfllEn7 Y KA <

k=l1+1
< el fIaIn(1/2 + 1)) 72,
2) Let I3 > n. Then
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2

oS \/k+1/2\/J+1/2(k§) Grong) | <

k=l1+1 j=la+1 (k )

o0 n

<3y EHUBOEUD S S ) <

k= 11+1] la+1 k=l1+1 j=l>2+1

[e.e]
<lfI2 S0 RS A < IR+ 1/2) (0 + 1/2)]
k=l1+1 j=la+1
For p > 2 it is true

”Z‘:l I +1/2
— s =
(1/2+ 42 7
11=0

and with the help of following relations

n

Z(lg +1/2)n 22 = en 2Rt

12=0
o
Z (lg + 1/2)—2u+3 — CTL_2“+4,
lo=n+1
we have
1822 < ell flln™+2. (14)
Combining (11) and (14), we get the statement of Lemma. O

Lemma 2. Let the condition (1) be satisfied. Then for arbitrary function f €
Lo(Q) it holds true

b
|Dnf — Dpfsll2 < 6n(3n3 +8n% 4+ 6n+1).

Proof.
So, it remains to estimate the norm of the second summand on right-hand
side of (7):

Do f(t:7) = Dufs(t,7) = D (f = fs:0h3)¢k(t) Zwk )y (r) =

k,jil 7.7 1
n (k—qr—1)/2

=Y & Y, 2VEH 1202+ gk + 1/200i14,(8) %

(—q;—1)/2
XY 2V 1/20/2m A+ g5+ 1/209m14,(T)
m=0
Let’s replace variables 1 = 2i 4 g, and lo = 2m + ¢; and change the summation
order. Then we have

n k—1
Duf(t,7) — Dufst,T) =4 > &5 > VE+1/2¢/11 + 1720, (1) x

kj=1  11=0
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j—1
< VG 12V 1 120,(1) =

l2=0

n—1 n—1

=133V 172V + 1201, (D, (1) %

11=0 12=0

x> VEF12VG+ 1/26

k=l1+1 j=l>+1

Finally we get

2
n—1

<16 Y Gy | Y VTR T, | <

l1,12=0 k=l1+1 j=la+1

n—1 n n

<166° Y (h+1/2)(l+1/2) > (k+1/2) Y (j+1/2)=
I1,l2=0 k=l +1 j=la+1
2

~ 36
Thus, Lemma is proved.

n?(3n> + 8n® + 6n + 1)°.

The combination of Lemmas 1 and 2 gives
Theorem 1. Let 1 > 2. Then for arbitrary function f € L5,(Q), |Ifll, <1,
and n < § it holds true
£ = Dy follo < o552,

Corollary 5. Under the assumptions of Theorem 1, for achieving the accuracy

n—2
O ((5 nt2 >

the method (6) requires the following amount of perturbed Fourier-Legendre co-
efficients:

card < n® < (5_H%
with indices from the square {(k,7): 1 <k,j <mn;k,j € N}.
Let’s estimate the error of the method (6) in uniform metric.
Lemma 3. For arbitrary function f € Lg72(Q), >3, it holds true
1FED = Duflle < el fllun* 2.
Proof. So, for p > 3 from (9) we have

n [o.¢]
A1l <4 VI +1/2 _max, o (1> V2 +1/2 _max, |1, ()] %

11=0 lo=0
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< Y VEHL2 Y ViH12 e =4 (h+1/2) ) (la+1/2)x

k=n-+1 Jj=la+1 11=0 lo=0
= VEFL2 X V12,
SOV S YR ) IS en)| <
k=n+1 j=la+1 J
1/2
" > L k+1/2 X j+1/2
SN SRS SURRTCN i Py SUE Ry B
11=0 l2=0 k=n+1 j=la+1 J

n
< el flln S (0 + 1/2) Z +1 s < el fllan

11=0
Similarly, from (10) we find

Ao < 4 Z Vii+1/2 _max ]cpll ’Z\/lg—f—l /2 _max \9012 )|

l1=n+1 l2=0
SVEFL2 ) i+ 1720(f, eng)l <
k=l1+1 j=la+1
1/2
<afle Y w2 /
li=n+1 l2=0 k=l1+1 Jj=l+1
Al S et S
' li=n+1 (ll t 1)#*2 l2=0 (12 T 1)M72 - '

So,
1A1lle < ell £l

It remains to bound [|Asg||¢. Taking into account (3), due to (12) we have

n—1 n
[Aoifle <4 (1 +1/2) Y (la+1/2)x
11=0 l2=0
“oVE+12 S V12,
S VEELE S VIR G )] <
‘ j
k=l1+1 Jj=n+1
) 1/2
- = k412 & j—|-1/2
<Al Y+ 12 YR+ | Y e Y
11=0 lo=0 k=1, +1 je=ntl g

1
<[ fllum MHZWZ (2 +1/2) < | fllun s,

11=0
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Similarly, from (13) we get

n—1 o)
[Aallc <4 Z(h +1/2) Z (2 +1/2)x
11=0 lo=n+1
VR L2 &S V2
DI v D L) QG
k=l1+1 j=la+1
. 1/2
— - k12 KN G412
<Al Y +1/2) Y 1| Y0 s Y T
11=0 lo=n+1 k=l1+1 Jj=l+1
n—1 1 o0 1
< - - < —k+3
<elfled g 2 gy <Al
11=0 lo=n+1
Combining the estimates obtained above, we have
IFEY =Duflle < [Bille + [|D2llc < el flln" .
O

Lemma 4. Let the condition (1) be satisfied. Then for arbitrary function f €
L2(Q) it holds true

|Dnf — Dnfsllc < con®.
Proof. So, from (1) and (15) it follows

n—1 n—1
IDnf = Dufsllc <4> (1 +1/2) Y (la+1/2) x
11=0 15=0
X > NVEFL2 Y Vi+1/2 6, <
k=l1+1 j=la+1
n—1 n—1 n n 1/2
<S40 (h+1/2)) (+1/2)( D (k+1/2) > (+1/2)| <
11=0 lo=0 k=l1+1 j=lao+1
n—1 n—1
< con? Z(ll +1/2) Z(lg +1/2) < eon®.
11=0 12=0
O
Combining Lemmas 3 and 4 we obtain
Theorem 2. Let 1 > 3. Then for arbitrary function f € L5,(Q), |Iflly < 1,

with n = O((Sfﬁ) it holds true

1FED = Dy fslle < cons.
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Corollary 6. Under the assumptions of Theorem 2, for achieving the accuracy

n—3
(@) (6 n+s >

the method (6) requires the following amount of perturbed Fourier-Legendre co-
efficients

9 _2
card < n® =< ¢ w3
with the indices from the square {(k,j): 1 <k,j7 <n;k,j € N}.

3. HypPERBOLIC CROSS
In this section we consider the second version of the truncation method for
differentiation of bivariate functions. This approach uses an idea of the so-
called hyperbolic cross and consists in approximating the derivative (2) by the
aggregate

Dufs(t,7) = D (s 0rs)ek () (7). (16)

1<kj<n
It is easy to see that

FUDET) = Dufs(t,m) = [fOD () = Duf (7)) + [Duf (8, 7) = Dafis(t,7)]
= An(t,7) + D2t 7) + Das(t, 1) + Z (f = fo. 0rj) i ()5 (7),

1<kj<n

where A1, A2 were defined by (9), (10) and

n n k—1
AlgtT —42 Z f,(pkj>z*\/k+1/2\/l1+1/2(pll(t)><
k=1

:i 11=0

(17)

X Z Vi + 1723/T3 + 1720, (7).

l2=0
Lemma 5. For arbitrary function f € LS}Q(Q), > 2, it holds true
1D = D fll2 < el fllun ™ nn.

Proof. We need to bound ||A13]|2. Changing the summation order by the
indices k, 7,11,1l3 in (17) we immediately get

Aqs(t, m) = Dgi (8, 7) + Dz (t, 7) + Aqss(t, 1),

where
ntl
At 7) =4 VI +1/204(t) Y Vi +1/20;,(7)
[1=0 la=0
n+1
IoT1
x > VE+1/2 Z VI +1/2(f, ¢x,5),
k=l1+1 jomtt
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n+1

n—1 h+1
Mgt m) =4 Vi +1/200(1) Y Ve + 17201, (1) %
11=0 l2=0
X Z VE+1/2 Z VI +1/2(f, er5),
k:% j=la+1
nfl* nfl*
At 1) =4 VI +1/20,(8) DY VI +1/201,(7)x
l1=0 lg:l'iill—&—l
x> VER1/2 ) V120 k)
k=l1+1 Jj=l+1

It remains to bound the functions Aj31, A132, N33 in the metric of La(Q).
Since

n41 2
Ip+1 n
SooVEFL2 D Vit12(f ek | <
k=l1+1 j:nTH
ntl
1 &1
2 _
<elflli 2. e 2 T
k=l1+1 ]:"TH
ntl
To+1 1
=c||fIlZn~2*2 > 7= ol flEn= 2 2 nn,
k=l1+1
then
n—1 %_1
1Al <16 (h+1/2) Y (la+1/2)x
11=0 l2=0
ntl 2
lo+1 n
< | Y0 VE+1L2 ) Vi+1/2(f k) | <
k=l1+1 j="
n—1 %_1
<cfIEn P mn Y (i +1/2) Y (a+1/2) =
11=0 l2=0

n—1
= c||f||in*2“+4 Inn Z T c||f||an*2”+4 In?n.
11=0 1
Further due to
2

S VERL2 Y Vit 12 | <

k:n+1 j:l2+1
l2
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n

n
1 1
2 —
<ellflly X2 et 2 e

k=t Tt

n
_ 1 _
= I+ 1) YD = R

k=ntl
l2
we have
ntl
n—1 I +1
[A1sl3 <16 ) (L +1/2) D> (la +1/2) %
11=0 lo=0

x| Y VE+12 Y Vit 12(fek) | <

k= n+1 ]=lg+1
l2

n—1

<22 S (L +1/2) Y (o +1/2) =
11=0 lo=0
n—1 1

= | fIpn Y —— <cllfllin " Inn.
=0 1 +1

Similarly, we find that
2

S VERL2 S Vit | <

k=l1+1 j=lat+1
2 _
<elfli X T X o
k=l1+1 j=la+1
n
_ 1 _
= |l fI7 G+ 1) S T S el FIR[0 + 1) + 1)) 724F2,
k=l1+1
Then
n—1 n—1
[A1ssll3 <16 > (1 +1/2) Y (la+1/2)x
11=0 b:%ﬂ
2
n n
< | Y VE+12 > Vit12(f )| <
k=l1+1 j=la+1
n—1 1 n—1 1
2 _
< i) Groms 2 Gromes
=0 l2=ﬁ%11+1
n—1 1
= | fIlZn s cll £l .
11=0

125



Y. V.SEMENQVA, S. G.SOLODKY

Thus we have
[Aslla < el fllun 2 Inn, (18)

Combining (18) and (11) we get the assertion of Lemma. O

Lemma 6. Let the condition (1) be satisfied. Then for arbitrary function f €
La(Q) it holds true

|Dnf — Dnfsll2 < cdn’Inn.
Proof. Taking into account the decomposition

_n _
n—1 l1+1 1

Duf(t,7) = Dufs(t.7) =4 S Vit 172/l + 172 1, (£) iy (7) %

11=0 1[2=0

x> Y VEHL2Vi+1/2 &y (19)

k=l1+1 j=la+1

we have ’
n—1 ﬁ_
IDnf = Dufsl3 16> > x
11=0 I2=0
_n_ n 2
lg+1 %
x(i+1/2)l+1/2) [ > D VE+12V/j+1/2&,] <
k=l1+1 j=l2+1
_n__1 = n
n—1 l1+1 To+1 i
<165 Y (h+1/2)(la+1/2) > (k+1/2) (G+1/2) <
11=0 1I2=0 k=l1+1 j=la+1
n__q _n_
n—1 11+1 lo+1
E+1/2
<c®n?d 0 Y (h+1/2)(a+1/2) > o <
l1=0 1l2=0 k=l1+1

n—1 #71
< c6*n?Inn Z(l1+1/2) Z (I +1/2) < e6*n*In? n.

11=0 l2=0

The combination of Lemmas 5 and 6 leads to

Theorem 3. Let pn > 2. Then for arbitrary function f € L;Q(Q), Ifll. <1,
1

with n = O(0 #) it holds true
_ p=2 1
1FOD = Dofills < 8% .

Corollary 7. Under the assumptions of Theorem 3, for achieving the accuracy

n—2
O<5u|1n5|)
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the method (16) requires the following amount of perturbed Fourier-Legendre
coefficients

1
card <nlnn < 4§ #|In/|
with indices from uniform hyperbolic cross {(k,j) : 1 < kj <mn;k,j € N}.
Remark 4. A comparison of Corollaries 5 and 7 allows us to conclude that on
the class Lb o(Q) the modified approach (16) is more effective compared to the
standard approach (6) in the sense of the accuracy and amount of the Fourier-

Legendre coefficients, in the case when the approrimation error is measured in
the metric of the space La(Q).

Let’s estimate the error of the method (16) in the uniform metric.
Lemma 7. For arbitrary function f € L;Q(Q), w >3, it holds true
IO =D, flle < el fllmn 3 m2n

Proof. Let p > 3. Then we have
n+1

n—1 +1
[Agsille <4) (i +1/2) > (2 +1/2)x
11=0 lo=0
n+1
lo+1 )
x Y Z VE+1/2V/j +1/ i | (Fewa)l <
k= l1+1]—”+1
1 -1 o 12
n— 1+ 2+ n .
k+1/2 j+1/2
<Alfla D +1/2) D0 41/ | D 5 o
11=0 1o=0 k=l1+1 ]:% J
n+1l
n—1 141
e fllan™ 20y (L 1/2) D (la+1/2) el fllunH P20
11=0 12=0
Similarly, we find
n+1
n—1 l1+1
[Avzalle <4 (L +1/2) ) (I2 +1/2)
11=0 l2=0
X Z Z VE+ ) <f7%0k,j>’§
k= "*13 la+1
n+l 1/2
i, -« "Lk 1/2 & g+1/2
<allfl Yo+ 1) Y | Y T S
11=0 lo=0 k_"f;l ] lo+1 ]
ntl
n—1 1+1
< fllun D (0 +1/2) > (2 +1/2) = ¢l|flln P Inn,
11=0 l2=0
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n—1
1A133llc <4 (L +1/2) Z (Io +1/2)x

h=0 l2:ﬁ+ +

k=li+1j=l2+1

— = Dk41/2 & ;+1/2 v
<dlflle do+1/2) Y )| Y e Y =

[1=0 lg—l’iillJrl k=l1+1 j=la+1

n—1 1 n—1 1

- - —p+3

CHfH/JZ (ll +1),u,—2 Z (l —|—1)N 2 = CHfH n Inn.

l1=0 ZQZ% 1

Combining obtained above bounds we have
1As]le < el fllan P m?2n

Taking into account upper bounds for ||A11|lc and ||A2|¢ from Lemma 3,
we get the assertion of Lemma. O

Lemma 8. Let the condition (1) be satisfied. Then for arbitrary function f €
Lo(Q) it holds true

|Dnf = Dufsllc < con®In®2n
Proof. By means of (19), (1) and (3) we have

n—1 11%71
IDnf = Dufsle <4> > (i +1/2)(la +1/2)x

11=0 12=0

12+1

x > Z VE+1/2/5+1/2 &, <

k=l1+1 j=l2+1

<46 (h+1/2) Y (+1/2) [ Y (k+1/2) G+1/2)] <
1,=0 Io=0 k=l1+1 j=lo+1
llr-LH_l
< ednln'/?n Z h+1/2) > (2+1/2) <
11=0 l2=0
n—1 1
< con? In/2n Z —— < cond In%/2n

iz L+1

Combining Lemmas 7 and 8 we obtain

128
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Theorem 4. Let p > 3. Then for arbitrary function f € LQQ(Q), Ifll. <1,
1

with n = 0(0 #) it holds true
70D = Dufallc < 6" ¥ <

Corollary 8. Under the assumptions of Theorem 4, for achieving the accuracy

0(5“23\ ln5]3/2)

the method (16) requires the following amount of perturbed Fourier-Legendre
coefficients

card < nlnn < 575|1n5\
with indices from uniform hyperbolic cross {(k,j) : 1 < kj <mn;k,j € N}.

Remark 5. A comparison of Corollaries 6 and 8 allows to conclude that on
the class LgQ(Q) the modified approach (16) is more effective compared to the
standard approach (6) in the sense of the accuracy and amount of used Fourier-
Legendre coefficients, in the case when the approrimation error is measured in
the metric of the space C(Q).

Remark 6. In [5] it was investigated the application of the truncation method
to recover the first derivative of the univariate functions, in particular, from the
class

Lhy[-11] ={f € Lo[-1,1] : > K™ [{f,0n)]* < 1}.
k=0
For the method

n
Dnfs(t) = (fs, o) (t)
k=1
in [5] it was proved, that on the class LS’I[—l, 1] the following accuracy estimates
are guaranteed

Hf/_bnﬁH?:O(duT_Z), if > 2, nzO((S*i), (20)

~ -3 1
|f' = Dufslle = 06 %), ifu>3, n=0(»). (21)
Comparing the estimates (20) and (21) with the results of Corollaries 7, 8
respectively, we can to conclude that in the problem of numerical differentiation
we managed to move from the univariate functions to the bivariate functions
without losing basic accuracy and information costs.
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